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Abstract: In this paper, we prove the following. If n > 3, then there is a generic extension of
L, the constructible universe, in which it is true that the set & (w) N L of all constructible reals
(here—subsets of w) is equal to the set & (w) N AL, of all (lightface) Al, reals. The result was
announced long ago by Leo Harrington, but its proof has never been published. Our methods are
based on almost-disjoint forcing. To obtain a generic extension as required, we make use of a forcing
notion of the form Q = C x [], Q, in L, where C adds a generic collapse surjection b from w
onto Z(w) NL, whereas each Q,, v < w%, is an almost-disjoint forcing notion in the w-version,
that adjoins a subset S, of w}. The forcing notions involved are independent in the sense that no
Q, -generic object can be added by the product of C and all Q¢, ¢ # v. This allows the definition
of each constructible real by a X} formula in a suitably constructed subextension of the Q-generic
extension. The subextension is generated by the surjection b, sets S,k j with j € b(k), and sets Se
with ¢ > w - w. A special character of the construction of forcing notions Q, is L, which depends
on a given n > 3, obscures things with definability in the subextension enough for vice versa any
Al real to be constructible; here the method of hidden invariance is applied. A discussion of possible
further applications is added in the conclusive section.

Keywords: Harvey Friedman’s problem; definability; nonconstructible reals; projective hierarchy;
generic models; almost-disjoint forcing

MSC: 03E15; 03E35

1. Introduction

Problem 87 in Harvey Friedman's treatise One hundred and two problems in mathematical logic [1]
requires proof that for each # in the domain 2 < n < w there is a model of

ZFC + “the constructible reals are precisely the Al, reals”. (1)

(For n < 2 this is definitely impossible e.g., by the Shoenfield’s absoluteness theorem.) This problem
was generally known in the early years of forcing, see, e.g., problems 3110, 3111, 3112 in an early
survey [2] (the original preprint of 1968) by Mathias. At the very end of [1], it is noted that Leo
Harrington had solved this problem affirmatively. For a similar remark, see [2] (p. 166), a comment to
P 3110. And indeed, Harrington’s handwritten notes [3] (pp. 1-4) contain a sketch of a generic extension
of L, based on the almost-disjoint forcing of Jensen and Solovay [4], in which it is true that w* NL = AL.
Then a few sentences are added on page 5 of [3], which explain, as how Harrington planned to get
amodel in which w® N'L = Al, holds for a given (arbitrary) natural index n > 3, and a model in which
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w® NL= AL, where Al = |, A}, (all analytically definable reals). This positively solves Problem 87,
including the case n = co. Different cases of higher order definability are observed in [3] as well.

Yet no detailed proofs have ever emerged in Harrington’s published works. An article
by Harrington, entitled “Consistency and independence results in descriptive set theory”,
which apparently might have contained these results among others, was announced in the References
list in Peter Hinman's book [5] (p. 462) to appear in Ann. of Math., 1978, but in fact, this or similar
article has never been published by Harrington.

One may note that finding a model for (1) belongs to the “definability of definable” type of
mathematical problems, introduced by Alfred Tarski in [6], where the definability properties of the set
D1y, of all sets x C w definable by a parameter-free type-theoretic formula with quantifiers bounded
by type M, are discussed for different values of M < w. In this context, case n = oo in (1) is equivalent
to case M = 1 in the Tarski problem, whereas cases 1 < o in (1) can be seen as refinements of case
m = 1 in the Tarski problem, because classes Al, are well-defined subclasses of D1; = U, ., Al

The goal of this paper is to present a complete proof of the following part of Harrington’s
statement that solves the mentioned Friedman’s problem. No such proof has been known so far in
mathematical publications, and this is the motivation for our research.

Theorem 1 (Harrington). If 2 < n < co then there is a generic extension of L in which it is true that the
constructible reals are precisely the AL, 41 Teals.

The AL, case of Harrington’s result, as well as different results related to Tarski’s problems in [6],
will be subject of a forthcoming publication.

This paper is dedicated to the proof of Theorem 1. This will be another application of the technique
introduced in our previous paper [7] in this Journal, and in that sense this paper is a continuation and
development of the research started in [7]. However, the problem considered here, i.e., getting a model
for (1), is different from and irreducible to the problems considered in [7] and related to definability
and constructability of individual reals. Subsequently the technique applied in [7] is considerably
modified and developed here for the purposes of this new application. In particular, as the models
involved here by necessity satisfy wi* < wq (unlike the models considered in [7], which satisfy the
equality wil = wy), the almost-disjoint forcing is combined with a cardinal collapse forcing in this
paper. And hence we will have to substantially deviate from the layout in [7], towards a modification
that shifts the whole almost-disjoint machinery from w to wj.

Section 2: we set up the almost-disjoint forcing in the wy-version. That is, we consider the sets
SEQ = (w1)““! and FUN = (w1)“! in L, the constructible universe, and, given u C FUN, we define
a forcing notion Q[u] which adds a set G C SEQ such that if f € FUN in L then G covers f iff f ¢ u,
where covering means that f| & € G for unbounded-many ¢ < wit. We also consider two types of
transformations related to forcing notions of the form Q[u].

Section 3. We let T = wyt be the index set. Arguing in L, we consider systems
U = {U(v) }yez, where each U(v) C FUN is dense. Given such U, the product almost-disjoint forcing
Q[U] = C % [Tyez+ QU (v)] (with finite support) is defined in L, where C = (£ (w))<“ is a version
of Cohen’s collapse forcing. Such a forcing notion adjoins a generic map bg : w ol (w)NLto L,
and adds an array of sets G(v) C SEQ (where v € T) as well, so thateach G(v) isa Q[U(v)]-generic set
over L. We also investigate the structure of related product-generic extensions and their subextensions,
and transformations of forcing notions of the form Q[U].

Section 4. Given n > 2, we define a system U € L as above, which has some remarkable
properties, in particular, (1) being Q[U(v)]-generic is essentially a I}, property in all suitable generic
extensions, (2) if v € 7 and G C QU] is generic over L, then the extension Libg, {G(V')},/ 4]
contains no Q[U(v)]-generic reals, and (3) all submodels of L[G] of certain kind are elementarily
equivalent w.r.t. £, formulas. The latter property is summarized in the key technical instrument,
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Theorem 4 (the elementary equivalence theorem), whose proof is placed in a separate Section 6.
To prove Theorem 1, we make use of a related generic extension L[bg, {G(v) },ew(c)|, where

W[G] = w[G]UW = {w-k+2:jebc(k)}U{w k+3 :jk<wlU{vel:v>w?}

(see Lemma 23), and - is the ordinal multiplication. The first term in W[G] provides a suitable
definition of each set x = bg (k) € L in the model Libg, {G(v) },cw|g)], namely

bg (k) = {j: there exists a Q[U(v)]-generic set over L},

while the second and third terms in W|[G] are added for technical reasons. The proof itself goes on in
Section 4.5, modulo Theorem 4.

We introduce forcing approximations in Section 5, a forcing-like relation used to prove the
elementary equivalence theorem. Its key advantage is the invariance under some transformations,
including the permutations of the index set Z, see Section 5.4. The actual forcing notion Q = QJ[U] is
absolutely not invariant under permutations, but the n-completeness property, maintained through
the inductive construction of U in L, allows us to prove that the auxiliary forcing relation is connected
to the truth in Q-generic extensions exactly as the true Q-forcing relation does—up to the level
X} of the projective hierarchy (Lemma 33). We call this construction the hidden invariance technique
(see Section 6.1).

Finally, Section 6 presents the proof of the elementary equivalence theorem, with the help of
forcing approximations, and hence completes the proof of Theorem 1.

The flowchart can be seen in Figure 1 on page 3. And we added the index and contents as
Supplementary Materials for easy reading.

ALMOST-DISJOINT FORCING
PRELIMINARIES, SECTIONS 2.1, 2.2

TRANSFORMATIONS
OF A. D. FORCING, SECTIONS 2.3, 2.4

PRODUCT ALMOST DISJOINT

(A. D.) FORCING, SECTIONS 3.1, 3.2

PRODUCT A. D. EXTENSIONS, LEMMA 9

NAMES FOR REALS IN A. D. EXTENSIONS SECTIONS 3.4, 3.5

TRANSFORMATIONS OF PRODUCT
A. D. FORCING, SECTIONS 3.6, 3.7, 3.8

LEMMA 17

JENSEN-SOLOVAY CONSTRUCTION SECTION 4.1
STABILITY THEOREM (THM 2 IN SECTION 4.2),
COMPLETE SEQUENCES (THM 3 IN SECTION 4.3),

BASIC FORCING NOTION Q = Q[U]

FORCING APPROXIMATIONS
SECTION 5
INVARIANCE LEMMAS 29, 30, 31

IN SECTION 5.4
7

BASIC GENERIC EXTENSION
AND SUBEXTENSIONS, SECTION 4.4
STRUCTURE LEMMA: LEMMA 22 S

ELEMENTARY EQUIVALENCE THEOREM
II(THEOREM 4 IN SECTION 4.4), PROVED IN SECTION 6.3

THE MODEL FOR THEOREM 1, SECTION 4.5
THEOREM 1, PROVED IN SECTION 4.5
VIA THEOREM 4 AND LEMMA 23

CONCLUSION,
SOME FURTHER RESULTS,
SECTION 7

Figure 1. Flowchart.
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2. Almost-Disjoint Forcing

Almost-disjoint forcing as a set theoretic tool was invented by Jensen and Solovay [4]. It has
been applied in many research directions in modern set theory, in particular, in our paper [7] in this
Journal. Here we make use of a considerably different version of the almost-disjoint forcing technique,
which, comparably to [7], (1) considers countable cardinality instead of finite cardinalities in some
key positions, (2) accordingly considers cardinality w; instead of countable cardinality. In particular,
sequences of finite length change to those of length < w;. And so on.

Assumption 1. During arquments in this section, we assume that the ground set universe is L,
the constructible universe. Recall that in L, HC = L, and Hw;, = Ly,,. O

For the sake of brevity, we call wi-size sets those X satisfying card X < wy.

2.1. Almost-Disjoint Forcing: w1-Version

This subsection contains a review the basic notation related to almost-disjoint forcing in the
ws- version. Arguing in L, we put FUN = w;“! = all wy-sequences of ordinals < wy.

e Aset X C FUN isdense iff for any s € SEQ thereis f € X such thats C f.

e  Welet SEQ = w;=“1\ {A}, the set of all non-empty sequences s of ordinals < wj, of length
lhs = doms < wi. We underline that A, the empty sequence, does not belong to SEQ.

e IfSCSEQ, feFuNthenletS/f =sup{¢ <wi:f[§e€S}. If S/f isunbounded in w; then
say that S covers f, otherwise S does not cover f.

The following or very similar version of the almost-disjoint forcing was defined by Jensen and
Solovay in [4] ([§ 5]). Its goal can be formulated as follows: given a set # C FUN in the ground universe,
find a generic set S C SEQ such that the equivalence

f €u <= S does not cover f (2)
holds for each f € FUN in the ground universe.

Definition 1 (in L). Q* is the set of all pairs p = (Sp; F,) of finite sets F, C FUN, S, C SEQ. Elements of
Q* will be called (forcing) conditions. If p € Q* then put

F,,V:{frg:fer/\1§§<w1},

atreein SEQ. If p,q € Q" thenlet p Aq = (S, USy; Fy UF,); a condition in Q*.

Let p,q € Q*. Define q < p (that is, q is stronger as a forcing condition) iff S, € S,, F, C Fy, and the
difference Sy~ S, does not intersect va, ie., SqN va =S,N Fr\,/. Clearly, we have q < p iff S, C Sg,
F, C F;, and SqﬂF;/ = SpﬁFpV. O

Lemma 1 (in L). Conditions p,q € Q* are compatible in Q* iff (1) S5~ S, does not intersect va, and (2)
Sp \ S; does not intersect qu . Therefore any p,q € P* are compatible in P* iff pAq < pand pAq <q.

Proof. If (1), (2) hold then p Ag < p and p A q < g, thus p, q are compatible. [

If u C FUN then put Q[u] = {p € Q*: F, Cu}.

Any conditions p, g € Q[u| are compatible in Q[u] iff they are compatible in Q* iff the condition
pAg=(SpUSy; F, UF;) € Q[u] satisfies both p Aq < p and p A q < q. Therefore, we can say that
conditions p, g4 € Q* are compatible (or incompatible) without an explicit indication which forcing
notion Q[u] containing p, g is considered.
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Lemma 2 (in L). If u C FUN and A C Qlu] is an antichain then card A < wy.

Proof. Suppose towards the contrary that card A > w;. If p # g in A are incompatible then obviously
Sp #* S;- Yet {Sp :p € Q*} = all finite subsets of SEQ, is a set of cardinality w;, a contradiction. [

2.2. Almost-Disjoint Generic Extensions

To work with L-sets FUN and SEQ in generic extensions of L, possibly in those obtained by
means of cardinal collapse, we let

FUuN! = (w{“)‘”lL NL and SeQ'= ((w{“)<“’1L NL) N {A} (3)
—in other words, FUN" and SEQ' are just FUN and SEQ defined in L.

Lemma 3. Suppose that in L, u C FUN is dense. Let G C Qu] be a set Q[u]-generic over L. We define
Sc = Upec Sp; thus Sg C SEQ". Then

(i) if f € FUNLthen f € u iff Sg does not cover f ;

(ii) if p€ Qlu] then p € Giff Sy CSc A (Sc~\Sp)NF/ =a.

(iii) L[G] = L[Sc];

(iv) if f € FUNY\ u then Xp={C< wh: f1& € Sg} isacofinal subset of wt of order type w ;

v) wC

= w}.

Proof. (i) Consider any f € u. We claim that Dy = {p € P[u]: f € F,} is dense in P[u]. (Indeed if
q € P[u] then define p € P[u] by S, = S5 and F, = F; U {f}; wehave p € Dy and p < q.) It follows
that Dy NG # @. Choose any p € Dy N G; we have f € F,. Each condition r € G is compatible with
p, therefore, by Lemma 1, S,/ f C S,/ f. We conclude that Sg/f = S,/ f.

Now assume that f ¢ u. The set Dy = {p € P[u]: sup(S,/f) > I} is dense in Plu] for
any | < w. (Let g € P[u]. Then F, is finite. There exists m > | with f|m ¢ F, since f ¢ u.
Define a condition p by F, = F; and S, = S;U{f[m}; we have p € Dy and p < q.) Pick,
by the density, any p € Dy N G. Then sup(Sg/f) > I. We conclude that Sg/f is infinite because !
is arbitrary.

(ii) Let p € G. Then obviously s, C Sg. If there exists s € (Sg . Sp) N va then s € S; for some
g € G. Then conditions p, q are incompatible by Lemma 1, which is a contradiction.

Now assume that p € Plu] \. G. There is a condition 4 € G incompatible with p. We have
two cases by Lemma 1. First, there is some s € (S5~ Sp) N va. Then s € Sg \ S, so p is not
compatible with Si. Second, there is some s € (S, \ S;) N Fl;/ . In this case, s € S; holds for any
condition » < q. It follows that s ¢ S, hence S, Z S, and p cannot be compatible with Sg.

Further it follows from (ii) that G = {p € P[u] : s, C Sg A (S¢ ~sp) N F, = @}, hence, we have
(iii). Claim (v) is an immediate corollary of (iv) since w% remains a cardinal in L[G] by Lemma 2.

Finally, to prove (iv) let f € FUN"~\ u and A < w}. The set Dy, of all conditions p € Q[u],
such that f[A C g for some g € Sp, is dense in Q[u]. Therefore G contains some p € Dy, . Let this be
witnessed by some ¢ € S,. Now, if { < A belongs to X, so that s = f[¢ € Sg, then s must belong to
Sp by (ii), therefore ¢ belongs to the finite set {1hs:s € S,}. Thus, X§ N A is finite. That X Nw} is
infinite follows from (i) (recall that f ¢ u). O

Now we consider two types of transformations related to the forcing notion Q*.
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2.3. Lipschitz Transformations

We argue in L. Let LIP be the group of all C-automorphisms of SEQ, called Lipschitz
transformations. Any A € LIP preserves the length 1h of sequences, i.e., 1hs = 1h(A-s) for all
s € SEQ. Any transformation A € LIP acts on:

—  sequences s € SEQ: by A-s = A(s);

—  functions f € FUN: by A-f e FUN and (A-f)[¢=A-(f[¢) forall { < wy;
- setsSCSEQ,F CFUN: by A-S={A:s:s€ S}, A-F={A-f:f€F};

-  conditions p € Q*: by A-p = (A-Sy;A-Fp) € Q*.

Lemma 4 (routine). The action of any A € LIP is an order-preserving automorphism of Q*. If u C FUN
and p € Qlu] then A-p € Q[A-u]. O

We proceed with an important existence lemma. If f # ¢ belongs to FUN then let B(f,g) be
equal to the least ordinal B < wj such that f(B) # g(B) (or, similarly, the largest ordinal p with
fIB = gl B). Say that sets X,Y C FUN are intersection-similar, or i-similar for brevity, if there is

onto

a bijection b : X — Y such that B(f,g) = B(b(f),b(g)) for all f # ¢ in X—such a bijection b will
be called an i-similarity bijection.

Lemma 5. Suppose that u,v C FUN are wy-sizesets, dense in FUN. Then u, v are i-similar. Moreover, if
X Cu, Y C o arefinite and i-similar then

(i) there is an i-similarity bijection b : u =3 v such that b[X] =Y,

(i) there exists a transformation A € LIP suchthat A-u =vand A-X =Y.

Proof. The key argument is thatif A C u, B C v are at most countable, b : A o Bisan i-similarity
bijection, and f € u \ A, then by the density of v there is ¢ € v\ B such that the extended

onto

map bU{(f,g)} : AU{f} — BU{g} is still an i-similarity bijection. This allows proof of
(i), iteratively extending an initial i-similarity bijection by : X o8y by a wj-step back-and-forth
argument involving eventually all elements f € u and g € v, to an i-similarity bijection u o v
required. See the proof of Lemma 5 in [7] for more detail.

To get (ii) from (i), consider any sequence s € SEQ. Let f = 1hs. As u is dense, there exist
f,f' € usuchthat B(f,f') =Bands C f,s C f'. Put g =b(f), § = b(f'). Thenstill B(g,¢’) = B,
hence ¢ B = ¢'| B. Therefore, we can define A(s) =g/ =¢'IB. O

2.4. Substitution Transformations

We continue to argue in L. Assume that conditions p,q € Q* satisfy

F,=F; and S,US; CF/ =F/. (4)
We define a transformation h,, acting as follows.

If p = g then define hp,(r) = r for all » € Q*, the identity.

Suppose that p # 4. Then p,q are incompatible by (4) and Lemma 1.
Define dp; = {r € Q" : v < pVr < q}, the domain of hp,. Let r € dyy. We put hpy(r) = 1" := (S, Fs),
where F,, = F, and

<P,
. ®)
(S/\S;)US, incase r<gq

(S+\Sp)US; incase r
S, =

Thus, assuming (4), the difference between S, and S,/ lies entirely within the set X = va = qu , so that
if r<pthen 5,NX =S5, but S, NX =25, whileif r <gthen S, NX =S5, but S, NX=S5,.
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Lemma 6. (i) If u C FUN isdense and py,qo € Q[u] then there exist conditions p,q € Qlu] with p < po,
q < qo, satisfying (4).

(ii) Let p,q € Q" satisfy (4). If p = q then hy, is the identity transformation. If p # q then hy, an order
automorphism of dpy = {r € Q* 17 < pVr < q}, satisfying hpg(p) = q and hpg = (hpg) ™ = hyp.

(iii) If u C FUN and p, q € Qlu] satisfy (4) then hy, maps the set Q[u] N dy, onto itself order-preserving.

Proof. (i) By the density of u there is a finite set F C FUN satisfying F, UF, C F and
SpUS; CFY ={fl¢:feFA1<{<wi}. Put p = (Sp,F) and q = (S, F). Claims (ii), (iii)
are routine. [

Please note that unlike the Lipschitz transformations above, transformations of the form h,,,
called substitutions in this paper, act within any given forcing notion of the form Q[u| by claim (iii) of
the lemma, and hence the forcing notions of the form QJu| considered are sufficiently homogeneous.

3. Almost-Disjoint Product Forcing

Here we review the structure and basic properties of product almost-disjoint forcing and
corresponding generic extensions in the wj-version. There is an important issue here: a forcing
C, which collapses w; to w, enters as a factor in the product forcing notions considered.

3.1. Product Forcing

In L, we define C = & (w) =, the set of all finite sequences of subsets of w, an ordinary forcing
to collapse Z(w) N L down to w. We will make use of an wy-product of Q* with C as an extra factor.
(In fact, C can be eliminated since Q* collapses w! anyway by Lemma 3 (v). Yet the presence of C
somehow facilitates the arguments since C has a more transparent forcing structure.)

Technically, we put Z = wy (in L) and consider the index set Z+ = ZU {—1}. Let Q* be the
finite-support product of C and Z copies of Q* (Definition 1 in Section 2.1), ordered componentwise.
That is, Q* consists of all maps p defined on a finite set domp = |p|™ C Z* so that p(v) € Q* for all
v e |pl:=[p|" ~{-1},and if ~1 € [p|" then b, := p(~1) € C. If p € Q" then put F,(v) = F,(,
and Sp(v) = S, forall v € |p[, so that p(v) = (Sp(v); Fp(v)).

We order Q* componentwise: p < q (p is stronger as a forcing condition) iff |q|™ C [p|*, by C b,
incase —1 € |g|",and p(v) <q(v) in Q* forall v € |gq|. Put

E/(v) = F),, ={fl1¢: f € B(1) A1 < <wi}.

In particular, Q* contains the empty condition ® € Q* satisfying |©|" = &; obviously © is the <-least
(and weakest as a forcing condition) element of Q*.

Because of the factor C, it takes some effort to define p A g for p,q € Q*, and only assuming
that by, b, are compatible, i.e., b, C by or by C by. In such a case define pAg € Q" as
follows. First, [p Aq|T = |p|T Ulg|T. If v € |p|T ~ |g|* thenput (p Ag)(v) = p(v), and similarly if
v € |qlT N |p|T then (p Aq)(v) = q(v). Now suppose that v € |p|T N |gq| .

If v # —1 then (p Aq)(v) = p(v) Aq(v) in the sense of Definition 1 in Section 2.1.

If v = —1 € [p|T N|q|", then, by the compatibility, either b, C b;—and then define byx; = by,
or b; C by—and then accordingly bys; = by .

Lemma 7. Let p,q € Q* be compatible. Then (p Aq) € Q%, (pANq) < p, (pANq) < q,and if r € QF,
r<p,r<qg,thenr<(phg). O

3.2. Systems

Arguing in L, we consider certain subforcings of the total product forcing notion Q*.
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Let a system be any map U : |U| — £ (FuUN) such that |U| C Z, each set U(v) (v € |U]) is dense
in FUN, and the components U(v) C FUN (v € |U|) are pairwise disjoint.

e Asystem U is small, if both |U| and each set U(v) (v € |U|) has cardinality < w;.

e If U,V are systems, |U| C |V|,and U(v) C V(v) for all v € |U|, then say that V extends U,
insymbol U 5 V.

e If {Us}z<) is a <-increasing sequence of systems then define a system U = gz, Uz by
(U] = Uz<x [Ug| and U(v) = Ugcpvepu,| Ue(v) forall v e |U].

e If U is asystem, then Q[U] is the finite-support product of C and sets Q[U(v)], v € |U]|, i.e.,
QU] ={peQ:|p| C[UIAVVE |p| (F(v) CU(V))}.

Suppose that ¢ C ZT. If p € Q* then define p’ = p[c € Q* so that [p/|" = cn|p|t and
p'(v) = p(v) whenever v € [p'|*. A special case: if v € Z" then let p[ ., = pl(|p|* ~{v}).
Similarly, if U is a system then define a system U’ = U [ ¢ so that |[U'| = ¢N|U| and U'(v) = U(v)
whenever v € |U'|. A special case: if v € Z" thenlet U ., = U[(|p| ~ {v}). And if Q C Q* then
let Qlc={p € Q:|p|" Cc} (will usually coincide with {p[c:p € Q}.

Writing plc, U|c etc., it is not assumed that ¢ C |p|*.

Lemma 8 (in L). If U isa system and A C Q[U] is an antichain then card A < wy.

Proof. Suppose that card A > w;. As cardC = wj, we can w.l.0.g. assume that b, = b, for all
p,q € A. It follows by the A-system lemma that there is a set A’ C A of the same cardinality
card A’ = card A > wj, and a finite set d C ZT, such that |p|" = d for all p € A’. Then we have
Sp # Sy forall p # g in A’, easily leading to a contradiction, as in the proof of Lemma 2. [

3.3. Outline of Product Extensions

We consider sets of the form Q[U], U being a system in L, as forcing notions over L.
Accordingly, we'll study Q[U]-generic extensions L{G] of the ground universe L. Define some elements
of these extensions. Suppose that G C Q*. Put |G| = U,cc |pl; |G| € T. Let

b =Upegbp, and Sg(v) = Sg) = Upec Sp(v)

for any v € |G|, where G(v) = {p(v):p € G} C Q*.

Thus, Sg(v) C SEQL, and Sg(v) = @ forany v ¢ |G|.

By the way, this defines a sequence Sg = {S¢(v) },e7 of subsets of SEQ.

If cCZ* thenlet Glc={p € G:|p|" Cc}. It will typically happen that G[c = {p[c:p € G}.
Put Gl ., ={peG:vé|p|"} =Gl (ZTT~{v}).

If U is a system in L, then any Q[U]-generic set G C Q[U] splits into the family of sets G(v),
v € Z, and a separate map bg : w N (w) N L. It will follow from (ii) of the next lemma that Q[U]-
generic extensions of L satisfy w; = w}.

Lemma9. Let U be asystem in L, and G C Q[U] be a set Q[U]-generic over L. Then:
(i) bg isa C-generic map from w onto & (w)NL;

(ii) if v €T then L[G(v)] = L[Sg(v)] and w Mbc! = wUEW)] = b = UGl ;

(iii) L[G] = L[S¢] and |G|T =T ;

(iv) fveZand c € LG| 4], v c CTT, then G[c] CLG| 4] ;

(v) if veTthen Sg(v) € LG 4] ;
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(vi) if v € T then the set G(v) = {p(v) : p € G} € L[G] is P[U(v)]-generic over L, hence if f € FUNL
then f € U(v) iff Sg(v) does not cover f .

Proof. Proofs of (i) and (iii)—(vi) are similar to ([7] (Lemma 9)). To prove wlL[G(V)] = w% in (ii) apply
Lemma 3 (v). Finally, to see that w} remains a cardinal in L{G] apply Lemma 8. [

3.4. Names for Sets in Product Extensions

The next definition introduces names for elements of product-generic extensions of L considered.
Assume thatin L, K C Q*, e.g., K = Q[U], where U is a system, and X is any set. By Nx(K)
(K-names for subsets of X) we denote the set of all sets T C K x X in L. Furthermore, SNx(K)
(small names) consist of all w;-size names T € SNx(K); in other words, it is required that card T < wy.
Suppose that 7 € Nx(Q*). We put

domt={p:3x((pxyet}, |t*= U IpI*, Il= U Ipl

pedom T pedom T

If G C Q* then define
TGl ={xeX: (t"x) NG # @}, where "x={p:(px) et}

so that 7[G] C X. If ¢ is a formula in which some names T € SN{)(Q*) occur, and G C Q¥,
then accordingly ¢[G] is the result of substitution of T[G]| for each name 7 in ¢.

Lemma 10. Suppose that X € L, card X < wyin L, U is a system in L, and G C Q[U] is a set Q[U]-
generic over L. Then for any set Y € L[G|, Y C X, there is a name T € SNx(Q[U]) in Lsuch that Y = 7[G].
If in addition c € L, ¢ C IV, and Y € L|G|c], then there is a name T € SNx(Q[U]|c) in L such that
Y = 7[G].

Proof. It follows from general forcing theory that there is a name ¢ € Nx(Q[U]), not necessarily
an wi-size name, such that X = ¢[G|. Let Qx = ¢”x for all x € X. Arguing in L, put

T={(px)eo:x e XApec A},

where Ay C Qy is a maximal antichain for any x. We observe that card Ay < wj in L for all x by
Lemma 8, hence T € SNx(Q[U]). And on the other hand, we have 7[G| = ¢[G] =Y.

To prove the additional claim, note that by the product forcing theorem if Y € L|G|¢] then the
original name ¢ can be chosen in Nx(Q[U]|c), and repeat the argument. [J

3.5. Names for Reals in Product Extensions

Now we introduce names for reals (elements of w®) in generic extensions of L considered. This is
an important particular case of the content of Section 3.4.

Assume thatin L, K C Q*, e.g., K = Q[U], where U is a system. By N&(K) (K-names for reals
in w“) we denote the set of all 7 C K X (w X w) such that the sets T”(j,k) = {p: (p, (j, k)) € T}
satisfy the following requirement:

if k#k,pet”(jk),p’ €t”(jk'), then conditions p, p’ are incompatible.

We let 7 = Uy (1K), dont = Upeiy (K0, 171 = ULIp|* : p € dom}.

Let SN (K) (small names) consist of all wj-size names T € N&(K); in other words, it is required
that card (7”(j,k)) < w; forall j,k < w.

Define the restrictions SN (K) [ ¢ = {7 € SNY(K) : |[t|T C c}.
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A name T € SN (K) is K-full iff the set T”j is pre-dense in K forany j < w. Aname T € SN (K)
is K-full below some pg € K, iff all sets T”j are pre-dense in K below py, i.e., any condition g € K,
q < po, is compatible with some r € 7; (and this holds for all j < w).

Suppose that T € SN (Q*). A set G C K is minimally t-generic iff it is compatible in itself
(if p,q € G then thereis r € G with r < p, r < g), and intersects each set T”x, x € X. In this case, put

T[G] = {{j, k) € W x W (v(j, k) NG # 2},

so that T[G] € w* and T[G|(j) = k <= T"(j, k) NG # @. If ¢ is a formula in which some names
T € SN{(Q*) occur, and a set G C Q* is minimally T-generic for any name 7 in ¢, then accordingly
¢[G] is the result of substitution of 7[G]| for each name 7 in ¢.

Lemma 11. Suppose that U is a system in L, and G C Q[U] is Q[U]-generic over L. Then for any real
x € L[G] Nw* there is a Q[U|-full name T € SN (Q[U]) in L such that x = t[G]. If in addition ¢ € L,
c CZI",and x € L|G| |, then there is a Q[U]-full name T € SN¥(Q[U]|¢) in L such that x = 7[G]. O

Proof. It follows from general forcing theory that there is a Q[U]-full name ¢ € N(Q[U]),
not necessarily an w;-size name, such that f = ¢[G]. Then all sets Q; = ¢, j < w, are pre-dense
in Q[U]. Arguing in L, put T = {(p, (j,k)) €c:j,k <wAp € Aj}, where A; C Q; is a maximal
antichain for any j < w. We conclude by Lemma 8 that card A; < wj in L for all j, hence in fact
T € SN (Q[U]). And on the other hand, we have 7[G] = ¢[G] = f. O

Equivalent names. Names 7,1 € SN (Q*) are equivalent iff conditions ¢, r are incompatible
whenever q € T”(j, k) and r € u”(j, k') for some j and k’ # k. Names 7, u are equivalent below some
p € Q" iff the triple of conditions p, g, r is incompatible (that is, no common strengthening) whenever
g€ 1”(j,k) and r € u”(j, k') for some j and k' # k.

Lemma 12. Suppose thatin L, p € Q*, and names y, T € SN, (Q*) are equivalent (resp., equivalent below
p).If G C Q* is minimally y-generic and minimally T-generic (resp., and containing p ), then u[G|] = 7[G].

Proof. Suppose that this is not the case. Then by definition there exist numbers j and k' # k and
conditions g € GN (t”(j,k)) and r € GN (u"(j,k')). Then p, q,r are compatible (as elements of the
same generic set), contradiction. O

The next lemma provides a useful transformation of names. Recall that p’ A p is defined
in Section 3.1.

Lemma 13 (in L). If p € Q* and T € SN{,(Q*), then
T<p ={(P'Ap, (k) : (p', (jk)) € T and p’ is compatible with p}

is still a name in SN¢(Q*), equivalent to T below p, and |t<p|™ C ||t U |p|T.
If Uisasystemand p € Q[U], T € SN (Q[U]), then T<, € SN (Q[U]).
Moreover, if T is Q[U]-full below p then t<p is Q[U]-full below p, too.

Proof. Routine. [

3.6. Permutations

We continue to argue in L. There are three important families of transformations of the whole
system of objects related to product forcing, considered in this Subsection and the two following ones.
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onto

We begin with permutations, the first family. Let BIJ be the set of all bijections 7 : 7 — Z,
i.e., permutations of the set Z, such that the set |7t| = {v € Z: r(v) # v} (the essential domain) satisfies
card || < w;. Please note that 7 is the identity outside of |7r|. Any permutation 7 € BIJ acts onto:

- setseCZ: bym-e:={n(v):vee};

- systems U: by (rr-U)(7t(v)) := U(v) for all v € |U|—then |7 -U| = m-|U|;

- conditions p € Q*: if —1 € |p|* then —1 € |m-p|* and br., = by, and if v € |p| then
(m-p)(7(v)) := p(v), so |- p| = 7-|pl;

- setsGCQ*: by n:G:={m-p:pe G}—then 7-G C Q*;

- names T € SN (Q*): by m-7:= {(m-p, ({,k)) : (p, ({,k)) € T} € SNH(Q*).

Lemma 14 (routine). If 7w € BIj then p — 7+ p is an order-preserving bijection of Q* onto Q*, and if U
is a system then p € Q[U] <= m-p € Q[m-U]. O

3.7. Multi-Lipschitz Transformations

Still arguing in L, we let L1p? be the Z-product of the group LIP (see Section 2.3), this will
be our second family of transformations, called multi-Lipschitz. Thus, a typical element A € Lip?
is A = {Av},ep ), where A = domA C I+ has wy-size, A, € L1P, Yv. Define the action of any
A € Lip? on:

- systems U: |A-U| := |U|, and (A-U)(v) := A,-U(v) for all elements v € |A|N|U|,
but (A-U)(v):=U(v) forall v e |U|\|A[;

- conditions p € Q*: |A-p|T = [p|*,if =1 € [p|* then by., = by, if v € [p|N[A] then
(A-p)(v) = Av-p(v),but if v € [p[\ |A[, then (A-p)(v) = p(v);

- setsGCQ*: A-G:={A-p:peG};
-  names T € SN(Q*): A-1:={(A-p, (n,k)):(p,(nk)) € 1};

In the first two items, we refer to the action of A, € LIP on sets u C FUN and on forcing conditions,
as defined in Section 2.3.

Lemma 15 (routine). If A € LipZ then p — 7t-p is an order-preserving bijection of Q* onto Q*, and if
U is a system then p € QU] <= A-p € Q[A-U]. O

Lemma 16. Suppose that U,V are systems, |U| = |V|, p € Q[U], q € Q[V], |p| = |q|, and sets F; (v),
F/(v) are i-similar for all v € |p| = |q|. Then thereis A € Lip? such that |A| = |U| = |V|, A-U =V,
and F/(v) = F/\V_p(v)forall ve|pl=lq.

Proof. Apply Lemma 5 componentwise for every v € Z. [

3.8. Multi-Substitutions

Assume that conditions p, g € Q* satisfy the following;:

(6i)) —1€|p|”=|gq|" and 1hb, =1hb,;, and
) (6)

(6ii) if v € |p| then Fy(v) = Fy(v) and S,(v) USq(v) C F/(v) = Ff

In particular, (4) of Section 2.4 holds for all v. We define a transformation Hj,; acting as follows. First,
we let Dy, the domain of Hj;, contain all conditions » € Q* such that

(a) if =1 € |r|" and b, # b,, then b, C b, or b; C by;

(b) if v e |r[N|p| and p(v) # q(v), then r(v) < p(v) or r(v) < q(v), thus, in other words,
r(v) € dy()p(v) in the sense of Section 2.4.
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Please note that all conditions 7 < p and all r < p belong to D ;. On the other hand, if r € Q™ satisfies
7| N |p| = @ and (a), then r belongs to Dy, as well. In particular, © € Dy,.

If r € Dy, then define v’ = Hp,(r) € Q* so that |r/|" = |r|* and:
(al) if —1 € |r|* and by, = b, then simply b, = b,,

(@2) if —1 € |r|" and by # by, then by (a) either b, = b, s or b, = b; s, where s € P (w)<~“—we
put by = b; s in the first case, and b, = b, "'s in the second case;

(b1) ifeither v € |r| \ |p|, or v € |r|N|p| Ap(v) =4(v), then put ' (v) = r(v),

(b2) if v € [p| = [q] and p(v) # q(v), then we put r'(v) = h, ()50 (r(v)), where k() is defined

in Section 2.4.

Transformations of the form Hj; will be called multi-substitutions.

Lemma 17 (in L). (i) If U is a system and pg,qo € Q[U] then there exist conditions p,q € Q[U] with
p < po, 9 < qo, satisfying (6).
(ii) If conditions p,q € QF satisfy (6), then Hpq is an order automorphism of Dpg = Dy, and we have

(iii) If U is a system, and p,q € QU] satisfy (6), then Hp; maps the set Q[U] N Dy, onto itself
order-preserving.

Proof. Apply Lemma 6 componentwise. [

Corollary 1 (of Lemma 17). If U is a system then Q[U] is homogeneous in the following sense:
if po,qgo € Q[U] then there exist stronger conditions p < po and q < qo in Q[U], such that the according
lower cones {p' € QU] : p' < p} and {q' € Q[U] : ' < q} are order-isomorphic. [

Action of Hy; on names. Assume that conditions p,q € Q" satisfy (6). Let SN (Q*),,, contain
all names 7 € SN (Q*) such that domT C Dp,. If T € SNg;(Q*)p, then put

Hyg- = {(Hyg(p"), (0,K)) : (¢, (n,K0) € 7.
Then obviously Hy;-T € SN (Q*)gp-

4. The Basic Forcing Notion and the Model

In this paper, we let ZFC™ be ZFC minus the Power Set axiom, with the schema of Collection
instead of Replacement, with AC is assumed in the form of well-orderability of every set, and with the
axiom: “w; exists”. See [8] on versions of ZFC sans the Power Set axiom in detail.

Let ZFC, be ZFC™ plus the axioms: V = L, and the axiom “every set x satisfies card x < wy”.

4.1. Jensen—Solovay Sequences

Arguing in L, let U,V be systems. Suppose that M is any transitive model of ZFC, .
Define U < U’ iff U < U’ and the following holds:

(@) theset A(U,U") = Uyeu (U'(v) N\ U(v)) is multiply SEQ-generic over M, in the sense that every
sequence (f1, ... fm) of pairwise different functions f, € A(U, U’) is generic over M in the sense
of SEQ = w1 as the forcing notion in L, and

(b) if v € |U] then U'(v) ~ U(v) is dense in FUN, therefore uncountable.
Let JS, Jensen—Solovay pairs, be the set of all pairs (M, U) of:

— atransitive model M |= ZFC, , and asystem U,
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— such that the sets wj and U belong to M—then sets SEQ, Q[U] also belong to M.

Let sJS, small Jensen—Solovay pairs, be the set of all pairs (M, U) € JS such that both U and M have
cardinality < w;. We define:

(M, U) < (M, Uy ((M',U") extends (M, U)) iff M C M and U <) U’;
(M, U) < (M',U’) (strict extension) iff (M,U) < (M',U’) and Vv € T (U(v) S U'(v)).

Lemma 18 (in L). If (M, U) € sJS and z C Z, cardz < wy, then there is a pair (M',U’) € sJS, such that
(M, U) < (M, U"y and z C |U'|.

Proof. Let d = |U|Uz. By definition SEQ is w-closed as a forcing: any C-increasing sequence
{Sn}n<w of sy € SEQ has the least upper bound in SEQ, equal to the union of all s,. It follows
that the countable-support product SEQ(?*«)
there exists a system f = { foetved c<w, € (Fun)®*e, SEQ(™*“1) _generic over M. Now define
U'(v) = U(v) U{fys: ¢ < w} for each v € d (assuming that U(v) = @ in case v ¢ |U|), and let
M’ |= ZFC] be any transitive model of cardinality w,, satisfying M C M’ and containing U’. [

is w-closed, too. Therefore, as card M < wq,

Lemma 19 (in L). Suppose that pairs (M, U) < (M, U) =< (M’ U") belong to JS.
Then (M, U) < (M",U"). Thus < is a partial order on JS.

Proof. We claim that F = ¢y (U" (v) \ U(v)) is multiply SEQ-generic over M. Suppose, for the
sake of brevity, that F = {f,g}, where f € U'(v) \U(v)—then f € M', g € U"(u) ~U'(p),
and v, u € |U|. (The general case does not differ much.) By definition, f is Cohen generic over M
and g is Cohen generic over M’. Therefore, g is Cohen generic over M[f|, because M[f] C M’
(as f € M'). It remains to apply the product forcing theorem. [

Now, still in L, a Jensen—Solovay sequence of length A < wy is any strictly <-increasing A-sequence
{(Mg, Uz) }z<p of pairs (Mg, Uz) € sJS, satisfying Uy = V¢, Uz on limit steps. Let ﬁA be the set of
all such sequences.

Lemma 20 (in L). Let A be a limit ordinal, and { (Mg, Uz) }e<p € ]@A. Put U = \gp Ug. Then

(i) Ug <m; U for every G.

(ii) If moreover A < wp and M |= ZFC, is a transitive model containing {(Mg, Uz) }e<p then
(M,U) € sJS and (Mg, Ug) < (M, U), V¢.

(iii) The same is true in case A = wy, but then the model M is not necessarily a wy-sizemodel, and we require
(M, U) €8S rather than sJS, of course.

Proof. The same arguments work as in the proof of Lemma 19. O

4.2. Stability of Dense Sets

If U is a system, D is a pre-dense subset of P[U], and U’ is another system extending U, then in
principle D does not necessarily remain maximal in P[U’'], a bigger set. This is where the genericity
requirement (a) in Section 4.1 plays its role to seal the pre-density of sets in M w.r.t. further extensions.
This is the content of the following key theorem. Moreover, the product forcing arguments will allow us
to extend the stability result in pre-dense sets not necessarily in M, as in items (ii), (iii) of the theorem.

Theorem 2 (stability of dense sets). Assume that, in L, (M, U) € sJS, U’ is a system, and U <p U'.
If D is a pre-dense subset of Q[U| (resp., pre-dense below some p € Q[U]|) then D remains pre-dense in
Q[U'] (resp., pre-dense below p ) in each of the following three cases:
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i) DeM;
(i) D € M[G], where G C P is P-generic over L, and P € M is a PO set;
(iii) D € M[H], where H C U'(v1) is finite, v € T is fixed, and D C QU] 4, = {q € Q[U] : vy ¢ |q]}.

Proof. Arguing in L, we consider only the case of sets D pre-dense in Q[U] itself; the case of
pre-density below some p € Q[U] is treated similarly.

(i) Suppose, towards the contrary, that a condition p € Q[U’] is incompatible with each g € D.
As D C P[U], we can w.l.0.g. assume that |p| C |U|.

We are going to define a condition p’ € Q[U], also incompatible with each g € D, contrary to the
pre-density. To maintain the construction, consider the finite sequence f = (fi, ..., fi) of all elements
f € FUN occurring in Uyep| Fy(v) butnot in U. It follows from U < U’ that f is SEQ™-generic
over M. Moreover, p being incompatible with D is implied by the fact that f meets a certain family
of dense sets in SEQ", of cardinality < w; in M. Therefore, we will be able to simulate this in M,
getting a sequence § € M which meets the same dense sets, and hence yields a condition p’ € Q[U],
also incompatible with each g € D.

To present the key idea in sufficient detail in a rather simplified subcase, we assume that

Ip| = {wo} is a singleton; vy € |U]|. )

Then p(vp) = (Sp(v0); Fp(vo)) € Q[U'(vp)], where S,(vp) € SEQ and F,(1p) € U'(vp) are finite sets.
The (finite) set X = F,(vp) \ U(vp) is multiply SEQ-generic over M since U < U’'. To make the
argument even more transparent, we suppose that

X = {f,g}, where f # g and the pair (f,g) is SEQ?-generic over M. 8)

(The general case follows the same idea and can be found in [4]; we leave it to the reader.)

Thus, Fy(vp) = FU{f, g}, where F = F,(vp) N U(vg) € M is by definition a finite set.

The plan is to replace the functions f,¢ by some functions f’,¢’ € U(vy) so that the
incompatibility of p with conditions in D will be preserved.

It holds by the choice of p and Lemma 1 that D = D;(f, g) U D,, where

Di(f,g) = {q€D:A;NF/ () # @}, where Aj = Sy(vo) \ Sp(vo) C SEQ;
D, {q€D:(Sp(vo) N Sq(v)) NE) (vo) # @} € M;

and D; depends on f, ¢ via F,(vp). The equality D = D1(f,g) U D, can be rewritten as A C D1(f,g),
where A = D \ D; € M. Furthermore, A C Di(f, g) is equivalent to

VA€o (ANE)(v) # @), where o = {A;:qe D} e M, )
and each A; = S;(v9) \ Sp(vp) € SEQ is finite. Recall that F,(vg) = FU{f g},
therefore F)/(v9) = ZUS(f,g), where Z = {h[p:1 < p < wiAh € F} € M and

S(f,8) = Ui<pcw, {f 11, 8T} Thus, (9) is equivalent to
VA" € &' (A'NS(f,8) # @), where &' = {A;~Z:qe D} € M. (10)

Please note that each A’ € &/’ is a finite subset of SEQ, so we can re-enumerate &' = { A} : x < w1}
in M and rewrite (10) as follows:

Vi < wy(ALNS(f,g) # D), where each A}, C SEQ is finite. (11)
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As the pair (f, g) is SEQ-generic, there is an index py < wj such that (11) is forced over M by (0p, 1),
where 0p = f|po and 19 = g[ po. In other words, A, N S(f’,¢’) # @ holds for all ¥ < w; whenever
(f', 4"y is SEQ-generic over M and oy C f/, 1p C ¢. It follows that for any x < wj and sequences
o, T € SEQ extending resp. 0y, Ty there are sequences ¢’, 7" € SEQ extending resp. ¢, T, at least one
of which extends one of sequences w € Al.. This allows us to define, in M, a pair of sequences
f',¢" € FUN, such that 0y C f/, 19 C ¢/, and for any x < w at least one of f/,¢’ extends one of
wE Af(. In other words, we have

Vi <w(ALNS(f,¢)#2) and VA €' (ANS(f,¢) #2).

It follows that the condition p’ defined by |p'| = {w}, Sy(v0) = Syp(w), Fy(vo) = FU{f, &'},
still satisfies VA € o7 (AN F’X (vo) # @) (compare with (9)), and further D = D;(f’,¢’) U Dy, thus p’
is incompatible with each q € D. Yet p’ € M since f/,¢’ € M, which contradicts the pre-density of D.

(i) The above proof works with M[G] instead of M since the set X as in the proof is multiple
SEQ-generic over M[G] by the product forcing theorem.

(iii) Assuming w.l.o.g. that H C U'(v1) \ U(v1), we conclude that M[H] is a SEQ-generic
extension of M. Now, if p € Q[U’] | 4y, , then, following the above argument, let vy € lp|, vo # v1.
By the definition of < the set F = F,(vp) \ U(1p) is multiply SEQ-generic not only over M but also
over M[H]. This allows the carrying out of the same argument as above. []

Corollary 2. Under the assumptions of Theorem 2, if a set G C Q[U'] is Q[U’']-generic over a transitive
model M |= ZFC, containing M and U’ (including the case M' = L), then the intersection G N Q[U] is
Q[U]-generic over M.

Proof. Ifaset D € M, D C Q[U], is pre-dense in Q[U], then it is pre-dense in Q[U’] by Theorem 2,
and hence GN D # @ by the genericity. [J

Corollary 3 (in L). Under the assumptions of Theorem 2, if T € M NSNS (Q[U]) is a Q[U]-full name then
T remains Q[U']-full, and if p € Q[U] and t is Q[U]-full below p, then T remains Q[U'|-full below p. O

4.3. Complete Sequences and the Basic Forcing Notion

In L, we say that a pair (M, U) € sJS solves a set D C s]J8S iff either (M, U) € D or there is no
pair (M’,U’) € D that extends (M, U). Let DS°!" be the set of all pairs (M,U) € sJS which solve
agivenset D C sJS. A sequence { (Mg, Uz) }rew, € ﬁu& is called n-complete (n > 3) iff it intersects
every set of the form D", where D C s]S isa ZI:E’ZZ(HLUZ) set.

Recall that Hw, is the collection of all sets x whose transitive closure TC(x) has cardinality
card (TC(x)) < wy. Furthermore, Ziifzz(sz) means definability by a X, _, formula of the e-
language, in which any definability parameters in Hcw, are allowed, while ZJI:f'zz means parameter-free
definability. Similarly, Affi({wl}) in the next theorem means that wj is allowed as a sole parameter.
It is a simple exercise that sets { SEQ} and SEQ are Alfwz({wl}) under V = L.

Generally, we refer to e.g., ([9] (Part B, 5.4)), or ([10] (Chapter 13)) on the Lévy hierarchy of

€-formulas and definability classes X!!, T}, Al for any transitive set H.

Theorem 3 (in L). Let n > 2. There is a sequence { (Mg, Ug) }e<w, € ﬁwZ of class AHT%({an}), hence,

n

Affi in case n > 3, n-complete in case n > 3, and such that ¢ € |U§+1| forall ¢ < w.

Proof. To account forw; as a parameter, note that the set wy is Z?wz, and hence the singleton {w;} is
Agle. Indeed “being w;” is equivalent to the conjunction of “being uncountable”—which is IT sz,
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”

and “every smaller ordinal is countable”—which is 211{“’2 since the quantifier “for all smaller ordinals
is bounded, hence, it does not increase the complexity.

It follows that AI:f%({wl}) = Aljf% in case n > 3, supporting the “hence” claim of the theorem.

Then, it can be verified that the sets Q*, Q*, sJS are Aﬁlwz({wl}). (Indeed “being finite” and
“being countable” are Alfwz relations, while “being of cardinality w;” is Alf“JZ({wl}) ; the IT; definition
says that there is no injection from wj into a given set.)

Define pairs (Mg, Uz), ¢ < wy, by induction. Let Uy be the null system with |Uy| = &, and My
be the least CTM of ZFC, . If A < wj is a limit, then put Uy = V- Uz and let M, be the least CTM
of ZFC, containing the sequence { (Mg, Ug) }z<. If (Mg, Ug) € sJS is defined, then by Lemma 18
there is a pair (M’, U’) € sJS with (Mg, Uz) < (M',U’) and ¢ € |U’|. Further let ® C w; x Hw, be
a universal Zanzz set, and if § < w; then Dy = {z €8JS:({,z) € O}. Let (Mg, Uz11) be the <p-
least pair (M, U) € Dg5°!" satisfying (M’,U’) < (M, U), where <y is the Godel wellordering of L,
the constructible universe. This completes the inductive construction of (Mg, Uz) € sJS, & < ws.

To check the definability property, make use of the well-known fact that the restriction <y,| Hw,
is a Aﬁlwz relation, and if n > 1, p € w® is any parameter, and R(x,y,z, ...) is a finitary A%“¥p)
relation on HC then the relations 3x <y yR(x,y,z, ...) and Vx <pyR(x,y,z, ...) (with arguments
Yz, ...) are AS%(p) as well. [

Definition 2 (in L). Fix a number n > 2 during the proof of Theorem 1.
o Let js = {(MgUg)tecw, € ]?wz be any n-complete Jensen—Solovay sequence of class AE‘_‘% as in

Theorem 3—in case n > 3, or just any Jensen—Solovay sequence of class Alfwz({wl})—in case n = 2,
as in Theorem 3, including ¢ € |Ug11] for all ¢ in both cases.

o PutU = Ve Ug, soU(v) = Uz<wpve|Ug| Ug(v) forall v € T. Thus, U € L is a system and
|U| = T since ¢ € |Ugyq| forall ¢.

We define Q = QU] (the basic forcing notion), and Qz = Q[Ug] for & < wy. Thus, Q is the finite-support
product of the set C and sets Q(v) = Q[U(v)], i € Z;sothat Q € L. O

Corollary 4. Suppose that in L, & < wy and M isa TM of ZFC, containing the sequence js. Then

i) (M, U) €]JS, (Mg, Ug) < (M,U),and if v € T then card(Ug(v)) = wy < wyp = card(U(v)) in L.
(i) If G C Q isaset Q-generic over L then the set G =Gn Q¢ is Qg-generic over Mg.

Proof. Make use of Lemma 20 and Corollary 2 in Section 4.2. [

Lemma 21 (in L). The binary relation f € U(v), the sets Q and SN&(Q) (Q-names for reals in w®),
and the set of all Q-full names in SN, (Q) are Aﬁ‘ﬁ({wl}), and even AI:‘ﬁ in case n > 3.

Proof. The sequence { (Mg, Uz) }rce, is Aﬁ‘fﬁ by definition, hence the relation f € U(v) is ZIn{ff
On the other hand, if f € Fun belongs to some M then f € U(v) obviously implies f € Ug(v),
leading to a ITHC, definition of the relation f € U(v). To prove the last claim, note that by Corollary 3
if aname T € SN (Pg) N Mg is Pe-full then it remains P-full. [

4.4. Basic Generic Extension

The proof of Theorem 1 makes use of a generic extension of the form L[G [z] ,where G C Qisa
set Q-genericover L,and z C T, z ¢ L. The following two theorems will play the key role in the
proof. Define formulas , (v € Z) as follows:

v(S) :=get S C SEQ" AV f € FUN® (f € U(v) <= S does not cover f).

Lemma 22. Suppose that a set G C Q is Q-generic over L,and v € Z, ¢ € L|G], @ # ¢ CZ*. Then
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i) wtold = ok,

(i) if —1 € c then bg € L|G|[c|,and if v € ¢ then Sg(v) € L|G[¢],

(iii)) v(Sg(v)) holds,

(iv) Sg(v) & LG 4], and generally, there are no sets S C SEQL in L(G[ ] satisfying (S).

Proof. To prove (i) apply Lemma 9 (ii); (ii) is easy. Furthermore, Lemma 9 (vi) immediately implies
(ii).

To prove (iv), we need more work. Let X = SEQL. Suppose towards the contrary that
some S € L[G[ 4], S C X = SEQ' satisfies ,(S). It follows from Lemma 10 (with U = U and
¢ = I% \ {v}), that there is aname T € SNx(Q)[ 4, in Lsuch that S = T[G[ 4,]. There is an ordinal
& < wy satisfying T € Mz and T € SNx(Qz[ 4,). Then S = 7[G¢| ,,], where G¢ = GNP; is Pg-
generic over Mz by Corollary 4 (ii), and by the way S belongs to MdGif | 2] by the choice of ¢.

Please note that F = U(v) \ Ug(v) # @ by Corollary 4 (i). Let f € F. Then f is Cohen
generic over the model Mg by Corollary 4. On the other hand, G¢l £y 18 Pg [ 4 -generic over M¢[f] by
Theorem 2 (iii). Therefore f is Cohen generic over Mg[G¢ | ] as well.

Recall that S € Mz[G¢ | 2y] and 4 (S) holds, hence S does not cover f. As f is Cohen generic over
Mz[GE | .,], it follows that there is a sequence s € SEQL, s C f, such that S contains no subsequences
of f extending s. Take any u € Z, u # v. By Corollary 4 (i), there exists a function g € U(p) \ Ug(p1),
¢ ¢ U(v), satisfying s C g. Then, S covers g by ,(S). However, this is absurd by the choice of s. [

The proof of the next important elementary equivalence theorem will be given below in Section 6.3.

Theorem 4 (elementary equivalence theorem). Assume thatin L, —1 € d C It ,sets Z',Z C IT~d
satisfy card (Z \ Z) < wy and card (Z \ Z") < wy, the symmetric difference Z A Z' is at most countable,
and the complementary set T ~. (dU Z U Z') is infinite.

Let G C Q be Q-generic over L, and xo € L[G|d] be any real. Then any closed X}, formula ¢, with real
parameters in L{xo|, is simultaneously true in L[xo, G| Z] and in L[xo, G| Z'].

4.5. The Main Theorem Modulo the Elementary Equivalence Theorem: The Model

Here we begin the proof of Theorem 1 on the base of Theorem 4 of Section 4.4. We fix a number
n > 2 during the proof. The goal is to define a generic extension of L in which for any set x C w the
following is true: x € Liff x € AL +1- The model is a part of the basic generic extension defined in
Section 4.4.

In the notation of Definition 2 in Section 4.3, consider a set G C Q, Q-generic over L.
Then bg = |JG(—1) is a C-generic map from w onto & (w) N L by Lemma 9 (i). We define

w[G] = {wk+2 :k<wAjebgk)}U{wk+3:jk<w}Cuw? (12)
and w" [G] = {—1} Uw|[G]|. We also define, for any m < w,
W>m[G] ={wk+ L e w[G]:k>m}, weu|[G]={wk+{ecw[G]:k<m},

and accordingly wgm[G] = {-1}Uw>y[G] and wZ,[G] = {-1} Uwu[G].
With these definitions, each kth slice

wi[G] = {wk+2/:j € bg(k)} U{wk+3:j < w} (13)
of w[G] is necessarily infinite and coinfinite, and it codes the target set b (k) since

bo(k) = {j < w:wk+2 € w[G]} = {j < w:wk+2 € w"[G]}. (14)
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It will be important below that definition (12) is monotone w.r.t. bg, i.e., if bg(k) C bg (k) for all k,
then w[G| C w[G'] and w™[G] C w'[G']. Non-monotone modifications, like e.g.,

w[G] = {wk+2:jebs(k)}U{wk+3:j¢bgk)}

would not work. Finally, let
W= [w?w) ={{:?* << w}.

Anyway, wt[G] C «? = w-w (the ordinal product) is a set in the model
Lbg] = Lw " [G]] = Liw[G]] = Lfw>n|G]] for each m, containing —1, while w.,[G] € L for
all m. We are going to prove the following lemma:

Lemma 23. The model L|G| (w™[G] U W)] witnesses Theorem 1. That is, let a set G C Q be Q-generic over
L. Then it holds in L|G | (w™ [G] U W)] that

(i) w[G]is X}, and eachset x € L, x C w is A}
(i) if x C w is AL

n+1’

hel then x € L.

Recall thatif ZC Z" then G| Z={pe G:|p|T C Z}.

Proof (Claim (i) of the lemma). Consider an arbitrary ordinal v = wk + ¢; k, ¢ < w. We claim that
v e w[G] <= 3S ,(S) (15)

holds in L[G|(w"[G] UW)]. Indeed, assume that v € w[G]. Then S = Sg(v) € L|G[w™|[G]],
and wehave ,(S) in L[G](w"[G]U W)] by Lemma 22 (ii), (iii). Conversely assume that v ¢ w[G].
Then we have w*[G] € Ljbg] € L[G[w*[G]] C L[G[ .,], but LG 4] contains no S with ,(S) by
Lemma 22 (iv).

However, the right-hand side of (15) defines a £n“?({wiL, SEQ'}) relation in L[G | (wt[G] UW)]
by Lemma 21. (Indeed, (Hwy)" = L1 = Ly, in LG (w"[G] UW)], therefore (Hwy)" is s
in L[G] (w"[G] UW)].) On the other hand, the sets {w"} and {SEQ'} remain Aglwz singletons
in LG[(w"[G] UW)], so they can be eliminated since n > 2. This yields w[G] € XHC in
LG | (w*[G] UW)]. It follows that w[G] € Z! | by ([10] (Lemma 25.25)), as required.

n+1
Consider an arbitrary set x € L, x C w. By genericity there exists k < w such that bg(k) = x.

Then x = {j: wk +2/ € w[G]} by (12), therefore x is X1 . as well. However, w \ x € X}, by the
same argument. Thus, x is A}, in L[G] (w"[G] UW)], as required. (Claim (i) of Lemma 23) [

4.6. Proof of the Key Claim of Lemma 23

The proof of Lemma 23 (ii) is based on several intermediate lemmas.
Recall that W = [w?,wy) = {€: w? < & < wy}.

Lemma 24 (compare with Lemma 33 in [7]). Suppose that G C Q is Q-generic over L, and m < w.
Let ¢ C w<y[G] be any set in L. Then any closed X} formula ®, with reals in L[G| (cUw?, [G]UW)] as
parameters, is simultaneously true in L[G| (c Uw?, [G]UW)] and in L[G] (w™ [G] UW)] .

It follows that if ¢ C ¢ C w<yu|G] in L, then any closed = 41 formula ¥, with parameters in
LG| (' Uw:, [GIUW)], truein L|G| (¢’ UwZ, [G] UW)], is true in L[G | (c Uw?, [G] UW)] as well.

Proof (Lemma 24). There is an ordinal { < w; such that all parameters in ¢ belong to L[G[Y],
where Y = cUw?, [GlUX and X = [w? &) = {7:w? < v < ¢}. The set Y belongs to L[bg], in
fact, L[Y] = L[b¢]. Therefore G| Y is equi-constructible with the pair (bg, {Sc(v) }yexr), Where bg is
a map from w onto, essentially, wiL. It follows that there is a real xy with L[G|Y] = L[x¢]. Then all
parameters of ¢ belong to L{xo].
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To prepare for Theorem 4 of Section 4.4, put Z' = [§,wy), e = wen|[G] N ¢, Z=eUZ/,
d={-1}U{wk+j:k>mANj<w}UX.

As wl, [G] € {-1}U{wk+j:k >mAj< w}, wehave Y = cUw?, [GJUX C d, and hence
xo € L[G[d]. It follows by Theorem 4 that ¢ is simultaneously true in L[xp,G|Z] and in
Lixo, G[Z']. However, Lixo,G[Z'] = L[G[(YUZ')] = LIG|(cUwZ,[G]UW)] by construction,
while L{xp, G[ Z] = L[G| (w"[G] UW)], and we are done. [

In continuation of the proof of Lemma 23 (ii), suppose that
1

(t) ¢(-) and ¢(-) are parameter-free X,  ;
x € L[G| (w[G]UW)], i.e., we have

1

nal definition for a set x C w,

formulas that provide a A

y={U{<w:p)}={{<w:myp{)}

in L[G] (w"[G] UW)]. Thus, the equivalence V/ (¢(¢) <= - 9(¢)) is forced to be true in
L(G | (w"[G] UW)] by a condition pg € G.

Here, G is the canonical Q-name for the generic set G C Q, as usual, while W is a name for W € L.
Lemma 25. Assume (). If £ < w then the sentence “L[G [ (wT [G] UW)] = ¢(£)” is Q-decided by py.

Proof. Suppose, for the sake of simplicity, that py is the empty condition ® (ie., |po|" = 2);
the general case does not differ much. Then V¢ (¢(¢) <= —(¢)) holds in L[G|(w™[G]UW)]
for any generic set G C Q.

Say that conditions p,q € Q = QU] are close neighbours iff —1 € |p|* N |g|* and one of the
following holds:

() by = b, (recall that b, = p(—1)), or

(M) plz = qlx-1, 1bb, = 1hb,, and either (a) by(k) € by(k) for all k < 1hb,, or (b)
by(k) C by(k) forall k < 1hb,.

Proposition 1. If conditions p,q € Q are close neighbours, satisfying (6) in Section 3.8, { < w, and p Q-
forces the sentence “L[G | (w [G] UW)] k= @(¢)”, then so does q.

Proof (Proposition). Suppose on the contrary that g does not force “L[G [ (w™[G] UW)] = ¢(£)”.
As p,q satisty (6), the associated transformation Hp; maps the set Q¢, = {p'€Q:p’ < p} onto
Q< = {7 € Q:¢' < g} order-preserving by Lemma 17 (with U = U). By the choice of g, there is
aset G; C Q,, generic over L, containing ¢4, and such that ¢(¢) is false in L[G,[ (w™[G,] UW)].
Then (¢) is true in LG, [ (w™ [G,] UW)] by (1) (and the assumption that pg = ©).

The set G, = {(Hpg) '(q'):q' € Gy Aq' < q} C Qg, is Q-generic over L as well (as Hy is
an order isomorphism), and contains p, and hence ¢(¢) is true and (¢) false in L[G, [ (w™ [G,] UW)].

Case 1: (I) holds, ie, b, = b;. Then by definition bg, = bg,, so that w*[G,] = w*[G,].
On the other hand, the sets G, and G, are equi-constructible by means of the application of Hpg,
and hence G| (w*[Gy]UW) and Gy (w"[G,] UW) are equi-constructible, that is, the classes
L[Gp | (wt[Gp] UW)] and L[G, | (w" [G4] UW)] coincide. However, ¢({) is true in one of them and
false in the other one, a contradiction.

Case 2: (II) holds. Let m = 1hb, = 1hb,. Then bg,(k) = bg,(k) for all k > m via Hp,.
This implies L{bg,] = L[bg,], and also implies w3, [Gp] = wl, [Gy], while the difference between the
sets W< [Gp], w<mu[Gy] is that for any k < m and any j,

wk+2 € wep[Gy] <> jEby(k) and wk+2 € wep[Gy] <= j € by(k). (16)
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Moreover, (II) implies Gp[._1 = Gglx_1, and hence Sg,(v) = Sg,(v) for all v € T via
Hpg. We conclude that L[G,[Z] = L[Gq[Z] for any set Z € Ljbg,], Z C I, in particular,
LGy | (w* [G,]UW)] = LIG | (w* [G;] UW)).

If now (II) (a) holds, then ¢’ = w<,[Gp] C ¢ = w<u[Gy] = ¢’ Uz by (16), where

z={wk+2 :k<mAnjeby(k)~by(k)} € L.

However, ¢(¢) holds in L[G, | (w™ [Gp] U W)], see above. It follows by Lemma 24 that ¢(¢) holds in
L[G, | (w[G4] UW)]. However, we know that L[G, [ (w"[G,] UW)] = L[G, | (w" [G4] UW)]. Thus,
@(¢) holds in L[G, | (w™ [G,] UW)], which is a contradiction to the above. If (II) (b) holds, then argue
similarly using the formula (/). (Proposition 1) O

Coming back to Lemma 25, suppose towards the contrary that “L[G[ (w™ [G] UW)] |= ¢(¢)”
is not Q-decided by py = ©. There are two conditions p,q € Q such that p Q-forces
“LIG| (wT[G]UW)] |= ¢(£)” while g Q-forces the negation. We may w.1.0.g. assume, by Lemma 17
(i), that p, g satisfy (6) of Section 3.8. We claim that p, g4 can be connected by a finite chain of conditions
in Q in which each two consecutive terms are close neighbours in the sense above, satisfying (6) in
Section 3.8— then Proposition 1 implies a contradiction and concludes the proof of Lemma 25.

Thus, it remains to prove the connection claim. Let p’ € Q be defined by b, = b, and
P'l 221 =4l 4_1. Then p,p" are close neighbours and (6) holds for this pair as it holds for p,q.
Let r € Q be defined by b, (k) = by(k) Ubg(k) forall k < £ = 1hb, = 1hb; and p'[ .1 =g 2_1.
Still r is a close neighbour to both p’ and ¢, and (6) holds for p/,r and gq,r. Thus, the chain
p—p'—r—q proves the connection claim. (Lemma 25) OJ

Now, to accomplish the proof of Lemma 23 (ii), apply Lemma 25.
(Lemma 23 (ii)) O

(Theorem 1 modulo Theorem 4 of Section 4.4) [

5. Forcing Approximation

To prove Theorem 4 of Section 4.4 and thus complete the proof of Theorem 1 in the next Section 6,
we define here a forcing-like relation forc, and exploit certain symmetries of objects related to forc.
This similarity will allow us to only outline really analogous issues but concentrate on several things
which bear some difference.

We argue under Blanket Assumption 1.

Recall that ZFC™ is ZFC minus the Power Set axiom, with the schema of Collection instead of
Replacement, with the axiom “w; exists”, and with AC in the form of wellorderability of every set,
and ZFC, is ZFC™ plus the axioms: V = L, and “every set x satisfies card x < w;”.

5.1. Formulas

Here we introduce a language that will help us to study analytic definability in Q[U]-generic
extensions, for different systems U, and their submodels.

Let £ be the 2nd order Peano language, with variables of type 1 over w®. If K C Q* then an £(K)
formula is any formula of £, with some free variables of types 0, 1 replaced by resp. numbers in w
and names in SN%(K), and some type 1 quantifiers are allowed to have bounding indices B (i.e., 3%,
VB) such that B C T satisfies either card B < wj or card(Z \ B) < wj (in L). In particular, Z itself
can serve as an index, and the absence
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If ¢ isa £(Q*) formula, then let

NAM ¢ = the set of all names 7 that occur in ¢;
INDp = the set of all quantifier indices B which occur in ¢;
lp|t = Urenamo |T|"  (a set of wy-size);
lell = lol" U (UNDg) — sothat [o|" C [lof C ZT.

If aset G C Q is minimally ¢-generic (that is, minimally T-generic w.r.t. every name T € NAM ¢,
in the sense of Section 3.5), then the valuation ¢[G] is the result of substitution of 7[G] for any name
T € NAM ¢, and changing each quantifier 38x, VBx toresp. 3 (V) x € w® NL[G| B], while index-free
type 1 quantifiers are relativized to w*; ¢[G] is a formula of £ with real parameters, and some
quantifiers of type 1 relativized to certain submodels of L[G].

An arithmetic formula in £(K) is a formula with no quantifiers of type 1 (names in SN (K) are
allowed). If n < w thenleta LX) (K), resp., LIT}(K) formula be a formula of the form

I Voxp . VO (F) X1 (Y ) xpp, Vox1 3% . (V) V(T ) xn

respectively, where 1 is an arithmetic formula in £(K), all variables x; are of type 1 (over w®), the sign
° means that this quantifier can have a bounding index as above, and it is required that the rightmost
(closest to the kernel 1) quantifier does not have a bounding index.

If in addition M |= ZFC™ is a transitive model and K C Q* then define

LX) (K, M) = all LX}(K) formulas ¢ such that NAM ¢ C SN%(K) N M and each index B € IND ¢
satisfies the requirement: either B € M or Z \ B € M.

Define £IT}(K, M) similarly.

5.2. Forcing Approximation

We introduce a convenient forcing-type relation p forc{\l/I ¢ for pairs (M, U) in sJS and formulas
¢ in L(K), associated with the truth in K-generic extensions of L, where K = Q[U] C Q*and U € L
is a system.

(F1) First, writing p forc:]L\I/I @, it is assumed that:

(@) (M, U) € sJS and p belongs to Q[U],
(b) ¢ is a closed formula in LIT}(Q[U], M) U L‘Z}CH(Q[U],M) for some k > 1, and each
name T € NAM ¢ is Q[U]-full below p.

Under these assumptions, the sets U, Q[U], p, NAM ¢ belong to M.

The definition of forc goes on by induction on the complexity of formulas.

(F2) If (M, U) € sJS, p € Q[U], and ¢ is a closed formula in LT} (Q[U], M) (then by definition it
has no quantifier indices), then: p forc ¢ iff (F1) holds and p Q[U]-forces ¢[G] over M in the
usual sense. Please note that the forcing notion Q[U] belongs to M in this case by (F1).

(F3) If ¢(x) € LIT (Q[U], M), k > 1, then:
(@)  p forc} 3Bx ¢(x) iff there is a name T € M NSNY(Q[U])| B, Q[U]-full below p (by (F1)b)
and such that p forc ¢(7).

(b)  p forc™ Ix @(x) iff there is a name T € M N SN¥(Q[U]), Q[U]-full below p (by (F1)b)
and such that p forc ¢(7).
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(F4) If k > 2, ¢ is a closed LII}(Q[U], M) formula, p € Q[U], and (F1) holds, then p forc]] ¢ iff
we have — ¢ forcﬁf/ ¢ ' for every pair (M',U’) € sJS extending (M, U), and every condition
q € Q[U'], g < p, where ¢ is the result of canonical conversion of = ¢ to LX}(Q[U], M).

The next theorem classifies the complexity of forc in terms of projective hierarchy. Please note
that if (M, U) € sJS and k > 1 then any formula ¢ in LIT} (Q[U], M) U EZ%H(Q[U],M) belongs
to M if we somehow “label” any large index B € IND ¢ (such that card(Z \ B) < w;) by its small
complement Z \ B € M. Therefore, the sets

Forc(Il}) = {(M,U,p,¢):(MU) csJS A pecQUA
A ¢ is a closed formula in LIT} (Q[U], M) A p forc! ¢},

and Forc(X}) similarly defined, are subsets of Hw; (in L).

Lemma 26 (in L). The sets Forc(I1}) and Forc(X}) belong to Aﬁlwz.
If k > 2 then the sets Forc(I1}) and Forc(X} 1) belong to H,Ii“f.

Proof (sketch). Suppose that ¢ is L£IT} . Under the assumptions of the theorem, items (F1)a, (F1)b of
(F1) are Alf“& relations, while (F2) is reducible to a forcing relation over M that we can relativize to
M. The inductive step goes on straightforwardly using (F3), (F4). Please note that the quantifier over
names in (F3) is a bounded quantifier (bounded by M), hence it does not add any extra complexity. O

5.3. Further Properties of Forcing Approximations

The notion of names v,7 € SN{(Q*) being equivalent below some p € Q¥, is introduced in
Subsection 3.5. We continue with a couple of routine lemmas.

Lemma 27. Suppose that (M, U), p, ¢ satisfy (F1) of Section 5.2, and NAM ¢ = {7, ..., Tu}. Let
1, .-, Wm be another list of names in SN (Q[U]), Q[U]-full below p, and such that T; and u; are
equivalent below p foreach j =1, ..., m. Then p forc™ o(ty, ..., Tw) iff p forcd o(u1, ..., tim).

Proof. Suppose that ¢ is LIT}. Let G C Q[U] be a set Q[U]-generic over M, and containing p.
Then 7,[G] = y[G] for all £ by Lemma 12. This implies the result required, by (F2) of Section 5.2.

The induction steps LIT} — LX] 41 and LY} — LII} are carried out by an easy reduction to
items (F3), (F4) of Section 5.2. [

Lemma 28 (in L). Let (M, U), p, ¢ satisfy (F1) of Section 5.2. Then:
() if k>2, ¢is LITH(Q[U], M), and p forc)] ¢, then p forc)] ¢ fails;
Gi) if p forc}l @, (M, U) < (M, U') € s]S, and g € Q[U'], g < p, then q forc} ¢.

Proof. Claim (i) immediately follows from (F4) of Section 5.2.

To prove (ii) let ¢ = ¢(1, ..., Tu) be a closed formula in LIT} (Q[U], M), where all Q[U]-
names T; belong to M and are Q[U]-full below p. Then all names 7; remain Q[U’]-full below p by
Corollary 3 in Section 4.2, therefore below g as well since g < p. Consider a set G’ C Q[U'], Q[U']-
generic over M’ and containing . We have to prove that ¢[G’] is true in M'[G’]. Please note that
the set G = G' N Q[U] is Q[U]-generic over M by Corollary 2 in Section 4.2, and we have p € G.
Moreover, the valuation ¢[G’] coincides with ¢[G] since all names in ¢ belong to SN (Q[U]). And
¢[G] is true in M[G] as p forc ¢. It remains to apply Mostowski’s absoluteness (see [10] (p. 484)
or [11]) between the models M[G] C M'[G].

The induction steps related to (F3), (F4) of Section 5.2 are easy. [
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5.4. Transformations and Invariance

To prove Theorem 4 of Section 4.4, we make use of the transformations considered in
Sections 3.6-3.8. In addition to the definitions given there, define, in L, the action of any transformation
7t € BIJ (permutation), A € Lip? (multi-Lipschitz), or one of the form Hy; (multisubstitution), on
L-formulas with quantifier indices and names in SN (Q*) as parameters.

(I) Assume that 7t € B1j. To get ¢ replace each quantifier index B (in 3% or V?) by 71+ B and each
name T € SN (Q*) by 7-7.

(I) Assume that A € LipZ. To get Ag replace each name T € SN%(Q*) in ¢ by a7, but do not
change quantifier indices.

(II) Assume that p,q € Q* satisfy (6) of Section 3.8, and all names T occurring in ¢ belong to
SN (Q"),,- To get Hpg¢p replace each name 7 € SN (Q")pq in ¢ by Hpg-T € SN (Q¥)
but do not change quantifier indices.

qar’

Lemma 29 (in L). Suppose that (M,U) € sJS, p € Q[U], k > 1, ¢ is a formula in
LE; ,(Q[U],M) U LIT}(Q[U],M), and 7 € BI] is codedin M in the sense that || € M and

nil || € M. Then: p forc™ ¢ iff (7-p) forc™ , mp. O

Proof. Under the conditions of the lemma, 7t acts as an isomorphism on all relevant domains and
preserves all relevant relations between the objects involved. Thus, (M, 7t-U), 7t-p, e still satisfy
(F1) in Section 5.2. This allows proof of the lemma by induction on the complexity of ¢.

Base. Suppose that ¢ is a closed formula in LI} (Q[U], M). Then 7¢ is a closed formula in

onto

LIT} (Q[r- U], M). Moreover, the map p — 7+ p is an order isomorphism (in M) Q[U] == Ql[n- U]
by Lemma 14. We conclude that a set G C P is Q[U]-generic over M iff 71-G is, accordingly, Q[ - U]-
generic over M, and the valuated formulas ¢[G] and (7¢)[7- G| coincide. Now the result for IT}
formulas follows from (F2) in Section 5.2.

Step I, — X!.,, n > 1. Let (x) be a LIT}(Q[U],M) formula, and ¢ be Ix(x).
Assume p forc) ¢. By definition there is a name T € SNY(Q[U]) N M, Q[U]-full below
the given p € Q[U], such that p forc){ ¢(t). Then, by the inductive hypothesis, we have
mt-p forc™ |, () (- 7), and hence by definition 7+ p forc™ ; mg.

The case of ¢ being 38x 1(x) is similar.

Step X} — II}, n > 2. This is somewhat less trivial. Assume that ¢ is a closed LII} (Q[U], M)
formula; all names in ¢ belong to SN (Q[U]) N M and are Q[U]-full below p. Then 7¢ is a closed
LIT}(Q[r- U], M) formula, whose all names belong to SN (Q[7- U]) N M and are Q[ - U]-full below
7+ p. Suppose that p forc}! ¢ fails.

By definition there exist a pair (Mj,U;) € sJS with (M,U) < (M, U;), and a condition
g € Q[U4], g < p, such that g forcﬁ/ll1 ¢ . Then (7t-q) forcf\f}ul e " by the inductive hypothesis.
Yet the pair (M, 7t-Uj) belongs to sJS and extends (M, 7t-U). (Recall that U € M and 7 is coded in
M.) In addition, 77-q € Q[rr-U;],and 7-q < 71 p. Therefore, the statement (77+p) forc™ ; 7o fails,
as required. 0O

Lemma 30 (in L). Suppose that (M,U) € sJS, p € Q[U], k > 1, ¢ is a formula in
LITHQ[U], M) U LX} ,(Q[U], M), and & € L1p N M. Then: p forc(] ¢ iff (a-p) forc)! ag.

Proof. Similar to the previous one, but with a reference to Lemma 15 rather than Lemma 14. [

Lemma 31 (in L). Assume that (M, U) € sJS, conditions p, q € Q[U] satisfy (6) of Section 3.8, k > 1, ¢ is
a closed formula in LI (Q[U], M) U LE;, 1 (Q[U], M) with all names in SN((Q*),, (see Section 3.8),
and r € Q[U], r < p. Then: r forc}! ¢ iff Hpy-r forc){ Hyq ¢.
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Proof. Similar to the proof of Lemma 29, except for the step IT ,1 — Z,l 1 k > 1, where we need to
take additional care to keep the names involved in SN (Q[U]),,,. Thus, let ¢(x) be a LIT(Q[U], M)
formula, with names in SN (Q[U]),,,,

By definition there is a name 7 € SN(Q[U]) N M, Q[U]-full below r, such that r forc}{ y(7).
Please note that 7 does not necessarily belong to SN (Q[U]),,. However, the restricted name
T’ = 7<, (see Lemma 13 in Section 3.8) is still a name in SN (Q[U]) because r € Q[U], and we have
r' €domt’ = 1" <r < p,sothat T € SNE(Q[U]),,. Moreover, T’ is equivalent to T below r by
Lemma 13. We conclude that r forc} ¢(7’), by Lemma 27.

Then, by the inductive hypothesis, we have Hy;-r forc}! (Hpg ¢)(Hpg-T'), and hence by
definition Hp, -7 forc! Hpg ¢ via Hpg-7'. O

and let ¢ be 3x (x). Assume that r forc ¢.

6. Elementary Equivalence Theorem

The goal of this section is to prove Theorem 4 of Section 4.4, and accomplish the proof of
Theorem 1. We make use of the relation forc defined above, and exploit certain symmetries in forc
studied in Section 5.4.

6.1. Hidden Invariance

To explain the idea, one may note first that elementary equivalence of subextensions of a given
generic extension is usually a corollary of the fact that the forcing notion considered is enough
homogeneous, or in different words, invariant w.r.t. a sufficiently large system of order-preserving
transformations. The forcing notion Q = Q[U] we consider, as well as basically any Q[U], is invariant
w.r.t. multi-substitutions by Lemma 17. However, for a straightaway proof of Theorem 4 we would
naturally need the invariance under permutations of Section 3.6—to interchange the domains Z and
Z', whereas Q is definitely not invariant w.r.t. permutations.

On the other hand, the relation forc is invariant w.r.t. both permutations (Lemma 29) and
multi-Lipschitz (Lemma 30), as well as still w.r.t. multi-substitutions by Lemma 31. To bridge the
gap between forc (not explicitly connected with Q in any way) and Q-generic extensions, we prove
Lemma 33, which ensures that forc admits a forcing-style association with the truth in Q-generic
extensions, bounded to formulas of type Xf, and below. This key result will be based on the
n-completeness property (Definition 2 in Section 4.3). Speaking loosely, one may say that some
transformations, i.e., permutations and multi-Lipschitz, are hidden in construction of Q, so that they do
not act per se, but their influence up to nth level, is preserved.

This method of hidden invariance, i.e., invariance properties (of an auxiliary forcing-type
relationship like forc) hidden in Q by a suitable generic-style construction of Q, was introduced
in Harrington’s notes [3] in a somewhat different terminology. We may note that the hidden
invariance technique is well known in some other fields of mathematics, including more applied
fields, see e.g., [12,13].

6.2. Approximations of the n-Complete Forcing Notion

We return to the forcing notion Q = QJ[U] defined in L as in Definition 2 in Section 4.3 for a given
number n > 2 of Theorem 1. Arguing in L, we let the pairs (Mg, Uz), { < wp, also be as in Definition 2.

Let forc; denote the relation forcmi ,and let p force ¢ mean: 3¢ < wy (p forcs @).
Claims (i), (ii) of Lemma 28 take the form:

(I) p forcg ¢ and p forc, ¢ ' (&, 17 < w) contradict to each other.
() If p forc; ¢ and ¢ < { < wy, q € Q[U¢], q < p, then g forc; ¢.

The next lemma shows that forc, satisfies a key property of forcing relations up to the level of
II }]_1 formulas.
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Lemma 32. If ¢ is a closed formula in LIT(Q),2 <k <n, p € Q, and all names in ¢ are Q-full below p,
then there is a condition q € Q, q < p, such that either q force ¢, or q force ¢ .

Proof. As the names considered are w;i-sizeobjects, there is an ordinal 77 < wy such that p € Qy/
and all names in ¢ belong to M; N SN (Q,); then all names in ¢ are Q,-full below p, of course.
As k < n, the set D of all pairs (M, U) € sJS that extend (M;,U;) and there is a condition g € Q[U],
q < p, satisfying g forc ¢, belongs to EHS, by Lemma 26. Therefore, by the n-completeness of the
sequence { (Mg, Ug) }e<w,, thereis an ordinal 7, 7 < { < wy, such that (Mg, U;) € D0V,

We have two cases.

Case 1: (Mz,Uz) € D. Then there is a condition g € K[U¢], g < p, satisfying q forcgz ¢ ', thatis,
q force ¢ . However, obviously g € Q.

Case 2: there is no pair (M, U) € D extending (M;,U;). Prove p forc; ¢. Suppose otherwise.
Then by the choice of 17 and (F4) in Section 5.2, there exist: a pair (M, U) € sJS extending (M, U¢),
and a condition g € Q[U], g < p, such that g forc}! ¢ . Then (M,U) € D, a contradiction. [J

Now we prove another key lemma which connects, in a forcing-style way, the relation forc., and
the truth in Q-generic extensions of L, up to the level of X}, formulas.
Lemma 33. Suppose that ¢ is a formula in LIT(Q) U LX 1(Q), 1 < k < n, and all names in ¢ are Q-full.
Let G C Q be Q-generic over L. Then ¢|G] is true in L|G] iff there is a condition p € G such that
p force .

Proof. We proceed by induction and begin with the case of LI1] formulas. Consider a closed formula
@ in LII 11 (Q). As names in the formulas considered are wi-sizenames in SN{(Q), there is an ordinal
¢ < wy such that ¢ is a £H}(Q5) formula. Please note that since G C P is Q-generic over L, the
smaller set Gz = G N Qg is Qz-generic over Mg by Corollary 2 in Section 4.2, and the formulas ¢[G],
¢[G¢] coincide by the choice of ¢. Therefore

#[G] holds in L[G]:

iff @[Gg] holds in Mg[Gg| by the Mostowski absoluteness [10] (p. 484),

iff thereis p € Gg which Qg-forces ¢ over Mg,

iff 3p € Gg (p forcg @) by (F2) in Section 5.2,
easily getting the result required since ¢ is arbitrary.

The step from LX} to LII}, k > 2. Prove the theorem for a LIT}(Q) formula ¢, assuming that
the result holds for ¢~. Suppose that ¢[G] is false in L[G]. Then ¢ '[G] is true, and hence by the
inductive hypothesis, there is a condition p € G| c such that p force ¢ *. Then it follows from (I) and
(II) above that g forc, ¢ fails forall g € G.

Conversely let p force ¢ fail for all p € G. Then by Lemma 32 there exists g € G satisfying
g force ¢ . It follows that ¢ '[G] is true by the inductive hypothesis, therefore ¢[G] is false.

The step from LII} to LX] +1- Let ¢(x) bea LIT, +(Q) formula; prove the result for a formula
Fx ¢(x). If p € G and p forc; FFx ¢(x) then by definition there is a name T € Mz N SN (Q;) [ B,
Qg-full below p, and such that p forcg (7). Then ¢(7)[G] holds by the inductive hypothesis, and this
implies (38x ¢(x))[G] since obviously 7[G] € L[G| B].

If conversely (38x ¢(x))[G] is true, then by Lemma 11 there is a Q-full name T € SN%(Q)[B
such that ¢(7)[G] is true. Then, by the inductive hypothesis, there is a condition p € G such that
p force (7). Therefore p force 3Px @(x) by the choice of T.

The case of 3 x ¢(x) is treated similarly. O

6.3. The Elementary Equivalence Theorem

We begin the proof of Theorem 4 of Section 4.4, so let d,Z, 7', xy be as in the theorem.



Mathematics 2020, 8, 1477 26 of 30

Step 1. We assume w.l.o.g. that xj itself is the only parameter in the X} formula @ of
Theorem 4. By Lemma 11, there exists, in L, a Q-full name 7 € SN (Q) such that xy = 7[G]
and |t|T C d. Thus, ® is ¢(7[G]), where ¢(-) is a parameter-free I}, formula with a single free
variable. Then |¢(7)|" = |7|T C d.

We also assume w.1.0.g. that the sets Z, Z’ satisfy the requirement that Z \ Z' and Z' \. Z are
infinite (countable) sets. Indeed, otherwise, under the assumptions of Theorem 4, one easily defines
a third set Z" such that each of the pairs Z, Z"” and Z’, Z" still satisfies the assumptions of the theorem,
and in addition, all four sets Z~ Z", Z" \Z, Z"" . Z' and Z' . Z" are infinite. Please note that this
argument necessarily requires that the complementary set Z \. (d U Z U Z') is infinite.

Step 2. We are going to reorganize the quantifier prefix of ¢, in particular, by assigning the indices
Z and Z' to certain quantifiers, to reflect the relativization to classes L{xo, G| Z] and L[xo, G| Z’]. This is
not an easy task because generally speaking there is no set Zy C 7 in L satisfying L[xo] = LG Z].
However, nevertheless we will define an £X} formula, say % (v), and then % (v) by the substitution
of Z' for Z, such that the following will hold:

(A) For anyset G C Q, Q-generic over L :

@(t[G]) is true in LT[G],G[Z] iff o%(1)[G]istrueinL[G], and
¢(7[G]) is true in L[7[G], G| Z/] iff ¢Z (1)[G]is true in L[G].

(See Section 5.1 on the interpretation |G| for any L£-formula .)
To explain this transformation, assume that n = 4 for the sake of brevity, and hence ¢(v) has the
form 3xVy 8(v, x,y), where ¢ isa X} formula. To begin with, we define

WZ(v) == 3% Fx € ¥, 0] Y2y Vy € L, i] 8(v, x,y), (17)
and define 1/112,(0) accordingly.
Lemma 34. The formulas 7, q)lzl satisfy (A).

Proof. To prove the implication =, suppose that ¢(7[G]) holds in L[T[G], G| Z], so that there is
areal x; € w¥ NL[T[G], G| Z] satisfying Vy &(7[G],x1,y) in L[7[G], G| Z]. By a standard argument
there is a real ¥’ € w* NL[G|Z] with x; € w* NL[T[G],x’]. We claim that these reals x’ and x;
witness that 7 (7)[G] holds in L[{G], that is, we have V2y' Vy € L{t[G],y'] 8(t[G], x1,y) in L[G].
Indeed, suppose that ¥ € w“ NL[G[Z] and y € w* NL[t[G],y']. Then y € L[t[G], G| Z],
of course. Therefore #(7[G],x1,y) is true in L[T[G], G| Z] by the choice of x1. We conclude that
8(t[G], x1,y) is true in L[G] as well by the Shoenfield absoluteness theorem, as ¢ is a £} formula.
The inverse implication is proved similarly. (Lemma) O

Thus, the formulas 1,012 , ¢lz’ do satisfy (A), but they are not £Z}, formulas as defined in Section 5.1,
of course. It will take some effort to convert them to a £LX}, form. We must recall some instrumentarium
known in Godel’s theory of constructability of reals.

e If x € w® then define reals (x)ey and (Xx)ogq in w® by (x)ev(k) = x(2k) and
(x)odd(k) = x(2k +1) for all k. If y,z € w® then define xxy € w® such that (x*y)ey = x,
(%Y )odd = Y-

e Thereisa I} set WO = {w € w* : wo(x)} of codes of countable ordinals, defined by a I} formula
wo, so that |w| is the ordinal coded by w € WO, and w; = {|w|: w € WO}, see ([14] (1E))).

As a one more pre-requisite, we make use of a system of maps f : W — w®, { < wy, such that:

(@) if x € w then Lx] Nw® = {fs(x) :{ < wi},and
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(b) there exist a X! formula S(x,y,w) and a II} formula P(x,y,w) such that if w € WO then
frw)(x) =y <= S(x,y,w) <= P(x,y,w) forall x,y € w*,

see e.g., ([14] (Theorem 2.6)). Recall that w46 = U612 = L by Lemma 22.
Now consider the formula

92 (0) = F2x (wo((x)ev) A Y2y [Wo((y)er) =

(18)
—> (0, f|(1)0 | (V(X)oda)s £1(y)0 | (0% W)oda))])
and define 1p22'(v) similarly.

We keep the global understanding that the quantifiers 3%, ¥Z are relativized to L[G [ Z] N w.

Lemma 35. The formulas 7 (t[G]) and ¥ (t[G)) are equivalent in L|G], and the same for pZ' and % .

Proof (Lemma). To prove the implication =, assume that ¥?(7[G]) holds in L[G], and this
is witnessed by reals ¥’ € w¥ NL[G|Z] and x; € w* NL[T[G],x'] = w® NL[T[G]*x'] satisfying
v2y' Yy € Lz[G],y'] 9(7[G], x1,y) in L[G]. Please note that w44 % = w10 = wk by Lemma 9 (ii).
It follows by (a) that there is an ordinal & < w{4C1%] with x; = f C(T[G] xx'), and then there is a real
w € WONL[G[Z] with § = |w|.

Now let ¥ = wxx', so that w = (¥)ev, *' = (¥)odd, and x1 = f|(z),,|(T[G]*(¥)oda). We claim
that & witnesses ¢5 (7[G]) in L[G]. Indeed, assume that € w“ NL[G|Z] and w = (§)ev € WO,
1 =1)ev|, and y; = f”(T[G]*(g)odd); we must prove that #(7[G], x1, 1) is true in L[G].

However, we have y; € L[t[G],y'] by construction, where i’ = (§)oqq € L[G | Z] by the choice of
7. Now it follows by the choice of x; that ¢(7[G], x1,y1) indeed holds, as required.

The proof of the inverse implication is similar. (Lemma) (I

Please note that the formula §Z (v) can be converted to the following logically equivalent form:

9Z(0) = FxvZy [wo((x)ev) A (Wol(y)er) =

(19)
- l9<v'f\(x)ev|(v*(x)odd)/f\(y)ev\(U*(y)odd)>)] :

And here the kernel [] can be converted to a true Z% form, say x(v, x,y), with the help of
the formulas S and P of (b), and because wo(-) is IT{ and ¢ is X1. This yields a £X} formula
$Z(v) := FxV%y x(v,x,y), equivalent to ¥?, and hence satisfying (A) by Lemmas 34 and 35,
as required.

Step 3. Assuming that the formula ® := ¢(7[G]) is true in L{xg, G| Z], the transformed formula
#%(7)[G] holds in L[G] by (A). By Lemma 33 there is a condition p € G such that p force % (1)
that is, there is an ordinal ¢ < w such that p forcs % (7)—then by definition p € Q[Uz]. We w.l.0.g.
assume that p and ( satisfy the following two requirements:

(B) card(|p|N(Z~2Z")) =card(|p|N(Z'\Z)) (recall that Z' \ Z, Z \. Z' are infinite, Step 1).

(© —1¢ |p|", andif v,v" € |p| then Sp(v) C F/(v) and the sets F,/(v) and F,/(v') are i-similar
(see Section 2.3).

Please note that if ¢ < 17 < w, then still p forc, ¥Z(7) by Lemma 28. Therefore, we can increase ¢
below ws so that the following holds:

(D) thesets d, Z~\ Z', Z' \ Z belong to Mz and are subsets of |Ug|.

Step 4. Now, to finalize the proof of Theorem 4, it suffices (by Lemma 33) to prove:

Lemma 36. We have p force, 7 (T) as well.
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Proof (Lemma). Let 6 =d U (ZAZ'); then é € Mg by (D), and 6 C |Ug|. There is a bijection f € M,

onto

f:6 — 4, such that
(E) fd is the identity, f maps Z \ Z' onto Z’' \ Z and vice versa.

Then, by (B), f maps |p| onto |p|. Let 7 be the trivial extension of f onto Z: m(v) = v for v ¢ 6.
Thus, 7 is coded in Mg in the sense of Lemma 29, and |7r| C 6 C |Ug|. We have p forcmg p? (1) by
the choice of ¢, hence Uz € Mgz and p € Pz = Q[U¢] € Mg. Moreover, 71T = T because |7|* C d and

7| d is the identity by (E). It follows that p’ forcrﬁ ¢% (1) by Lemma 29, where U’ = 7- Ug, p/ =mp.
Please note that p’ € Q[U'], |p'|* = |p|T, [U'| = |Ug|, U'[d = Ug|d, p'Id = pld. Also note that

(F) if v e [p'| = |p| then the sets F,/ (v), FJ (v) are i-similar by (C), (E).

We conclude, by Lemma 16, that there is a transformation A = {Ay },¢|u,| € Lip? N Mg, such that
A-U = Uz, Ay = the identity for all v € d, and F/(v) = F/(v) forall v € |p| = [p'| = [q],

where g = A-p’ € Q[Ug]. Then we have g forcﬁf $Z' (1) by Lemma 30. Here A-9Z (1) = % (1) by
4

the choice of A, because |t|" C d. And q[d = p|d holds by the same reason.
It remains to derive p forcxg $Z' (1) from g forcmg $Z'(1). Please note that p,q satisfy (6) of

Section 3.8 by construction, hence the transformation H,, is defined. Moreover, the only name

occurring in % (1) satisfies |t|* C d,and 7| d is the identity by (E). It follows that T € SN%(Q*) ap”

and 71-T = 7. We conclude that Lemma 31 is applicable. This yields p forcmg $Z (1), as required.
(Lemma 36) O

(Theorem 4 of Section 4.4) []

(Theorem 1, see Section 4.5) []

7. Conclusions and Discussion

In this study, the method of almost-disjoint forcing was employed to the problem of getting
a model of ZFC in which the constructible reals are precisely the Al reals, for different values n > 2.
The problem appeared under no 87 in Harvey Friedman’s treatise One hundred and two problems in
mathematical logic [1], and was generally known in the early years of forcing, see, e.g., problems
3110, 3111, 3112 in an early survey [2] by A. Mathias. The problem was solved by Leo Harrington,
as mentioned in [1,2] and a sketch of the proof mainly related to the case n = 3 in Harrington’s own
handwritten notes [3].

From this study;, it is concluded that the hidden invariance technique (as outlined in Section 6.1)
allows the solution of the general case of the problem (an arbitrary n > 3), by providing a generic
extension of L in which the constructible reals are precisely the Al reals, for a chosen value
n > 3, as sketched by Harrington. The hidden invariance technique has been applied in recent
papers [7,15-17] for the problem of getting a set theoretic structure of this or another kind at
a pre-selected projective level. We may note here that the hidden invariance technique, as a true
mathematical technique, also has multiple applications both in the physical and engineering fields.
In this regard, we cite works [18,19] that have exploited this technique (albeit simplified) for
engineering applications.

We continue with a brief discussion with a few possible future research lines.

1. Harvey Friedman completes [1] with a modified version of the above problem, defined as
Problem 87’: find a model of

ZFC + “ for any reals x,y, we have: x € L[y] = x is A} in y”. (20)

This problem was also known in the early years of forcing, see, e.g., problem 3111 in [2]. Problem (20)
was solved in the positive by René David [20], where the question is attributed to Harrington. So far it
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is unknown whether this result generalizes to higher classes Aln, n >4, or AL, and whether it can be
strengthened towards <= instead of = . This is a very interesting and perhaps difficult question.

2. Another question to be mentioned here is the following. Please note that in any extension of
L satisfying Theorem 1, it is true that every universal X! 41 set u C w X w is by necessity IS 41 but
non—Aln 41, and hence nonconstructible. This gives another proof of Theorem 3 in [7]. (It claims, for any
n > 2, the existence of a generic extension of L in which there is a nonconstructible Z}] 1 setaCw

whereas all Al 41 sets are constructible.) And the problem is, given n > 2, to find a model in which

all Aln 1 reals are constructible, but there exists a Z}] 1 nonconstructible real u C w,
which satisfies V.= Lu].

Neither the model considered in Section 4.5 above, nor the model for ([7] (Theorem 3)), suffice to solve
the problem, because these models in principle are incompatible with V = Lu] for a real u.

3. For any n < w, let Dy, be the set of all reals (here subsets of w = {0, 1,2, ...}), definable by
a type-theoretic parameter-free formula whose quantifiers have types bounded by n from above.
In particular, Djp= arithmetically definable reals and D;; = analytically definable reals. Alfred Tarski
asked in [6] whether it is true that for a given n > 1, the set Dy, belongs to D,,, that is, is itself
definable by a type-theoretic parameter-free formula whose quantifiers have types bounded by .
The axiom of constructibility V = L implies that Dy, ¢ D»,, so the problem is to find a generic model
in which Dy, € Dj, holds, and moreso the equality Dy, = LN % (w) holds. We believe that such
a model can be constructed by an appropriate modification of the methods developed in this paper.

4. It will be interesting to apply the hidden invariance technique to some other forcing notions
and coding systems (those not of the almost-disjoint type), such as in [21,22].

5. This is a rather technical question. One may want to consider a smaller extension L{w™ [G]]
instead of L{w™[G], G| W] in Lemma 23. Claim (i) of Lemma 23 then holds for such a smaller model in
virtue of the same argument as above. However, the proof of Claim (ii) of Lemma 23, as given above
for Lw™[G], G| W], does not go through for L{w™ [G]]. The obstacle is that if we try to carry out the
proof of Lemma 24 for L{w™ [G]], then it may well happen that say Z’ = &, and then Theorem 4 is not
applicable. It is an interesting problem to figure out whether in fact Claim (ii) of Lemma 23 holds in
Liwt[G]].

Supplementary Materials: Table of contents and Index are available online at http://www.mdpi.com /2227-
7390/8/9/1477/s1.
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