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A product forcing model in which the Russell-nontypical

*

sets satisfy ZFC strictly between HOD and the universe

Vladimir Kanovei' Vassily Lyubetsky?

Abstract

A set is nontypical in the Russell sense, if it belongs to a countable ordinal
definable set. The class HNT of all hereditarily nontypical sets satisfies all
axioms of ZF and the double inclusion HOD C HNT C V holds. Solving a
problem recently proposed by Tzouvaras, a generic extension Lla,x] of L, by
two reals a, z, is presented in which L = HOD & L[a] = HNT & V = L[a, ],
so that HNT is a model of ZFC strictly between HOD and the universe.

1 Introduction

A set x is nontypical with a cardinal parameter k, for short € NT, if it belongs to
an OD (ordinal definable) set X of cardinality card X < k. A set x is hereditarily
nontypical with a cardinal parameter k, for short x € HNT,, if it itself, all its
elements, elements of elements, and so on, are all nontypical, in other words the
transitive closure TC(x) satisfies TC(x) C NT,. These notions Tzouvaras [22] 21]
connected with some philosophical and mathematical ideas of Bertrand Russell and
works of van Lambalgen [19] etc. on the concept of randomness. They contribute
to the ongoing study of important classes of sets in the set theoretic universe V
which themselves satisfy the axioms of set theory, similarly to the Godel class L of
all constructible sets and the class HOD of all hereditarily ordinal definable sets [7].

It is clear that NTy = OD and HNTy = HOD, thus the case k = 2 corresponds
to the ordinal definability. The classes NT,, (elements of finite ordinal definable sets)
and HNT,, correspong to algebraically definability recently studied in [4, 5, [6]. The
following classes correspond to the next cardinality level Kk = wy:

NT :=NT,, and HNT :=HNT,, .

Thus z € NT iff x belongs to a countable OD set, and xz € HNT iff TC(z) C NT.
The class HNT is transitive and, as shown in [2]], satisfies all axioms of ZF (the

axiom of choice AC not included), and also satisfies the relation HOD C HNT C V.

Tzouvaras [21], 2.15] asks whether the double strict inequality HOD & HNT & V
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can be realized in an appropriate model of ZFC. The following theorem, the main
result of this paper, answers this question in the affirmative.

Theorem 1.1. Let C = w<¥ be the Cohen forcing for adding a generic real x € w*
to L. There is a forcing notion P € L, which consists of Silver trees, and such that
if a pair of reals {(a,x) is (P x C)-generic over L then it is true in Lla,x] that

L=HOD G Lo =HNT G V =Lla,1].

Note that HNT satisfies ZFC, not merely ZF, in the model L[a, 2| of the theorem.

Remark 1.2. This result is an essential strengthening of [17, Theorem 9.1]. Com-
parably to the latter, the claims that L = HOD (instead of simply a ¢ HOD) and
especially L[a] = HNT (instead of just x ¢ HNT) are added here, w.r.t. basically
the same model, which makes the research more accomplished.

To make the text of this preprint more self-contained, we decided to near-copypast
some definitions and auxiliary results from [I7], instead of briefly citing them as it
would be more accustomed in a journal paper. O

To prove the theorem, we make use of a forcing notion P introduced in [10] in
order to define a generic real a € 2 whose Ep-equivalence class [a]g, is a lightface
11 21 (hence OD) set of reals with no OD element. This property of P is responsible for
a P-generic real a to belong to HNT, and ultimately to L{a] C HNT, in L[a, z]|. This
will be based on some results on Silver trees and Borel functions in Sections 2I3I[4]
The construction of P in L is given in Sections BBl The proof that L[a] € HNT in
L[a, z] follows in Section [§

The inverse inclusion HNT C L[a] in Lfa, x| will be proved in Section [@ on the
basis of our earlier result [IT] on countable OD sets in Cohen-generic extensions.

2 Perfect trees and Silver trees

Our results will involve forcing notions that consist of perfect trees and Silver trees.
Here we introduce the relevant terminology from our earlier works [10], 12} [13].

By 2<¢ we denote the set of all tuples (finite sequences) of terms 0, 1, including
the empty tuple A. The length of a tuple s is denoted by 1hs, and 2" = {s € 2<% :
lhs = n} (all tuples of length n). A tree @ # T C 2<% is perfect, symbolically
T € PT, if it has no endpoints and isolated branches. In this case, the set

[T]={a€2”:Vn(alneT)}
of all branches of T is a perfect set in 2. Note that [S] N [T] = @ iff SNT is finite.

e If w € T € PT, then a portion (or a pruned tree) T, € PT is defined by
Tl,={s€T:uCsVsCu}.

e Atree S C T is clopen in T iff it is equal to the union of a finite number of
portions of T'. This is equivalent to [S] being clopen in [T7].



A tree T C 2<% is a Silver tree, symbolically T € ST, if there is an infinite
sequence of tuples uy = ug(T) € 2<%, such that T consists of all tuples of the form

S = U()Aiof\ul Ailf\’u,g/\ig/\ N ’\un“z‘n

and their sub-tuples, where n < w and i = 0,1. Then the stem stem(T") = uo(T)
is equal to the largest tuple s € T with T' = T'[,, and [T] consists of all infinite
sequences a = ug 19 u1 i1 "ug i " -+ € 2, where i, = 0,1, VEk. Put

spl,(T) =lhup+1+1hu; +1+---+1lhu,—; +1+1hw,.

In particular, sply(7) = lhug. Thus spl(T) = {spl,,(T):n < w} C w is the set of
all splitting levels of the Silver tree T.

Action. Let o0 € 2<%, If v € 2<% is another tuple of length 1hv > 1ho, then
the tuple v = o +v of the same length 1hv' = 1hv is defined by v'(i) = v(i) 42 o (4)
(addition modulo 2) for all ¢ < 1ho, but v'(i) = v(i) whenever lho < ¢ < lhv. If
lhv < lho, then we just define o+v = (o] 1hv)-v.

If a € 2, then similarly o/ = o+a € 2¢, d/(i) = a(i) +2 o(i) for i < lho, but
a'(i) = a(i) for i > lho. If T C 2<% X C 2¢, then the sets

o T={o-v:veT} and o-X={c-a:a€ X}
are shifts of the tree T" and the set X accordingly.

Lemma 2.1 ([13], 3.4). If n<w and u,v € TN2", then T, =v-u-(TT,).
If te T eST and o € 2<%, then o+T € ST and T, € ST. O

Definition 2.2 (refinements). Assume that 7,5 € ST, S C T, n < w. We define
S C,, T (the tree S n-refines T) if S C T and spl,(T) = spl,(S) for all £ < n.
This is equivalent to (S C T and) ug(S) = ux(T) for all k < n, of course. O

Then S Cy T is equivalent to S C T, and S C,, 41 T implies S C,, T (and S C T),
but if n > 1 then S C,, T' is equivalent to spl, (") = spl,,_;(95).

Lemma 2.3. Assume that T,U € ST, n < w, h > spl, (T), so € 2"NT, and
UCT/,,. Then there is a unique tree S € ST such that S C, T and S|, =U.
If in addition U is clopen in T then S is clopen in T as well.

Proof (sketch). Define a tree S so that SN 2" =T N 2", and if t € T N 2" then, by
Lemma 2T] ST, = (t+s0)+U; then S|, = U. To check that S € ST, we can easily
compute the tuples ug(S). Namely, as U C T'[; , we have sq C uo(U) = stem(U),
hence £ = 1h (up(U)) > h > m = spl,_(T). Then uy(S) = ux(T) for all k < n,
un(S) = ug(U) [ [m, £) (thus u,(S) € 26°™), and uy(S) = ux(U) for all k > n. O

Lemma 2.4 ([I3], Lemma 4.4). Let ... C4 T35 C3 T5 Co 11 1 Ty be a sequence of
trees in ST. Then T =), t, € ST. O

Proof (sketch). By definition we have uy(7},) = ug(Tp+1) for all & < n. Then one
easily computes that u,(T") = u,(7},) for all n. O



3 Reduction of Borel maps to continuous ones

A classical theorem claims that in Polish spaces every Borel function is continuous
on a suitable dense Gs set (Theorem 8.38 in Kechris [I8]). It is also known that a
Borel map defined on 2 is continuous on a suitable Silver tree. The next lemma
combines these two results. Our interest in functions defined on 2% x w* is motivated
by further applications to reals in generic extensions of the form L[a, x|, where a € 2¢
is [P-generic real for some P C ST while x € w® is just Cohen generic.

In the remainder, if v € w<* (a tuple of natural numbers), then we define .4, =
{z € w¥:v C x}, a Baire interval or portion in the Baire space w".

Lemma 3.1. Let T € ST and f:2¥ x w* — 2¥ be a Borel map. There is a Silver
tree S CT and a dense Gs set D C w® such that f is continuous on [S] x D.

Proof. By the abovementioned classical theorem, f is already continuous on some
dense Gy set Z C [T] x w“. It remains to define a Silver tree S C T and a dense Gy
set D C w* such that [S] x D C Z. This will be our goal.

We have Z = (), Z,, where each Z,, C [T] x w“ is open dense.

We fix a recursive enumeration w x w<¥ = {(Ng,vg) : k < w}. We will define a
sequence of Silver trees S; and tuples wy € w<¥ satisfying the following:

(1) ce §4 Sg gg 52 gg S1 Ql S(] = T, as in Lemma[?ﬂl;
(2) if k < w then Siy is clopen in Sk (see Section [2));

(3) vk C wg and [Sk+1] X A, € Zn, , for all k.

At step 0 we already have Sy =1T.

Assume that Sj, € ST has already been defined. Let h = spl;_ (Sk).

Consider any tuple t € 2" N S}, As Zy, is open dense, there is a tuple u; € w<¥
and a Silver tree Ay C Sk [, clopen in Sy (for example, a portion in Sy) such that
v Cup and [Aq] x A, C Zy,. According to Lemma [2.3] there exists a Silver tree
Uy Cg41 Sk, clopen in Sy, along with A, such that Uy [, = Ay, so [Uy[4] x Ay, € Zn,
by construction.

Now take another tuple t’ € 2" N S}, and similarly find uy € w<¥ and a Silver
tree Ay C Uy [y, clopen in Uy, such that u; C ug and [Ag] X A, € Zy, . Once again
there is a Silver tree Uy Ciyq Uy, clopen in Sy and such that [Us[ ] X A, € Zn, .

We iterate this construction over all tuples t € 2" NSy, C kr1-shrinking trees and
extending tuples in w<¥. We get a Silver tree U Cy1 Sk, clopen in Sy, and a tuple
w € w¥, that vy C w and [U] x A, C Zy,. Take wy = w, Sgt1 = U. This
completes the inductive step.

As a result we get a sequence ... C4 S35 C3 .59 Co S1 C1 Sy = T of Silver trees
Sk, and tuples wy, € w<Y (k < w), which satisfy (1)}|(2)}f(3)]

We put S =, Sk; then S € ST byand Lemma24 and S CT.

If n < w then let W,, = {wy,: N, = n}. We claim that D,, = U,cw,, S is an
open dense set in w*. Indeed, let v € w<*. Consider any k such that that v, = v



and Ny = n. By construction, we have v C wy € W,,, as required. We conclude that
the set D =, Dy, is dense and Gy.

To check [S] x D C Z, let n < w; we show that [S] x D C Z,. Let a € [5]
and x € D, in particular z € D,,, so x € 4, for some k with N = n. However,
[Sk+1] X A, € Zy, by and at the same time obviously a € [Si41]. We conclude
that in fact (a,z) € Z,, as required. O (Lemma B.1)

Corollary 3.2. Let T € ST and f : 2¥ — 2“ be a Borel map. There is a Silver tree
S CT such that f is continuous on [S]. O

We add the following result that belongs to the folklore of the Silver forcing. See
Corollary 5.4 in [12] for a proof.

Lemma 3.3. Assume that T € ST and f : 2% — 2¥ is a continuous map. Then
there is a Silver tree S C T such that f is either a bijection or a constant on [S]. O

4 Normalization of Borel maps

Definition 4.1. A map f:2¥ x w¥ — 2% is normalized on T € ST for U C ST if
there exists a dense Gs set X C w* such that f is continuous on [T] X X and:

— either (a) there are tuples v € w<¥, o € 2<% such that f(a,z) = o-a for all
a € [T] and = € A, N X, where, we remind, A, = {z € W :v C x};

— or (b) f(a,2) € Upea<wngey o+ [S] forall a € [T] and z € X. O

Theorem 4.2. Let U = {Ty,T1,T>,...} € ST and f :2“ x w¥ — 2 be a Borel
map. There is a set U = {Sy,S1,S52,...} C ST, such that S, C T, for all n and f
is normalized on Sgy for U'.

Proof. First of all, according to Lemma [3.I] there is a Silver tree 7" C Ty and a

dense Gy set W C w* such that f is continuous on [T'] x W. And since any dense

G set X C w® is homeomorphic to w®, we can w.l.o.g. assume that W = w* and

T" = Ty. Thus, we simply suppose that f is already continuous on [Ty] x w®.
Assume that option (a) of the definition of 4.1l does not take place, i.e.

() if X C w¥ is dense Gg, and v € W<, 0 € 2<% S € ST, S C Tp, then there
are reals a € [S] and x € 4, N X such that f(a,z) # o-a.

We’ll construct Silver trees S,, C T, and a dense Gs set X C w* satisfying (b) of
Definition .1} that is, in our case, the relation f(a,z) & U,co<wnce 0+ [Sn] will be
fulfilled for all a € [Sp] and z € X.

To maintain the construction, we fix any enumeration wx2<¥xw<* = {(Ny, ok, vg) :
k < w}. Auxiliary Silver trees S} (n,k < w) and tuples wy, € w<* (k < w), satisfying
the following conditions, will be defined.

(1) ... Cy 8% C3 59 Co ST €4 Sy =15, as in Lemma [2.4], for each n < w;



(2) Spy = 5p forall n >0, n# Ni;

(3) Slg+1 Crr1 SY, Sﬁ’:l Cra1 S]ivk, v C wg, and f(a,x) & o * [Sﬁrl] for all reals
a€lSp,,] and z € A, .

At step 0 of the construction, we put S = T;, for all n, by
Assume that k¥ < w and all Silver trees S}, n < w are already defined. We put
Sy =5y forall n >0, n# N, by

To define the trees Sgﬂ and Sﬁfl, we put h = spl,,1(S%), m = spl,,;(SY).

Case 1: Nj > 0. Take any pair of tuples s € 2h N S,g, te2™nN S,ivk and any reals
ap € [SY],] and zp € w*. Consider any real by € [S,JCV’c I,] not equal to oy« f(ag, zo).
Let’s say bo(¢) =i # j = (ok* f(ao,x0))(¢), where i, < 1, ¢ < w. By the continuity
of f, there is a tuple u; € w<* and Silver tree A C 52 [ ¢ such that vy C up C zo,
ag € [A], and (0%« f(a,x))(¢) = j for all z € A, and a € [A]. It is also clear that
B={re S]Jng .2 1h7 < ¢V 7(f) =i} is a Silver tree containing by, and b(¢) = i
for all b € [B]. According to Lemma 23] there are Silver trees U; Cpyq SY and
Vi Ckta SNk, such that Ui, = A and V1], = B, hence by construction we have
or* fla,x) & [Vil,] for all a € [U1],] and = € A, .

Now consider another pair of tuples s € 2" N 52, te2™n S]iv’“. We similarly
get Silver trees Uy Cpyq Uy and Vo Cpyq Vi, and a tuple us € w<¥, such that
up Cug and o« f(a,x) & [Va(—t')] for all a € [Ua] 4] and x € A,,. In this case, we
have VoI, C V1|, and Ua|, C U; [, so that what has already been achieved at the
previous step is preserved.

We iterate through all pairs of s € 2hﬂ52, te 2mﬂS,iV’€, Cgr1-shrinking trees and
extending tuples in w<* at each step. This results in a pair of Silver trees U Cg 52,
V Ciqa S]ivk and a tuple w € w<* such that vy C w and oy« f(a,z) ¢ [V] for all
reals a € [U] and @ € A4;,. Now to fulfill[(3)] take wy = w, S}, = U, and S,?Z’:l =V
Recall that here N, > 0.

Case 2: N = 0. Here the construction somewhat changes, and hypothesis
will be used. We claim that there exist:

(4) a tuple w, € w<* and a Silver tree 513+1 Crr1 SY such that vy C wy and
fla,x) & o3+ [Spy4] for all a € [S)) ], © € A, . (Equivalent to|(3)]as Ny = 0.)

Take any pair of tuples s,t € 2/ N SY. where h = splkH(Sg) as above. Thus
Sy =t-5+(SY1,), by Lemma 21l According to there are reals z¢ € .4, and
ap € [SPT ] satisfying f(ao,z0) # ok +s-t-ag, or equivalently, ox+ f(ag, zo) # s+t-ap.

Similarly to Case 1, we have (o + f(ao,20))({) =i # j = (s+t-ap)(¥) for some
¢ < w and 1,7 < 1. By the continuity of f, there is a tuple u; € w<* and a Silver tree
A C SPI,, clopen in SP, such that vx C uy C @, ag € [A], and (og« f(a,z))(0) = j
but (s+t-a)(f) = j for all z € 4, and a € [A]. Lemma 2.3 gives us a Silver tree
Ui Crya 52, clopen in 52 as well, such that U;[, = A — and then U; [, = s-t- A.
Therefore oy« f(a,z) & [Ui[,] holds for all a € [U;,] and = € .4, by construction.



Having worked out all pairs of tuples s,t € 2" N 52, we obtain a Silver tree
U Cks1 SY and a tuple w € w=<¥, such that vy C w and oy - f(a,z) & [U] for all
a € [U] and x € 4. Now to fulfill [(4)] take w = w and S}, =U.

To conclude, we have for each n a sequence ... Cy S5 C3 55 Cy ST & S§ =T,
of Silver trees S}, along with tuples wy, € w<¥ (k < w), and these sequences satisfy
the requirements (equivalent to in case Ny =0).

We put S, =, Sp- Then S, € ST by Lemma 24 and S,, C T,,.

If n < wand o € 2<% then let W,, = {wg:Nx = n Aox = o}. The set
Xno = UweWm Ny is then open dense in w®. Indeed, if v € w* then we take k such
that vp, = v, Ny = n, op = o; then v C wy, € W,,, by construction. Therefore,
X = Ny<w, oez<w Xno is a dense G4 set. Now to check property (b) of Definition
A1) consider any n < w, 0 € 2<¥, a € [Sy], x € X; we claim that f(a,z) & o+[S,].

By construction, we have x € X, i.e. x € Ay, , where k € W, so that N, = n,
o =o0. Now f(a,z) & o+[Sy] directly follows from for this k, since Sy C Sy 4
and S, C S} ;. O (Theorem [.2))

5 The forcing notion for Theorem [1.1]

Using the standard encoding of Borel sets, as e.g. in [20] or [9], § 1D], we fix a coding
of Borel functions f : 2 — 2¥. As usual, it includes a IT{-setl] of codes BC C w®,
and for each code r € BC a certain Borel function F,. : 2¥ — 2“ coded by r.
We assume that each Borel function has some code, and there is a X} relation
&(-,+,-) and a II; relation B(-,-,-) such that for all r € BC and a,b € 2¥ it holds
F.(a) =b < &(r,a,b) < B(r,a,b).

Similarly, we fix a coding of Borel functions f : 2 x w“ — 2% that includes
a IIi-set of codes BCy C w*, and for each code r € BCa a Borel function F? :
2¥ x w¥ — 2% coded by r, such that each Borel function has some code, and there
is a X1 relation &2(-,-,-,-) and a I} relation B2(-,-,,) such that for all r € BC,
r €w®, and a,b € 2¥ it holds F?(a,z) = b <= &%(r,a,7,b) <= L(r,a,z,b).

If U C ST, then Clos(U) denotes the set of all trees of the form o+ (T'[ ), where
o€ 2<% and s €T € U, i.e. the closure of U w.r.t. both shifts and portions.

The following construction is maintained in L. We define a sequence of countable
sets U, C ST, a < w; satisfying the following conditions [°H6°l

1°. Each U, C ST is countable, Uy consists of a single tree 2<%

We then define Po = Clos(Ua), Pca = Ugo, Pe. These sets are obviously closed
with respect to shifts and portions, that is Clos(P,) = P, and Clos(P.,) = Pq,.

2°. For every T € P., thereis atree S € U,, SCT.

Let ZFC™ be the subtheory of the theory ZFC, containing all axioms except the
power set axiom, and additionally containing an axiom asserting the existence of

!The letters ¥ and I denote effective (lightface) projective classes.



the power set &(w). This implies the existence of &(X) for any countable X, the
existence of w; and 2“, as well as the existence of continual sets like 2¢ or ST.

By 2, we denote the smallest model of ZFC™ of the form L) containing the
sequence (Ug)¢<q, in which a and all sets Ug, £ < a, are countable.

3°. Ifaset D € M,, D C Py, is dense in Py, and U € U,, then U Cf» | D,
meaning that there is a finite set D’ C D such that U C |JD'.

4°. Ifaset D € My, D C Py X Poy is dense in Py X Py, and U # V belong
to Ug, then U x V C*® | ] D, meaning that there is a finite set D’ C D such
that [U] X [V] g U(U’,V’>€D’[U/] X [V/]

Given that Clos(P<y) = P4, this is automatically transferred to all trees U € P,
as well. It follows that D remains predense in P, U Pg.
To formulate the next property, we fix an enumeration

ST x BC x BCg = {(T¢,be,ce) 1§ <wr}

in L, which 1) is definable in Ly, , and 2) each value in ST x BC x BCy; is taken
uncountably many times.
5°. If T, € P., then there is a tree S € U, such that S C T and:
(a) F2 is normalized for U, on [S] in the sense of Definition I, and

(b) F,, is continuous and either a bijection or a constant on [S].
6°. The sequence (Uy)a<y, is €-definable in Ly, .
The construction goes on as follows. Arguing in L, suppose that

(T) @ < wi, the subsequence (Ug)e<o has been defined and satisfies P27 below «,
and the sets P¢ = Clos(U¢) (for £ < a), Py, M, are defined as above.

See the proof of the next lemma in Section [6] below.

Lemma 5.1 (U-extension lemma, in L). Under the assumptions of there is a
countable set U, C ST satisfying 2°, B, [4°], B°l.

To accomplish the construction, we take U, to be the smallest, in the sense of
the Godel wellordering of L, of those sets that exist by Lemma 5.1l Since the whole
construction is relativized to L, , the requirement [6° is also met.

We put P, = Clos(U,) for all @ < wy, and P = U(Kw1 P, .

The following result, in part related to CCC, is a fairly standard consequence of
3% and 4°] see for example [10] 6.5], [12, 12.4], or [8, Lemma 6]; we will skip the proof.

Lemma 5.2 (in L). The forcing notion P belongs to L, satisfies P = Clos(P) and
satisfies CCC in L. The product P x P satisfies CCC in L as well. O



Lemma 5.3 (in L). Assume that T € P. If g : 2¥ — 2¥ is a Borel map then there
is a tree S € Uy, S CT, such that g is either a bijection or a constant on [S].

If f:2Y xw” — 2¥ is a Borel map then there is an ordinal o < wy and a tree
S eU,, SCT, such that f is normalized for U, on [S].

Proof. By the choice of the enumeration of triples in ST x BC x BCs,, there is an
ordinal @ < wy such that T' € P, and T =T,, f = sza, g = Fp, . It remains to
refer to 5 O

6 Proof of the extension lemma

This section is entirely devoted to the proof of Lemma [5.11

We work in L under the assumptions of above.

We first define a set U = {U,, : n < w} of Silver trees U,, C 2* satisfying 2°] B3°l4°%
then further narrowing of the trees will be made to also satisfy [5°l This involves a
splitting/fusion construction known from our earlier papers, see [10] § 4], [13] §9-10],
[12] §10], [16l § 7], and to some extent from the proof of Theorem above.

We fix enumerations

2={D(j):j<w} and % ={Ds(j):j <w}

of the set & of all sets D € M., D C P., open-dense in P, and the set % of
all sets D € M,, D C Py X P., open-dense in P, X P-,. We also fix a bijection
B:w oM w* which assumes each value (,5',M,N) € w* infinitely many times.

The construction of the trees U, is organized in the form U, = J, U}!, where the
Silver trees U;! satisfy the following requirements:

(1) ...C4 Uy C3UF Co U 4 UY as in Lemma 2.4 for each n < w;
(2) if T € P, then T' = Uy for some n;
(3) each U}’ is a k-collage over P,.

A Silver tree T is a k-collage over P, [13,12] when T'| , € P, for each tuple
s € TN2" where h = spl,(T). Then 0O-collages are just trees in P, and
every k-collage is a k + 1-collage as well since Clos(P<,) = P<,.

() ik > 1, Bk) = (o7 M, N), 1 = spLy(UM), v = spLy(UY) (itegers),
seUMN2t, teUNN2¥ (tuples of length resp. u,v), M # N, then the tree
UM, belongs to D(j) and the pair (UM ,,UNT,) belongs to Da(j').

It follows that UM Cfir |JD(j) and (UM, UN) Cfin | J Do(j') in the sense of
B° and E°] of Section [l

To begin the inductive construction, we assign U} € P, so that {UJ :n <w} =
P<a, to get Now let’s maintain the step k — k + 1. Thus suppose that k£ < w,
and all Silver trees U}, n < w are defined and are k-collages over P,.

Let (k) = (j,j', M, N). If N = M then put U, , = U} for all n.

Now assume that M # N. Put U, = U} for all n ¢ {M, N}.

9



It takes more effort to define UM, and U}N,. Let p = spl, (UM), v =
spl;1(UY). To begin with we put UM, := UM and U, := U}. These k+ 1-
collages are the initial values for the trees U ,ﬁ\f’rl and U, lﬁlv to be Cgy1-shrinked in a
finite number of substeps (within the step k — k 4 1), each corresponding to a pair
of tuples SGUé‘/‘IQZM and t € U,ﬁvﬂ?’.

Namely let s € U,i‘il N2H t e Ué\_fH N 2" be the first such pair. The trees U,i\j[rl [ss
U,?jrlft belong to P, as U%rl, Ué\il are k + l-collages over P.,. Therefore by
the open density there exist trees A, B € D(j) such that the pair <Ué‘i1 [ s Ué\il [
belongs to Da(j') and A C UM, I,, B C U1, Now Lemma 23 gives us Silver
trees S Ciqq U,ﬁw and T Cgyq Uév satisfying S|, € A, T'[, € B. Moreover, by
Lemma 21 S and T still are k + 1-collages over P., since P, is closed under
shifts by construction. To conclude, we have defined k + 1-collages S Cy1q U, %—1 and
T Chp1 UL, over Py, satisfying ST, € D(j), Tl, € D(j), and (ST,,T1,) € Da(j").
We re-assign the “new” U ,ﬁ\f’rl and U, é\il to be equal to resp. S,T.

Applying this Cj1-shrinking procedure consecutively for all pairs of tuples s €
U ,ﬁ\/‘[ N2* and t € Ulﬁv N 2Y, we eventually (after finitely many substeps according
to the number of all such pairs), we get a pair of k + 1-collages U,%rl Cra1 U,i\/[
and Ué\il Crt1 U,iv over P.., such that for every pair of tuples s € Ué‘/[ N 2* and
t € U Nn2”, we have UM, |, € D(j) and (UM, 1, UL 1;) € D2(j'), so conditions
and are satisfied.

Having defined, in L, a system of Silver trees U}’ satisfying |(1)I(2)(3)}(4)} we

then put U,, = (,, UY for all n. Those are Silver trees by Lemma 24l The collection
Ug == {Uy, : n < w} satisfies 2% of Section [ by [(2)}

To check condition [37 of Section [}, let D € M., D C P, be dense in P, and
U e U,. We can w.l.o.g. assume that D is open-dense, for if not then replace T by
D' ={S€P.y:3T € D(S CT)}. Then D = D(j) for some j, and U = Uy for
some M by construction. Now consider any index k such that g(k) = (M, N, j,7")
for M, j as above and any N, j’. Then we have U = Uy; C U,ﬁw by construction, and
UM Cfi2 | J D by [(4)] thus U €= | D, as required.

Condition (4% is verified similarly.

It remains to somewhat shrink all trees U,, to also fulfill 5° We still work in L.

Recall that an enumeration ST x BC x BCy = {(T¢, b¢, ¢¢) : £ < w1}, parameter-
free definable in L, , is fixed in Section (I We suppose that the tree T, belongs
to P<o. (If not then we don’t worry about [5°1) Consider, according to 2° a tree
U = Uy € U, satisfying T' C T,,. Using Corollary B.2], Lemma B.3] and Theorem
12 we shrink each tree U, € U, to a tree U,, € ST, U’ C U, so that the function
F is normalized on U}, for U' = {U}, :n < w} and F,, is continuous and either a
bijection or a constant on [U},]. Take U’ as the final U, and 17" as U}, to fulfill 5

O (Lemma [5.1)
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7 The model, part I

We use the product P x C of the forcing notion P defined in L in Section [ and
satisfying conditions [°HG6°l as above, and the Cohen forcing, here in the form of
C = w<¥, to prove the following more detailed form of Theorem [Tl The proof of
this theorem in the next three sections is based on a combination of different ideas.

Theorem 7.1. Let a pair of reals {ag,zo) be P x C-generic over L. Then

(I) ag is not OD, and moreover, HOD = L in L[ag, z];
(IT) ag belongs to HNT, and moreover, Llag] C HNT in L|ag,zo];
(III) z¢ does not belong to HNT, and moreover, HNT C Ljag| in L[ag, o]

We prove Claim of the theorem in this section. The proof is based on several
lemmas. According to the next lemma, it suffices to prove that HOD = L in L[ag].

Lemma 7.2. (HOD)L[‘IO’IO} C (HOD)L[QO]‘

Proof. By the forcing product theorem, z( is a Cohen generic real over Lag]. It
follows by a standard argument based on the full homogeneity of the Cohen forcing
C that if H C Ord is OD in Lag, o] then H € Ljag] and H is OD in Lay].

Now prove the implication Y € (HOD)LU®0:#0l — Y € LAY € (HOD)U®! by
induction on the set-theoretic rank rkx of € Ljag, xo]. Since each set consists only
of sets of strictly lower rank, it is sufficient to check that if a set H € L|ag, z¢] satisfies
H C (HOD)Ul and H € HOD in L[ag, 2] then H € L[ag and H € (OD)%M%!  Here
we can assume that in fact H C Ord, since HOD allows an OD wellordering and
hence an OD bijection onto Ord. But in this case H € L[ag] and H is OD in Lag]
by the above, as required. O

Lemma 7.3 (Lemma 7.5 in [10]). ag is not OD in Ljao].

Proof. Suppose towards the contrary that ag is OD in L[ag]. But ag is a P-generic
real over L, so the contrary assumption is forced. In other words, there is a tree T' € P
with ag € [T] and a formula ¥(z) with ordinal parameters, such that if a € [T] is P-
generic over L then a is the only real in La] satisfying ¥(a). Let s = stem(()T).
Then both s70 and s~1 belong to T', and either s~0 C ag or s~1 C ag. Let, say,
$70 C ap. Let n = 1h(s) and 0 = 0""1, so that all three strings s~0, s"1, o belong
to 2"*! and 570 = o+ (s"1). As the forcing P is invariant under the action of o,
the real a; = o+ag is P-generic over L, and o -1 = T. We conclude that it is true
in L[a1] = L[ag] that a; is still the only real in L[a;] satisfying ¥(a;). However
obviously a1 # ag! O

Lemma 7.4. If b € Liag] \ L is a real then b is not OD in L[ag].

Proof. It follows from Lemma[5.2] (and the countability of C) that the forcing P x C
preserves cardinals. We conclude that that b = g(ag) for some Borel function g =
F, :2¥ — 2¥ with a code r € BCN L. Now by Lemma [5.3] there is a tree S € P

11



such that ag € [S] and h = ¢[[S] is a bijection of a constant. If & is a bijection then
b ¢ OD in Lao] since otherwise ag = h~!(b) € OD, contrary to Lemma[Z.3 If h is a
constant, so that there is a real by € L N 2“ such that h(a) = by for all a € [S], then
b= h(ag) = c € L, contrary to the choice of b. O

Lemma 7.5. If X C Ord, X € L{ap] \ L, then X is not OD in Ljao].

Proof. Suppose to the contrary that X C Ord, X € Lfag] \ L, and X is OD in
L[ao]. Let t be a P-name for X. Then a condition Ty € P (a Silver tree) P-forces

t € Llag) ~\L AN t € OD

over L. Say that t splits conditions S,T € P if there is an ordinal v suct that S
forces v € t but T forces v € t or vice versa; let yg7 be the least such an ordinal ~.
We claim that the set

D={(ST):STePASUT CTyAtsplits S,T} € L

is dense in P x P above (Tp,Tp). Indeed let S,T € P be subtrees of Ty. If ¢ splits
no stronger pair of trees S’ C S, T C T in P then easily both S and T decide v € t
for every ordinal ~, a contradiction with the choice of Ty. Thus D is indeed dense.
Let, in L, A C D be a maximal antichain; A is countable in L by Lemma [5.2]
and hence the set W = {ygp:(S,T) € A} € L is countable in L. We claim that

(1) the intersection b = X N does not belong to L.

Indeed otherwise there is a tree 17 € P, 17 C Ty, which P-forces that t "W = b.
(The sets W,b € L are identified with their names.)

By the countability of A, W there is an ordinal o < w}* such that A C P, x Pq,
Ty € Pey, and W C a. We can w.l.o.g. assume that A € 9M,,, for if not then further
increase a below wl accordingly. Let u = stem(77). The trees Tig = Ti[ ,~o
and Ty = T1[,~; belong to P., along with 77, and hence there are trees U,
V e U, with U C Thg and V C Ty;. Clearly U # V, so that we have [U] x [V] C
UwrvnealU']x[V'] for afinite set A" C A by 4% of Section Bl Now take reals a’ € [U]
and a” € [V] both P-generic over L. Then there is a pair of trees (U’, V') € A" such
that o’ € [U’] and o” € [V’]. The interpretations X’ = t[a/] and X" = t[a”] are then
different on the ordinal v = yyy» € W since A’ C A C D. Thus the restricted sets
b= X'|W and b" = X”|W differ from each other. In particular at least one of
b',b" is not equal to b. But a’,a” € [T1] by construction, hence this contradicts the
choice of T7 and completes the proof of

Recall that b C W, and W € L is countable in L. It follows that b can be
considered as a real, so we conclude that b is not OD in L[ag] by Lemma[7.4] and

However b = X NW, where X is OD and W € L, hence W is OD in L[ao] and b is
OD in Lfag]. The contradiction obtained ends the proof of the lemma. [ (Lemma)

Now Theorem immediately follows from Lemma and Lemma
O (Claim of Theorem [7.1])
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8 The model, part 11

Here we establish Claim of Theorem [TIl To prove L[ag] € HNT it suffices to
show that ag itself belongs to HNT, and then make use of the fact that by Godel
every set z € L[ag] has the form = = F(ap), where F' is an OD function.

Further, to prove ag € HNT it suffices to check that the Eg-equivalence class
[aolg, = {b € 2* : ap E¢ b} (which is a countable set) of our generic real ag is an OD
set in Lag, xo]. According to [6° it suffices to establish the equality

[ao]ey = MNecun UTe[PE [T]. (%)

Note that every set P¢ is pre-dense in P; this follows from 3% and 5%, see, for example,
Lemma 6.3 in [I0]. This immediately implies ag € UTG[Pé [T] for each £. Yet all sets
P¢ are invariant w.r.t. shifts by construction. Thus we have C in (*).

To prove the inverse inclusion, assume that a real b € 2“ belongs to the right-
hand side of (*) in L[ag, z¢]. It follows from Lemma (and the countability of C)
that the forcing P x C preserves cardinals. We conclude that that b = g(ag,z¢) for
some Borel function g = F, : 2 x w* — 2% with a code ¢ € BCN L.

Assume to the contrary that b = g(ap, zo) & [ao]g, -

Since xo € w* is a C-generic real over L[ag] by the forcing product theorem, this
assumption is forced, so that there is a tuple u € C = w<* such that

f(a()wr) € ﬂ5<w1 UTG[Pé [T] N [aO]Eo )

whenever areal x € 4, is C-generic over L[ag]. (Recall that 4, = {y € w*:u C y}.)
Let H be the canonical homomorphism of w* onto .4;,. We put f(a,z) = g(a, H(x))
for a € 2%, x € w¥. Then H preserves the C-genericity, and hence

f(a()vx) € n§<w1 UTG[Pé [T] N [a]Eo ) (**)

whenever z € w® is C-generic over Ljag]. Note that f also has a Borel code r € BC
in L, so that f = F,.

It follows from Lemma that there is an ordinal o < wy and a tree S € U,,
on which f is normalized for U,, and which satisfies ag € [S]. Normalization means
that, in L, there is a dense Gy set X C w“ satisfying one of the two options of
Definition [l Consider a real z € w“ NL (a Gs-code for X in L) such that X =
X, =k UZ(Qk,gj)zl N, where 259 = {w; 1 j < w} is a fixed recursive enumeration
of tuples.

Case 1: there are tuples v € w<¥ o € 2<% such that f(a,z) = o+a for all points
a € [S] and z € A4, N X. In other words, it is true in L that

Vae[S|Vee #yNX, (fla,z) =0-a).

2Recall that the equivalence relation Eg is defined on 2“ so that a Eo b iff the set a A b = {k:
a(k) # b(k)} is finite. Equivalently, a Eq b iff a = o+b for some tuple o € 2<*. Then [a]g, = {b € 2*:
aBEo b} ={o+a:0 €2} is the Eo-equivalence class of a.
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But this formula is absolute by Shoenfield, so it is also true in Lfag, xg]. Take a = ag
(recall: ap € [S]) and any real x € .4, C-generic over L[ag]. Then = € X, because
X is a dense G; with a code even from L. Thus f(ag,z) = o+ag € [ag]g,, which
contradicts (**).

Case 2: f(a,r) & U,ca<wrveu, 0[U] for all a € [S] and x € X. By the definition
of Py, this implies f(a,z) € Upep, [T] for all a € [S] and x € X, and this again
contradicts (**) for a = ag.

The resulting contradiction in both cases refutes the contrary assumption above
and completes the proof.

O (Claim of Theorem [7.1])

9 The model, part III
Here we prove Claim |(IIT)| of Theorem [Tl We make use of the following result here.

Lemma 9.1. Let z € w* be Cohen-generic over a set universe V. Then it holds in
V] that if Z C 2¥ is a countable OD set then Z € V. More generally if q € 2NV
then it holds in Vx| that if Z C 2% is a countable OD(q) set then Z € V. O

Proof (sketch). The pure OD case is Theorem 1.1 in [11]. The proof of the general
case does not differ, ¢ is present in the flow of arguments as a passive parameter. [

This result admits the following extension for the case V. = L. Here OD(a)
naturally means sets definable by a formula containing ag and ordinals as parameters

Corollary 9.2. Assume that a € 2 and = € w* is Cohen-generic over Lla|. Then
it holds in Lla,z] that if X € Lla] and A C 2% is a countable OD(a) set then A C L.

Proof. As the Cohen forcing is countable, there isaset Y C X, Y € La], countable
in L[a] and such that if f # g belong to 2% then f(z) # g(x) for some z € Y. Then
Y is countable and OD(a) in L[a, x], so the projection B = {f[Y : f € A} of the set
A will also be countable and OD(a) in L[a,z]. We have B € L[a] by Lemma
(The set Y here can be identified with w.) Hence, each f € B is OD(a) in Lia, z].
However, if f € A and w = f|Y, then by the choice of Y it holds in Lia, x] that f
is the only element in A satisfying f]Y = w. Therefore f € OD(a) in La,z]. We
conclude that f € La]. O

Proof (Claim |[(III)| of Theorem [T.T]). We prove an even stronger claim
xz € HNT(ap) = z € L[ag]

in Lag, zo] by induction on the set-theoretic rank rkx of sets x € Lfag, zo]. Here
HNT(ag) naturally means all sets hereditarily NT(ag), the latter meals all elements
of countable sets in OD(ayp).

3See our papers [11] 15, 14] for more on countable and Borel OD sets in Cohen and some other
generic extensions.
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Since each set consists only of sets of strictly lower rank, it is sufficient to check
that if a set H € Lag, x| satisfies H C L[ag] and H € HNT(ag) in L{ag, zo] then
H € L[ap]. Here we can assume that in fact H C Ord, since L|ag] allows an OD(ay)
wellordering. Thus, let H C A € Ord. Additionally, since H € HNT(ag), we have,
in Lfag, z¢], a countable OD(ag) set A C () containing H. However, A € Lag]
by Corollary This implies H € Lag] as required. O

O (Claim [(TIT)] and Theorem [Tl as a whole)
O (Theorem [T.11)

10 Comments and questions

1. Recall that if = is a Cohen real over L then HNT = L in L[z] by Lemma [0.1]

Problem 10.1. Is it true in generic extensions of L by a single Cohen generic real
that a countable OD set of any kind necessarily consists only of OD elements?

We cannot solve this even for finite OD sets.

By the way it is not that obvious to expect the positive answer. Indeed, the
problem solves in the negative for Sacks and some other generic extensions even for
pairs, see [1, 2]. For instance, if x is a Sacks-generic real over L then it is true in
L[z] that there is an OD unordered pair {X,Y} of sets of reals X,Y C Z(2¥) such
that X,Y themselves are non-OD sets. See [I] for a proof of this rather surprising
result originally by Solovay.

2. See Fuchs [3] (unpublished) for some other research lines related to Russell-
nontypical sets with various cardinal parameters.
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