BOREL IRREDUCIBILITY BETWEEN TWO LARGE FAMILIES
OF BOREL EQUIVALENCE RELATIONS

VLADIMIR KANOVEI' AND MICHAEL REEKEN

Abstract. We prove that if 7 is a Borel ideal, which includes a dense summable ideal, and E is a
Borel equivalence relation that can be obtained from Fin using certain elementary operations like
the Fubini product and countable power relation, then Ez is not Borel reducible to E. The ideals
T in the scope of this theorem include, for instance, all Borel P-ideals except for Z; = 0 x Fin
and (trivial variations of) Fin.

§1. The result. Let € be the smallest class of Borel equivalence relations
(or ERs, for brevity) E on Polish spaces, containing the equality relations on
finite and countable sets and closed under the the following transformations:

(1) countable union (if it results in a ER) and countable intersection of ERs
on one and the same space;

(2) countable disjoint union E = \/, Ex of ERs E; on pairwise disjoint
spaces Si. that is, a ER on the union | J, Si defined by: x E y iff x, y
belong to the same S, and x E; y;

(3) the Fubini product Fin @), Ex of ERs E; on spaces Sy, over the ideal Fin
of all finite subsets of N, that is, the ER on the product space [[, Sk
defined as follows: x E y iff x(k) E; y(k) for all but finite k;

(4) product E = ], Ex of ERs E; on spaces Sy, that is, the ER on the
product space [[, Sx defined by: x E y iff x(k) E; y(k) for all k:

(5) countable power ER E> of a ER E on a space S, that is, a ER on SV
defined as follows: x E> y iff {[x(k)]e: k € N} = {[y(k)]e: k € N},
where [z]e is the E-class of z € S: thus, it is required that for any k there
is / with x(k) E y(I) and for any / there is k with x(k) E y(I).
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BOREL IRREDUCIBILITY OF BOREL EQUIVALENCE RELATIONS 101

THEOREM 1 (The main result). If Z is a nontrivial' Borel P-ideal on N and
E is a ER in & then Ez is not Baire-measurable reducible to E unless Z is
isomorphic* to Fin, a trivial variation of Fin, or T3 = 0 x Fin.

Special notions involved in this theorem (all of them known in this direction
of descriptive set theory, see, e.g., [1. 4]) are explained in the next section.

§2. Notation and comments. Recall that any ideal Z on a set 4 induces an
ER Ezr on24: x Ez yiff theset x Ay = {i € A: x(i) # y(i)} belongs to Z.

e An equivalence relation E on S is Borel or Baire measurable (BM, for
brevity) reducible toa ER E’ on S’ if there is a resp. Borel or BM reduction
E to E’, that is, a resp. Borel or BM map F: S — S’ such that we have
xEy <= F(x)E' F(y) forall x,y €S.

e P-ideals are those ideals Z which satisfy the requirement that for any
sequence of sets xg, x1, x2,... € Z thereis x € Z with x,, C* x for all n,
where y C* x means that y \ x is finite.

Borel P-ideals (in fact all of them belong to Borel class Hg) admit different
characterizations (see, e.g., the proof of Proposition 2 below) and form an
important and widely studied class, which includes, for instance,

(i) the ideal Fin of all finite subsets of N,
(i) theideal 73 = 0 x Fin of all sets x C N x N such that every cross-section
(x)n ={k: (n.k) € x}is finite,
(iii) trivial variations of Fin, ie., by Kechris [5], ideals of the form
Z = {x CN:xNW € Fin}, where W C N is infinite and coinfinite
(all of them are isomorphic to each other).

Borel P-ideals also include summable ideals, density ideals, and many more
(see Farah [1], Solecki [7, 8]).

The class ¢ of ERs contains, for instance. the equality D(2Y) on 2V it
also contains the ERs Eri,, and Egxrin (usually denoted by resp. Eg and E3),
associated with the ideals Fin and Z3 = 0 x Fin.,* as well as those associated
with trivial variations of Fin. Thus the exclusion of Fin, 0 x Fin, and trivial
variations of Fin in Theorem 1 is necessary and fully motivated.

Furthermore ¢ contains all ERs associated with the iterated Frechet ideals,
i.e., the smallest family of ERs containing equality relations on finite and
countable sets and closed under (3). Class & also contains all ERs associ-
ated with the indecomposable ideals (Farah [1]) Z: = {x C “: otpx < w"}.
& < w (otpx is the order type of a set x C Ord), yet in this case it takes

TAn ideal Z C P(N) is nontrivial if it is not equal to P(X) for some X C N.

2By isomorphism we mean isomorphism via a bijection between the underlying sets.

370 see that D(2V) belongs to @ let each E, be the equality on a 2-element set in (4).

4To see that Epi belongs to € let each E; be the equality on a 2-element set in (3). To see
that Egy Fin belongs to € take each E; to be Efiy, in (4).
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102 VLADIMIR KANOVEI AND MICHAEL REEKEN

some effort to find a recursive construction of Z¢ in terms of the transfor-
mations (1)—(4). Class € also contains all ERs T, of Friedman and Stanley
[3. 2]. obtained from the equality on N via operations (2) and (5): they can be
seen as all (modulo Borel reduction) ERs which, in some broad sense, admit
classification by countable structures.

Two earlier related results must be mentioned. Friedman and Stanley an-
nounced in [3] (Friedman gives a full proof in [2]) that Ez,, the ER associated
with the density-0ideal 2y, is not BM reducible to any ER of the form T, (see
above). Kechris [5] proved (as a part of the proof of another result on ideals)
the particular case E = E3 = Egxrin of Theorem 1.

The arguments of Kechris and (implicitly) Friedman were based on ideas
of Hjorth’s turbulence theory.> So is our proof, its scheme is to show that
a certain stronger form of irreducibility (called: the generic ergodicity) is
preserved under the transformations of equivalence relations (1)—(5). Our
proof is self-contained and rather elementary, in particular, it makes no use
of model theory or facts related to topological group theory, yet it makes use
of forcing.

83. “Special” ideals. Before the main part of the proof of Theorem 1 begins,
we are going to simplify the task. This section reduces the problem to ideals
which include some kind of summable ideals. Recall that any sequence of
reals r, > 0 produces an ideal

Siry = {x CN: Zrn < —I—oo}.
nex
Ideals of this kind are called summable. and 8, y is nontrivial denseif {r,} — 0
and ), r, = +oo (then 8, 1 # P(N)). Say that an ideal Z on N is “special”
if there is a nontrivial dense summable ideal 8,y with 81, ; CZ & P(N).

ProrosiTioN 2 (Essentially, Kechris [5]). Let Z be a nontrivial Borel P-ideal
on N, not isomorphic to one of Fin, I3 = 0 x Fin., or a trivial variation of Fin.
Then there is a set W & Z such that Z | W = {x N W : x € Z} is isomorphic
(via a bijection W onto N) to a “special” Borel ideal.

Proor. Recall that a lower semicontinuous (l.s.c.) submeasure on N is any
map ¢: P(N) — [0, +o0] satisfying ¢(x) < @(x Uy) < (x) + ¢(p) for
all x.y € P(N), ¢(0) = 0. and p(x) = sup,cye(x N[0.n)) for all x €
P(N). By Solecki [7, 8], as Z is a Borel P-ideal, there is an Ls.c. submeasure
¢: P(N) — [0, +oc] such that Z = {x € P(N): oo (x) = 0}, where oo (x) =
1im,_ o @ (x N[n, 00)).

SFor instance, Kechris observed, that any nontrivial Borel P-ideal Z, with the same exceptions,
induces a turbulent A-action on P(N), while Egyfin, is induced by a continuous action of Sco.
the group of all permutations of N, which is enough. by the first turbulence theorem, for Ez to
be Borel irreducible to Egy fin -
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BOREL IRREDUCIBILITY OF BOREL EQUIVALENCE RELATIONS 103

Put U, = {k: p({k}) < 1}, separately Uy = N, thus, U, C U, for all n.
We claim that inf,,cy ¢(U,,) > 0. Suppose otherwise. Then a set x C N be-
longs to Z iff x\ U, is finite for any n. Iftheset N = {n: U, \ U,y is infinite}
is empty then easily Z = P(N). If N is finite and nonempty then Z is iso-
morphic to either Fin (if eventually U, = () or a trivial variation of Fin (if
U, is nonempty for all n). If finally N is infinite then easily Z is isomorphic
to 0 x Fin (for instance, if all sets D, = U, \ U,y are infinite then x € Z
iff x N D, is finite for all n). Thus we always have a contradiction to the
assumptions of the Proposition.

Thus there is € > 0 such that ¢(U,,) > € for all m. As ¢ is Ls.c., we
can define an increasing sequence of numbers n; < ny < n3 < ... and for
any / a finite set w; C Uy, \ Uy,., with ¢(w;) > €. Then W = J, w; ¢ Z and
obviously {ri}; ey — 0and ",y rx > 3, @(w;) = oo, where r, = @({k}).
Finally, if a set x C W satisfies ) |, . 7 < +oo then x € Z: indeed. we have
Poo(x) < 3 pc, Tk because o is a Ls.c. submeasure. 8

It follows (indeed, Ez | 5w <p Ez) that the next theorem implies Theorem 1:

THEOREM 3. If 7 is a “special” Borel ideal then Ez is not BM reducible to any
ER Ein €.

84. Ergodicity and dense summable ideals. The next preliminary step is to
further reduce the task to summable ideals. This involves the following special
form of irreducibility.

DerNiTION 4. Let E, F be ERs on Polish spaces, resp., X, Y. A map
¥: X —Yis
e a.c. E. F-invariant if there is a co-meager set D C X such that x E x’ =
d(x) F¥(x") forall x, x’ € D, and E, F-invariant if this holds for D = X.
e a.e. F-constant if there is a co-meager set D C S such that 9(x) F 9(x’)
holds for all x, x’ € D.

Finally, following Kechris [6, 12.1] and Hjorth [4, 3.6]. we say that E is
generically F-ergodic if every BM E, F-invariant map ¢ is a.e. F-constant. -

REMaRrk 5. To see that E is generically F-ergodic, it suffices to demonstrate
that every Borel and a.e. E, F-invariant map 4 is a.e. F-constant: indeed, any
BM map is continuous, hence, Borel, on a comeager set. -

LemMA 6. Suppose that I is a nontrivial Borel ideal on N and E is a Borel
ER. If Ez is generically E-ergodic then Ez is not BM reducible to E.

PrOOF. Assume, towards the contrary, that 9¥: P(N) — Y (where Y is the
domain of E) is a BM reduction of Ez to E. There is a co-meager set D C P(N)
such that ¥ | D is Borel (even continuous). Let ¢': P(N) — Y coincide with
¥ on D and be constant on P(N) \ D. Then ¥’ is a Borel a.e. Ez, E-invariant
map, therefore, it is a.e. E-constant, so that, by the ergodicity, we have a
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104 VLADIMIR KANOVEI AND MICHAEL REEKEN

comeager Ez-equivalence class in P(N). It follows that Z itself is comeager in
P(N), which easily implies that Z = P(N), a contradiction to the nontriviality
of T. 4

The remainder of the note contains the proof of the following theorem:

THEOREM 7. For any nontrivial dense summable ideal Sy, y the equivalence
relation Ey,,y = Es , . is generically E-ergodic for any ER E in €.

This implies Theorem 3, hence, Theorem 1. Indeed, first, if Z is a “special”
Borel ideal then, by Proposition 2 there is a nontrivial dense summable ideal
8¢,y € Z. The latter is generically E-ergodic for any ER E in € by Theorem 7,
hence, E7 itself is generically E-ergodic because now any Ez, E-invariant map
is E{,.”}, E-invariant. It follows that Ez is BM irreducible to E by Lemma 6. as
required.

85. Preliminaries to the proof. In the proof of Theorem 7 we shall use the
following notation and keep the following agreements.

e For the course of the proof of Theorem 7, we fix a sequence of nonneg-
ative reals {r,} — Owith ) _r, = +oo.

o 2N is the Cantor space of all infinite dyadic sequences, with the ordinary
product topology.

e 2<% is the set of all finite dyadic sequences.

e Foru € 2<” we define I, = {a € 2": u C a}. a basic clopen set in 2".

e If X is a nonempty open set in a Polish space then the phrase “P(x)
holds for a.a. x € X will mean that {x € X : P(x)} is comeager in X.

o We shall systematically identify sets X C N with their characteristic
functions, unless it becomes ambiguous. In particular, for a.b € 2N we
defineaAb = {n: a(n) # b(n)} (asaset) and (¢ Ab)(n) = |a(n)—b(n)]
(as an infinite dyadic sequence).

e Ef,yisEs,, . thus forx.y € 2N x Eyg,y piff D c(m)y(n) T < F00.

e In accordance with Remark 5, we shall consider only Borel maps 9.

DEerFINITION 8. A ER Eis {r, }-irreducing if Ey, y is generically E-ergodic. -

The method of the proof of Theorem 7 will be to show, by induction on the
construction of ERs in &, that all ERs in € are {r, }-irreducing.

86. Base of induction. To begin with, we prove
LeEMMA 9. If'S is a Polish space then Ds, the equality on S, is {r, }-irreducing.

Proor. First of all, as all (uncountable) Polish spaces are Borel isomorphic,
we may assume that S = 2V, Furthermore, as any invariant ¢: 2% — 2N splits
into a family of invariant “coordinate” maps 9 : 2% — {0, 1}, we can suppose
that S = {0, 1}, a two-element discrete set. Assume, towards the contrary,
that an a.e. E{,.”}, Dg-invariant Borel map ¥: oN {0, 1} is not a.e. constant.
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BOREL IRREDUCIBILITY OF BOREL EQUIVALENCE RELATIONS 105

By definition there is a dense G set D C P(N) witha Ey, 1 b = 9¥(a) = 9(b)
foralla,b € D.

According to the contrary assumption, there exist sequences u,v € 2<“
such that ¥(a) = 0 and ¥9(b) = 1 for a.a. (in the sense of category) a € I,
and a.a. b € I,. We can assume that ¥(a) = 0 and 9(b) = 1 actually for
alla e DNI,and b € D NI, and that u,v € 2" for one and the same m.
(Clearly u # v.)

Let D = (1, Dn. where each D, is open dense. Put r = > . )0 Ti-
Using the assumption {r,} — 0, we can easily define an increasing sequence
m=my < my < my < ...of natural numbers, and u = uy Cu; Cup C ...
andv =wvg C vy C vy C ... of tuples uy, v, € 2" with 3, ), iy Fi <
r+land 1, Ul, C D,foralln. Thena = J,u, € DN1,.b =J,v, € DNI,,
and a Eg, 3 b.but 9(a) = x # y = 9(b). which is a contradiction. 4

It remains to demonstrate that the property of {r,}-irreducibility is pre-
served under the transformations of ERs which produce the class €.

§7. Inductive step of the Fubini product. In this section, we show that the
Fubini product preserves {r, }-irreducibility.

LemMA 10. Suppose that Ey.. k € N, are Borel {r, }-irreducing ERs on Polish
spaces Sy.. Then E = Fin @), o Ex is {ry }-irreducing as well.

PROOF. Let S =[], Sk. so that Eisa ER on'S. Let 9: 2 — S be a Borel
(according to Remark 5) function. It splits in the sequence of Borel functions

I (x) =9(x)(k): 2N — Sy
Suppose that 9 is E{rn}, E-invariant on a dense Gjs set D C 2N, so that
a Eg,y b = JkoVk > ko(9k(a) Ex 9 (b))

for all a.b € D. Our plan is to show that almost all J; are a.e. Ey, y. Ex-
invariant.

In that we’ll make use of two topologies. The first one is the ordinary
product topology on 2N. The other one is the topology on the set Sy C 2N,
generated by the metric dy,y(a.b) = ¢,,1(a Ab) on 8, ;. where

Oy (X) = Z ra for X C N, sothat 8,1 = {X: ¢, (X) < +o0}:
neX
It is easy to verify (even in a much more general case, see [7]) that diry 184,y
is a Polish (i.e.. complete separable) metric on 8y, 3. The dy,, ;-topology is
stronger than the product topology of 2N on 84r,}- yet it yields the same Borel
subsets of 8¢,y as the product topology. Sets of the form

uE([):{ZGS{rn}I d{,.n}(z,t*)<e}, re2<?
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where 1* € 2N denotes the extension of 7 € 2<¢ (a finite sequence) by infinitely
many zeros, and ¢ is a positive rational, provide a base of the d,, ,-topology
on 8, ;. and the countable set {t*: t € 2<“} is d,,y-dense in 8y, 3.

Below, let P = 2<® be the ordinary Cohen forcing for 2V, and let Py, be the
Cohen forcing for <S{,,n}; d{,.”}>, which consists of all sets of the form U, (),
wheret € 2<” and € > Oisrational. (Smaller sets are stronger conditions.) Let
us fix a countable transitive model 90t of a big enough fragment of ZFC.® which
contains all relevant objects or their codes, in particular, the sequence {r,}
and a code of the Borel map 9.

Cram 11. Suppose that (a.z) € 2% x 8y, is P x Py, y-generic over M.
Then b = a A z is P-generic over .

PROOF OF THE CLAIM. Actually, b is P-generic even over 9[z]: indeed, « is
such by the product forcing lemma, and, for any fixed z, themapa — a Az
is a homeomorphism. -

Fix u € 2<?. Then by the invariance of ¢ and Claim 11 there is another
sequence v € 2<“ withu C v, anumber k¢, and a non-empty d,,;-nbhd U, (1)
in 8y, (a condition in Py, 1). where € > 0 and 7 € 2<”_ such that ¥ (a) Ex
Yx(a A z) holds for any P x Py, y-generic over M pair (a.z) of a € I, and
z € U (7) and any k > ko. We can assume that the length 1h v is big enough
fori > 1lhv =1 <e.

Cram 12. Ifa.b € I, areP-generic over MM and a Ey,, y b then Oy (a) Ex 9y (b)
holds for all k > ky.

PrOOF OF THE CLAIM. First consider the case when ¢y, }(a A b) < e. Take
any z € Z = Uc(¢) with @, y(z A1) < e — ¢p1(a Ab). Py, y-generic
over M[a. b].” (This is possible as r, — 0.) Then z is PPy, y-generic over M[a].
hence, (a, z) is P x ]P’{,,n}-generic over M by the product forcing lemma, thus,
9y (a) Ex 9x(a Az). Moreover, z/ = z A (a A b) still belongs to Z and is
Py,,}-generic over Ma. b]. so that I (b) Ex I (b A z’) by the same argument.
Yetwehavea Az =b Az

Now consider the general case. By definition X = a Ab satisfies ), .y 1, =
@{,,n}(X) < 400, moreover, min X > 1hw, hence, by the choice of v. all r;
with j € X satisfy r; < €. In this case X has the form X = {j;..... JntUX’,

where <p{,.”}(X’) <e,andr;, <eforallm. Definea,, =aA{ji.....jm} for

m=1,....n. Thena = ag,ay,a,....,a,,a,+1 = b is a chain of P-generic,

6For instance, the first one million of ZFC axioms plus the Replacement for %1qo formulas.

"By 9[a. b]. we understand a countable transitive model of the same fragment of ZFC as
mentioned in Footnote 6, which contains a, b, and all sets in 90t. This model may contain more
ordinals than 9t because the pair (a, b) of two generic elements is not necessarily generic. On the
contrary, the models 9M[a] and 9[b] are ordinary generic extensions of 91, containing the same
ordinals as 9t.
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over M. elements of 1, with dy, }(am.am1) < € for all m. so that we can
apply the particular case considered above. -

To summarize, we have shown that for any u € 2<“ there exist ko and
v € 25” with u C v such that ¥;(a) is Ey,, . Ex-invariant for all & > ko
and all sufficiently P-generic a € I,, so that 9y is a.e. Ey, y, Ex-invariant
on I,. Therefore, as all E; are {r, }-irreducing, the map ¥y, is a.e. E;-constant
on I, for each k > k. (Indeed, we can trivially extend 9, | I, on the whole
domain 2" so that the invariance is preserved.) Thus 1 is a.e. E-constant on I,
as well.

In other words, for each u € 2<% there is v € 2<% with u C v such that
¥ is a.e. E-constant on I,. To complete the proof of Lemma 10, it remains
to demonstrate that these E-constants cannot be different. Thus assume that
5,1 € 2<” 1hs = 1ht = m. x.y € S, and ¥(a) E x for a.a. a € I, while
9(b) E y for a.a. b € I,. We have to show that x E y. Indeed, the same
construction as in the proof of Lemma 9 yields a € DN I; and b € D NI, with
a Ey, 1 b such that ¥(a) E x and 9(b) E y. Then ¥(a) E9¥(b) by the invariance
of 9, hence, x E y, as required. -

§8. Other inductive steps. In this section, we show that all other operations
over ERs, defined in §1, also preserve {r, }-irreducibility.

LemmA 13. Suppose that E|, Ey, Es, ... are Borel {r,}-irreducing ERs on a
Polish space S, and E = | J, E is a ER. Then E also is {r, }-irreducing.

Proor. Letd: 2Y — Sbea Borel E{,.n}, E-invariant map. Foreachu € 2<%,
by the invariance of ¥, there exist: v € 2< with u C v, a number k, and a
non-empty dy, 1-nbhd Z = U.(z) in 8y, ; (a condition in Py, 1). where & > 0
and ¢ € 2<°, such that ¥(a) E; ¥(a A z) for any P x Py,,}-generic. over 9.
pair (a,z) of a € I, and z € Z. We can assume that 1hv is big enough for
i > 1hv = r; < &. Then, similarly to Claim 12, it is true that 9(a) E; 9(b)
for any pair of P-generic, over 9, elements a.b € I,. It follows, as in the
proof of Lemma 10, that ¢ is a.e. Ex-constant on I, hence, a.e. E-constant on
I, as well. It remains to show that these E-constants are equal to each other,
which is demonstrated as in the end of the proof of Lemma 10. -

COROLLARY 14. Let Ey, Ey, Es, ... be Borel {r,}-irreducing ERs on disjoint
Polish spaces S1.S,.Ss. ... . Then E =\/, Ei also is {r, }-irreducing.

ProoF. Apply Lemma 13 for the relations E; defined on S = (J, Sy as
follows: x E; y iff either x = y or x. y € Sy and x E; y. -

LEmMA 15. LetEy, Es, Es. ... be Borel {r,}-irreducing ERs on a Polish space
S. Then E =, Ex also is {ry }-irreducing.

PROOF. Any Ey, y.E-invariant map is Ey, 1. Ex-invariant for all k. -
COROLLARY 16. Let Ei,Es. E3,... be Borel {r,}-irreducing ERs on Polish
spaces S1.S,.S3. ... . Then E =[], Ex also is {r, }-irreducing.
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ProOF. Apply Lemma 15 for the relations x Ej y iff x (k) Ex y(k) on T, S.
_|

LemmA 17. If a Borel ER E on a Polish space S is {r, }-irreducing then E* is
also {ry }-irreducing.

PROOF. Suppose that a Borel map ¢: 2V — S" is a.e. Ey,,). E-invariant,
thatis, a Eq,y b = 9(a) E* 9(b) forall a.b € D. where D C 2" is a dense
G; set. Let 9 (a) = ¥(a);. The invariance of ¥ can be reformulated as
follows:

a E{,.”} b= Vkal('ﬂk(a) Eﬁ[(b)) N Vlak('ﬂk(a) Eﬁ[(b))

foralla,b € D. Asin the proof of Lemma 10, for any k and any u € 2<% there
are: a number /, a sequence v € 2<” with u C v, and a dy,,;-nbhd Z = U.(r)
in 8,,} such that 9 (a) = ¥;(a A z) for any P x PP(,,}-generic. over 9. pair
(a,z) of a € I, and z € Z. The same argument (Claim 12) shows that
9y (a) F 9;(b) whenever a. b € I, are P-generic over 9.

Thus for any u € 2<% there is v € 2<¢° with u C v such that 9;(a) is
E{.,}. E-invariant for all generic, over 9, elements @ € I,, in other words,
Ui is a.e. Ey,,), E-invariant on I,. It follows, as above, that J; is a.e. E-
constant on I,. It follows that there is a dense G set D’ C D and a countable
set Y = {y;: j € N} C Ssuch that, forall k and a € D’, we have ¥ (a) E y;
for some j. Let & (a) be the least such an index j, thus, & (a) is defined for
all a € D’ and all k, and each &;.: D’ — N is a Borel map. Now, by the
invariance of 9,

a E{,,n} b= {ék(a): k € N} = {fk(b) k € N}

for all a,b € D’. Lemma 9 then implies that there is a set £ C N such that
{¢c(a): k € N} = Efora.a. a € D’. We conclude that 9, the given function,

is a.e. E>-constant on D’, as required. -
COROLLARY 18. All ERs in € are {r, }-irreducing. =
ProoF. Apply Lemma 9 and the results of this Section. -
This ends the proof of Theorems 7, 3, and 1. 4(Main Theorem)

89. A corollary and a question. Recall that an ER E is countable iff all
E-equivalence classes are countable. E is essentially countable iff E is Borel
reducible to a countable Borel ER.

CoROLLARY 19. If Z is a nontrivial Borel P-ideal and Ez is an essentially
countable ER then Z is Fin or a trivial variation of Fin.

This is true even for Borel ideals which are not P-ideals: in such a general
form the result appears in [7, Corollary 4.2]. To derive this generalization
from Corollary 19, we can use the following two results:
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(1) If a Borel ideal Z is not a P-ideal then Eri, o is Borel reducible to Ez
(Solecki [7, 8]. The ideal Fin x 0 = Z;, consists of all sets x C N x N
such that x C {0,1,...,m} x N for some m.)
(2) Erinxo is not essentially countable.
PrOOF OF COROLLARY 19. We first prove that
(3) Any countable Borel ER E on a Polish space Sis Borel reducible to D(S)°.
This is enough to prove the corollary. Indeed. as D(S)*> clearly belongs
to €, the ideal Z is either 0 x Fin or Fin or a trivial modification of Fin by
Theorem 1. Yet the first option is impossible as it is known that
(4) EoxFin is not essentially countable.
To prove (3) note that, by a classical theorem of descriptive set theory,
E = U, E,. where each E,: S — S is a Borel map (identified with its
graph). For any x € S let 9(x) € SY be defined by ¥(x), = E,(x). Then
{9(x),: n € N} = [x]E, so that ¥ is a Borel reduction E to D(S)*°, as re-
quired. -

QuEsTION 20. Which ideals except for P-ideals satisfy Theorem 1? There
is an interesting Borel ideal whose relations in terms of Borel reducibility are
not yet clear. The Weyl ideal Zw consists of those sets x C N which satisfy

. #(xN[k.k +n))
lim sup;

n—+00 < n

=0.

Despite a semblance of the density-0 ideal Zj, Zw has quite different proper-
ties, in particular, it is not a P-ideal. Most likely, Ez,, is not Borel reducible
to any ER in €&, but how to prove this claim?

Acknowledgements. The authors are thankful to I. Farah, G. Hjorth, and
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