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The  p r o b l e m  is s tudied of the e x i s t e n c e  of n o n c o n s t r u c t i v e  subse t s  of c a r d i n a l s  be long ing  to 
an  o r i g i n a l  countab le  s t a n d a r d  t r a n s i t i v e  model  of Z F  t h e o r y  of se t s  tha t  do not gene ra t e  
new s u b s e t s  of s m a l l e r  c a r d i n a l s  of th is  s a m e  model .  It is found that  a f a i r l y  ex tens ive  
c l a s s  of p r o p e r t i e s  of the extended mode l  is c lo se ly  r e l a t ed  to the c o r r e s p o n d i n g  p r o p e r t i e s  

of the o r i g i n a l  mode l .  

I.  An o rd ina l  is any  set  x such that  y E x --* y ~ x, and a c a r d i n a l  is the  leas t  o rd ina l  o r  g iven power .  
On is  the c l a s s  of a l l  o r d i n a l s .  

If  T and u a r e  c a r d i n a l s ,  we sha l l  w r i t e  T = u +, if  T > U and t h e r e  a r e  no o ther  c a r d i n a l s  be tween  u 
and T. We sha l l  wr i t e  T = 2 v if T is  the  power  of the set  of al l  s ubse t s  of v .  

All  c a r d i n a l s  of the  f o r m  v+ a r e  said to be n o n l i m i t  c a r d i n a l s ,  w he r e a s  the  o the r s  a r e  l imi t  c a r d i n a l s .  

A c a r d i n a l  T is  sa id  to be  s i n g u l a r  i f  it can  be r e p r e s e n t e d  in  the f o r m  ~ ~- ~ v ~ ,  w he r e  ~ < T and for 
any a (~), we have ucz < ~-. 

Nonsing~Har c a r d i n a l s  a r e  said to be  r e g u l a r .  

Now let  us  e x a m i n e  without  p roof  a n u m b e r  of r e s u l t s  be long ing  to  the  Z e r m e l o - F r ~ i n k e l  t h e o r y  of 
se t s  (ZF) .  

The a x i o m  of choice  (AC) can  be e x p r e s s e d  as fol lows:  If X is a se t  and F a func t ion  defined on X 
tha t  a s s u m e s  n o n e m p t y  va lues ,  then  t he r e  ex i s t s  a f u n c t i o n f  defined on X and such t h a t f ( x )  E F(x) for  any 
x E X .  

The g e n e r a l i z e d  c o n t i n u u m  hypothes i s  (GCH) is the  a s s e r t i o n  2 u = u + for  any c a r d i n a l  v .  

Cohen [2] has  defined a s i n g u l a r  GSdel func t ion  F(o~) with a d o m a i n  of def in i t ion  On and a d o m a i n  of 
va lues  L. The c l a s s  L is  ca l led  the c l a s s  of c o n s t r u c t i v e  se t s ;  th is  c l a s s  is speci f ied  by  a we l l -de f ined  
f o r m u l a  of ZF .  

An ax iom of c o n s t r u e t i v i t y  is  the fol lowing sequence :  All  se t s  be long  to L. In b r i e f  th is  ax iom can  be 
w r i t t e n  as V = L. 

It is  p o s s i b l e  to def ine  a funct ion F(~,  x) tha t  d i f fe rs  f r o m  F(~) only by the fact tha t  F(o, x) is a s -  
sumed  equal  to x, and not to the  empty  se t .  The c o r r e s p o n d i n g  c l a s s  of va lues  of F(o~, x) for  fixed x is de -  
noted b y L ( x ) .  It  is a m o d e l o f  Z F a n d  O n ~ L ( x ) .  

Now let :~  be a model  of ZF .  We sha l l  s ay  t h a t R  is a s t anda rd  model  if for x E~, y E~ the e x p r e s :  
s ions  "x E y" and " ~  I--  "x E y" " a r e  equ iva len t ;  i . e . ,  the r e l a t i o n  of m e m b e r s h i p  i n ~  is  a r e s t r i c t i o n  of 
th i s  r e l a t i o n  to the se t~ l .  

We shal l  say  that  ~ is t r a n s i t i v e  if  y ~ ~ & x ~ y --> x ~ ~ .  

In the fol lowing we sha l l  c o n s i d e r  only coun tab le  s t anda rd  t r a n s i t i v e  mode l s .  

Now [etr be a model  of Z F  + V = L, let x be a se t  (poss ib ly  not be long ing  t o ~ ) ,  and let  On~ be the 
se t  of o rd ina l s  of TJl. 
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Let  us  def ine  

(z).~- {y I :]u [a ~ On~ & y ---- F (a, x)]}. 

It was  shown b y  Cohen [2] t ha t  not  fo r  e v e r y  x w i l l ~ ( x )  b e  a m o d e l .  T h e r e  e x i s t s  only  one method  of 
ob ta in ing  s e t s  x such  t h a t ~  (x) is  a mode l ,  n a m e l y ,  the  f o r c i n g  me thod .  

Now let  us  c o n s i d e r  the  fo l lowing  p r o b l e m .  

L e t ~  be  a m o d e l  of Z F  + V = L,  and X a c a r d i n a l  i n ~ l .  It is  r e q u i r e d  to  find a s e t  ~ ~ X such  tha t :  

1 ~ ~l(a) i s  a m o d e l  of  Z F .  

2 ~ a ~ t .  

3 ~ . If  v <  X i s  a c a r d i n a l i n ~ a n d  x ~ ( a ) , x ~ _ v ,  t h e n x E O .  

The  t h i r d  p r o p e r t y  c a n  b e  f o r m u l a t e d  m o r e  rough ly  a s  fo l lows :  a does  not g e n e r a t e  new s u b s e t s  c o n -  
s i s t i n g  of  c a r d i n a l s  s m a l l e r  t han  ),. 

Th is  p r o b l e m  h a s  b e e n  c o m p l e t e l y  so lved  fo r  c a r d i n a l s  X tha t  a r e  r e g u l a r  i n O .  

The  method  of i t s  so lu t ion ,  p r e s e n t e d  in the  s econd  s e c t i o n  of  th i s  p a p e r ,  is  a s i m p l i f i c a t i o n  of  the  
method  of  [3] (where  E a s t o n  i n t r o d u c e s  not  one ,  but  m a n y  s u b s e t s  X such  tha t  p r o p e r t y  3 ~ ho lds  and in the  
ob ta ined  m o d e l  we have  2 ~ > ~+). 

F o r  s i n g u l a r  X the  s e a r c h  for  a se t  a wi th  the  above  p r o p e r t i e s  is  in  g e n e r a l  an  u n s o l v e d  p r o b l e m .  

In the  t h i r d  s e c t i o n  w e  p r e s e n t  one of  t h e  p a r t i c u l a r  r e s u l t s  ob ta ined  fo r  t h i s  p r o b l e m .  F o r  u n d e r -  
s t a n d i n g  the p r o o f s ,  i t  i s  n e c e s s a r y  to be  acqua in t ed  with  the  t h e o r y  of  s e t s  a s  f o r m u l a t e d ,  fo r  e x a m p l e ,  
in  [2]. 

II .  T h u s ,  l e t ~  be a s t a n d a r d  t r a n s i t i v e  m o d e l  of Z F  + V = L ,  and let  X E~ be  a r e g u l a r  c a r d i n a l  i n c l .  
A l l  the  s u b s e q u e n t  c o n s t r u c t i o n s  b e l o n g  t o O .  

Le t  us  c o n s t r u c t  a p a r a m e t r i c  s p a c e  S: S0 - -  { I a I [ ~ ~ ~} b e i n g  a s e t  of  s y m b o l s  fo r  o r d i n a l s  
s m a l l e r  t han  ~; 

S 1 = {a} i s  a se t  c o n s i s t i n g  of the  s y m b o l  a a lone ;  Sf~, fl -- 2, is  def ined  in a c c o r d a n c e  with  the  g e n e r a l  
r u l e s  a s  a s e t  of  f o r m u l a s  o f  one f r e e  v a r i a b l e  and of c o n s t a n t s  b e l o n g i n g  to  U S~, tha t  a r e  r e l a t i v i z e d  to  

U S~. Y<~ 

The  f o r c i n g  cond i t ion  wi l l  b e  any p a i r p  = (u ,  v> , w h e r e  u ~ ,  v~_)~, u N v- - - -~  and c a r d  ( u U v )  < 
~. As  u s u a l ,  we  s h a l l  de f ine  <u, v> -< <u' ,  v '> ,  i f u  ~ u ' ,  v ~- v ' .  T h e  se t  of f o r c i n g  cond i t i ons  wi th  such  an  
o r d e r  w i l l  b e  deno ted  by  P .  

Now le t  u s  de f ine  the  f o r c i n g  of  e l e m e n t a r y  s t a t e m e n t s  (such as  t he  s t a t e m e n t s  " I a  [ E a , "  w h e r e  ~ < 
},) by  <u, v> Forc "lql Ea" i f a  Eu .  

The definition of a predicate can be extended to more complex statements by a well-known induction 

method [2]. 

LEMMA I.I. Let p =<u,v>~P,c~S. Then p I~-,c n I~ I constructively" for any v <~. (l~- 
is the symbol of weak forcing, i.e., p [~- - pForc ~ ~ A.) 

Proof. As is easy to see, by assuming the contrary we find that there exists a q -> p such that q II- 

"c n I v l nonconstructively." 

For obtaining a contradiction, we shall construct a system of forcing conditions {p~ I a ~ v} such 
t ha t  

1) ~ - + p ~ p ~ ,  

2) ifo~ < f l ,  t hen  p,~ [ } - ( ( l a l ~ c  N Iv  I~>or p.~ I~-(~la I ~ c  ~ ]~ ]~) . The  c o n s t r u c t i o n  w i l l  be  c a r -  
r i e d  out  b y  induc t ion  on q .  Le t  us  w r i t e  P0 = q .  
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Suppose  'we h a v e  c o n s t r u c t e d  a l l  pf l ,  fl < or, and le t  a be  a l i m i t  o r d i n a l .  Le t  p~ = <u~, vr~). Then  we 

s h a l l  w r i t e  ~ =  Uu~, v ~ =  Uv~. 

By virtue of the induction hypothesis the condition I) holds for {p~ I 13 ~ a} ; therefore u= N v= = r 

Moreover, card (u= U v=) ~--- card (U (u~ U v~s)) j s since % is a regular cardinal by assumption, i.e., 

i t  i s  not  r e a c h a b l e .  

Thus ,  p~ = (Uot, v~> wi l l  b e  a cond i t ion .  The p r o p e r t i e s  1 and 2 a r e  t r i v i a l  to  v e r i f y  for  the  ex tended  
s y s t e m .  

Now le t  c~ be  a n o n l i m i t  o r d i n a l ,  o~ = fl + 1, and s u p p o s e  tha t  s =<u,~, ~,s} has  b e e n  c o n s t r u c t e d .  I f  
P,~ J~- <(1~1 ~ c rl iv  I >>, w e  s h a l l  w r i t e  p ~  = pfl, and the  p r o p e r t i e s  a r e  r e t a i n e d .  O t h e r w i s e  t h e r e  e x i s t s  a 
q - p f l s u c h t h a t  qlF-<~l B l ~ c  N Iv  I~>. Le t  us  t a k e  such  a q and w r i t e  Pot = q.  

The  s y s t e m  {p~ [ a ~ v} h a s  b e e n  c o n s t r u c t e d .  Now let  us  w r i t e  u' --- U u~, v' = U v~. As b e f o r e ,  

p '  = ( u ' ,  v'> i,~ a cond i t i on .  M o r e o v e r ,  it  fo l lows f r o m  the  p r o p e r t i e s  of  {pa} tha t  i f  ~ < v ,  t hen  p'  k -  <(I a I 

~ c N  I~l'> or  p'!~-<~l ~ l ~ c n  I~1~>. 

Hence  we can  e a s i l y  p r o v e  t ha t  p]b,,c[] Iv l c o n s t r u c t i v e l y " .  ( F o r  e x a m p l e ,  l e t  y = { a ~ v  Ip'IF- 
<~ta I ~ - c  N Iv I~>}; t h e n  e v i d e n t l y  p ' ] [ - ~ c  N Ivl-~-[yl~>, w h e r e  lYl fi S is  an e l e m e n t  ~  p a r a m e t r i c  
s p a c e  whos  e f i l l ing  is a l w a y s  equa l  to  y.) But by  c o n s t r u c t i o n  we have  p '  >- q.  The  ob ta ined  c o n t r a d i c t i o n  
p r o v e s  the  l e m m a ~  

Now it is  t r i v i a l  to  c o n s t r u c t  a s e t  tha t  s a t i s f i e s  1~ ~ 

In f ac t ,  le t  {p~}~e~o be  a c o m p l e t e  s e q u e n c e  of  cond i t ions  b e l o n g i n g  to P ,  and let  ~ be  the  c o r r e s p o n d -  
ing  s e t .  T h e n  2 ~ w i l l  fol low f r o m  g e n e r a l  f o r c i n g  t h e o r e m s ,  1 ~ is  ev iden t ,  and 3 ~ e a s i l y  fo l lows  f r o m  the  
[ e m m a  ( for  e x a m p l e ,  let  ~ (~) I~_,~ ~ v and not  c o n s t r u c t i v e l y . "  Then  a pn b e l o n g i n g  to  the  c o m p l e t e  s e -  
quence  wi l l  f o r c e  the  n o n c o n s t r u c t i v i t y  of  c A [ ~ I, which  c o n t r a d i c t s  L e m m a  1.1).  Thus  we have  p r o v e d  

THEOREM t .  I f  X is a r e g u l a r  c a r d i n a l  i n ~ ,  t h e n  t h e r e  e x i s t s  a se t  a tha t  s a t i s f i e s  1~ ~ 

It is  e a s y  to s e e  that  such  a method  of p r o o f  cannot  be  app l i ed  to s i n g u l a r  c a r d i n a l s .  

In t h e n e x t  s e c t i o n  we s h a l l  p r e s e n t  a d i f f e r e n t  method  which ,  h o w e v e r ,  does  not c o m p l e t e l y  s o l v e  
t he  p r o b l e m  for  s i n g u l a r  n u m b e r s .  

I l l .  We s h a l l  p r o v e  the  fo l lowing  

T H E O R E M  2. L e t ~ l  be  a m o d e l  of  Z F  + V = L,  let  X be  a c a r d i n a l  i n ~ ,  and le t  ~2 = X+ (the c a r d i n a l  
o f ~  tha t  fo l lows X). Then  t h e r e  e x i s t s  a s u b s e t  a ~ X such  tha t  a r  and ~ ( a )  i s  a m o d e l  of Z F  tha t  does  
not con t a in  n o n c o n s t r u c t i v e  s u b s e t s  of  o r d i n a l s  ~ < X up to t he  s t e p  ~2. 

I t  is  e v i d e n t  t ha t  fo r  c o m p l e t e l y  s o l v i n g  t h e  p r o b l e m  of  s i n g u l a r  n u m b e r s ,  i t  i s  n e c e s s a r y  to p r o v e  
tha t  in  the  m o d e l  u n d e r  c o n s i d e r a t i o n  the  o r d i n a l s  ~ and ~ do not have  the  s a m e  p o w e r .  

At  f i r s t  [et  us  m a k e  a s t i p u l a t i o n .  Le t  S be  a p a r a m e t r i c  s p a c e  with  only  one s y m b o l  g for  a g e n e r i c  
s e t .  

F o r  f ind ing  out the  fu tu r e  p r o p e r t i e s  of t h e  m o d e l ~ ( ~ ) ,  i t  is  a p p r o p r i a t e  to r e p l a c e  g by  s e t s  b e l o n g -  
ing  to the  m o d e l ~ o  Le t  A be  a s t a t e m e n t  c o n c e r n i n g  S. We s h a l l  t a k e  a s e t  x ~ such  that  t r a n s i t i v i t y  i s  
e n s u r e d .  Then  we s h a l l  f i l l  the  e l e m e n t s  of  t he  p a r a m e t r i c  s p a c e  S by  s u b s t i t u t i n g  t h i s  s e t  x for  g. Let  us 
w r i t e ~ ( x )  I s  A,  if~t  I =  ~ ,  w h e r e  A is  a f o r m u l a  of  Z F  with  c o n s t a n t s  b e l o n g i n g  toV/l t ha t  has  b e e n  ob ta ined  
f r o m  A b y  r e p l a c i n g  each  o c c u r r e n c e  of  c r S b y  the  s e t  ~ ( f i l led a c c o r d i n g  to x),  and by  r e s t r i c t i n g  in  t he  
s a m e  way  t h e  bounded q u a n t i f i e r s  b e l o n g i n g  to A (Joe., t h e  q u a n t i f i e r  ~]~y is t r a n s f o r m e d  into gy(y~ U -S~)). 

St rong  ( s y n t a c t i c a l l y  defined) f o r c i n g  wi l l  be  deno ted  b y  F o r e ,  w e a k  f o r c i n g  by  I[-,  and the t ru th  s y m b o l  
by  I = .  

Let  S be  a p a r a m e t r i c  s p a c e  of t he  fo l lowing  f o r m :  S0 -~- {I a I a < s  wi th  t a g s  fo r  a l l  the  o r d i n a l s  
s m a l l e r  t han  X; So is n e c e s s a r y  fo r  t r a n s i t i v e  c o n s t r u c t i o n  of S t = ~ .  S~ ,  c~ ~ 2, is  def ined  in a c c o r d a n c e  
wi th  g e n e r a l  r u l e s  as  a s e t  of f o r m u l a s  with one f r e e  v a r i a b l e  and c o n s t a n t s  b e l o n g i n g  to U S~ tha t  a r e  
r e l a t i v i z e d  to  th i s  s a m e  s e t .  ~<~ 
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As the  se t  P of f o r c i n g  cond i t ions  we s h a l l  t a k e  the  se t  of a l l  s u b s e t s  22` of p o w e r  f~ tha t  i s  o r d e r e d  
by  i nc lu s ion .  The f o r c i n g  of  e l e m e n t a r y  s t a t e m e n t s  is  a l s o  def ined  in the  u s u a l  way:  p F o r c  " I ~ [  Ea"  (for  

or< X) i f  V x ~ _ p [ a ~ x ] .  

LEMMA 2.1.  Let  A be  a l im i t ed  s t a t e m e n t  c o n c e r n i n g  S of r ank  < ~ [ i .e . ,  a l l  the  c o n s t a n t s  of  A a r e  
e l e m e n t s  of U Sy and a l l  t he  q u a n t i f e r s  of A a r e  bounded by o r d i n a l s  fl < 2 ] ,  and le t  p be  a f o r c i n g  c o n d i -  
t i o n .  ~<~ 

Hence  if  V x ~ p [ ~ ( x )  I ~ A ] ,  t h e n p l I - A a n d  i f P l I - A ,  then  { x ~ p l ~  (x) l k - - - A }  w i l l h a v e a  
p o w e r  s m a l l e r  t han  f~. 

P r o o f .  The  l e m m a  c a n  be  p r o v e d  by  induc t ion  on the  r ank  of  f o r m u l a  A (defined as  in [2]) by  e x a m i n -  
ing  s e v e r a l  c a s e s ;  a m o n g t h e  q u a n t i f i e r s  and c o n n e c t i v e s  we s h a l l  c o n s i d e r  only  - - ,  & and ~I. 

1. Le t  A be an e l e m e n t a r y  s t a t e m e n t ,  A = "loci E a " .  It t hen  fol lows f r o m  the  de f in i t i on  of  f o r c i n g  of 
e l e m e n t a r y  s t a t e m e n t s  t h a t  

Y x ~  p [~(x) = ((]a[ ~a)~]--> V x ~  p [[a[~ xl--~ pl~-(~la]~a~). 

C o n v e r s e l y ,  l e t p l l - " l s l E a " .  L e t q  = ( x ~ p  I �9 l a ~ x }  . It is  ev iden t  that  the  p o w e r  o f q  is  s m a l l e r  
t han  ~2 ( s ince  o t h e r w i s e  we would have  q I~-- ((] a I ~  a~)),i.e., {exp I ~ (x) I}-- ((I a I ~ a))} h a s  a p o w e r  
s m a l l e r  than ~ .  

2. Le t  A be a nega t ion ,  A = - B ,  a n d l e t  V x ~ _ p [ ~ ( x )  ~ B ] . .  L e t u s s h o w t h a t p [ ~ - ~ B .  In 
fac t ,  o t h e r w i s e  t h e r e  would e x i s t  a q -> p such  tha t  q I~- B. It now fol lows f r o m  the induc t ion  h y p o t h e s i s  tha t  
t h e r e  e x i s t s  at  l e a s t  one x E q such  that  ~ (x) ~ B .  But th is  c o n t r a d i c t s q ~ - p a n d  V x ~ p [ ~  (x) ~ ~ B ] .  

C o n v e r s e l y ,  if  p I~- ~ B  and t h e r e  e x i s t s  a q E P, q -> P such that  Vx ~ q [~  (x) ~ B  ], then  it fo l lows 
f r o m  the induc t ion  h y p o t h e s i s  tha t  q [~- B, which c o n t r a d i c t s  q - p and p I~- ~ ]3. 

3. Le t  A ~ B & C ,  V x ~ p  [ ~  (x) ~ B & C ] .  But in th i s  c a s e  V x ~ p [ ~  (x) ~ B ] ,  whence  fo l lows 
f r o m  the  induc t ion  h y p o t h e s i s  tha t  p [~- B. S i m i l a r l y ,  p II-  c .  Hence  p I ~ - B  & C. 

C o n v e r s e l y ,  let  p I ~ - B & C .  T h e n t h e s e t s  q~ - - - - - ( x ~ p ] ~ ( x ) ~ B }  and q 2 ~ - { x ~ p l ~ ( x )  ~ C }  
w i l l  have  a p o w e r  s m a l l e r  than  ~ ,  i . e . ,  {x ~ p I ~ (x) ~ [B & C]} has  a p o w e r  s m a l l e r  than  ~ .  

4. Le t  A-~ ~xB(x) ,  ? ~ ,  and let  V y ~ p [ ~  (y) ~ A ] .  Let  us  a s s u m e  the c o n t r a r y .  Then  t h e r e  
e x i s t s  a c o n d i t i o n q > -  p s u c h t h a t  q l ~ - V ~ x ~ B  (x), i . e . , f o r a n y  c ~  U S~ w e h a v e q I ~ - ~ B ( c ) .  

5<~ 

F o r  any  s u c h c  let  us w r i t e  q ~ { x  ~ q l ~ (x) ~ B(c)}. Le t  us  note tha t  q - ~  Uq~ �9 (This  fo l lows 

f r o m  the fact  that  for  s i m i l a r l y  def ined  s e t s  Pc the  a s s u m p t i o n  ~ (x) ~ A i m p l i e s  that  P -~ Ups, and qc = 

q ~ Pc.) Hence  at  l e a s t  one qc wi l l  have  the  p o w e r  ~ .  Le t  r be th i s  qc .  It fo l lows f r o m  t h e  de f in i t i on  of qc 
Vx~r[!~(x) ~ B(c)]. Hence  rl~- B(c) ,  which  c o n t r a d i c t s  r -> q and ql~- ~ B ( c ) .  

C o n v e r s e l y ,  let  p[~- ~I~ xB (x), but  s u p p o s e  that  a q -> p is  such  tha t  Vx ~ q [~  (x) ~ ~ ~I~xB (x)]; i . e . ,  
f o r a n y  c ~  U S~ a n d x  E q w e h a v e  ~ ( x ) ~ B .  B u t q > - p a n d q [ ~ - ~ . x B ( x ) .  Hence i f r  >-q, thenrForc 

~<~ 

~ xB (x) , whence  we can  s e e  that  t h e r e  e x i s t s  a c ~ U S~ such  tha t  r l l -  B(c) .  Now it fo l lows f r o m  the  

induc t ion  h y p o t h e s i s  tha t  t h e r e  e x i s t s  a t  l e a s t  one x E r such  tha t  ~ (x) ~ B (c); t h i s  c o n t r a d i c t s  t he  a b o v e -  

men t ioned  p r o p e r t y  of  q and r >- q. 

5. Let  A be c I Ec 2, w h e r e  c 1 ES a ,  c 2 ESfl, f~ ~ a < ~ and Vx~p[~(x)]--~((cx~c~)]. BY v i r t u e  of  the  
t r a n s i t i v i t y  of  the  c o n s t r u c t i o n  of  O(x) th is  s i g n i f i e s  t ha t  V x ~ p ~ c ~  U S~[~:~(x) I~((c~=c&c ~ c~))] . F o r  

~<~ 

any c ~ U S~ le t  us  deno te  p~ = {x ~ p ] ~ (x) [ ~  <(c~ = c & c ~ c~)>}. 

Then  one of the  Pc w i l l  have  the  p o w e r  ~ .  Le t  r be th i s  Pc- Then  Vx ~ r [~  (x) ~ ((c~ ~--- c & c ~ c~)>]. 
I t  now fo l lows f r o m  the  induc t ion  h y p o t h e s i s  tha t  

C o n v e r s e l y ,  let  p [ ~  "c 1 E c~", but t h e r e  e x i s t s  a q -> p such  tha t  fo r  any c ~  U S~ , and s Eq we have  

~(x)i~(~c~=cVc~c~,. But in th is  c a s e  qil--<,c~#=cV~c~,> fo r  any c ~  U S~, i . e . ,  q I~-"c  1 ~ c~", which  

c o n t r a d i c t s  q -> p.  
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6. Let  A be c l = c 2, c 1 ES 2, c 2 ESfi, c~ -< f l<  ~ .  Then  p l ~ - - A - - > V c ~  U S.c[p]]--((c~cl~--c~c.~)] ,  

whence  fol lows f r o m  the induc t ion  h y p o t h e s i s  t ha t  for  any  c ~  U S~ the quan t i ty  { x ~ p l ~ ( x ) l = , , ~ [ c ~  
T<ct 

c i -= c E c2]"} wi l l  have  a p o w e r  s m a l l e r  t han  ~;  i . e . ,  b y  t a k i n g  into account  the  t r a n s i v i t y  of  the  c o n s t r u c -  
t i o n  of~l (x), we find tha t  {x ~ p I ~ (x) I =  (r  [cl = c2]~)} wi l l  have  a p o w e r  s m a l l e r  than  ~ .  

C o n v e r s e l y ,  let  Vx~p[~(x ) [ -~ ( ( c~ -~c2~) ] .  T h e n f o r  any c ~  U S,  w e h a v e  O ~ ( x ) i ~ ( ~ c ~ q ~ c ~ c 2 ~ ) ,  
"f<o; 

i . e . ,  PI~" "c Ec I ~ c E c2", whence  fo l lows d i r e c t l y  tha t  p[~- "c i = c2". 

7. The  l a s t  c a s e ,  A =  "c 1 Ec2",  c ~ S : ~ ,  c ~ S ~ ,  a ~ Q  �9 L e t c  2 = A ( x , c ' ,  . . . .  cn) .  I f P l ~ - " c  1 E 
c2", t hen  p I I -  A(c l ,  c ' ,  . . . .  c n) and Vx ~ p [ ~  (x) I =  A (q, c ~- . . . . .  c~)], i . e . ,  Vx ~ p [ ~  (x)]---- (~c~ ~ c2~)] (with the 
p o s s i b l e  e x c e p t i o n  of x t h a t  a r e  s m a l l e r  than  ~2). 

C o n v e r s e l y ,  let  Vx ~ p [ ~  (x) ]-~ <(c~ ~ c,,~)]. Then  

Vx ~ p [ ~  (x) ]-~ A (c,, c ~ . . . . .  c~)], pli--  A (c~, c ~ . . . . .  c '~) 

and p l l -  "c i  E c2". By e x a m i n i n g  t h e s e  c a s e s ,  we have  c o m p l e t e d  the  p r o o f  of the l e m m a .  

Now the  p r o o f  of  T h e o r e m  2 can  be  ob ta ined  b y  s i m p l e  c a l c u l a t i o n s .  

Le t  c ~ U S~ and s u p p o s e  tha t  the  cond i t ion  p is  such  tha t  P l I -  "c is  n o n c o n s t r u c t i v e  and c ~ I T [" 
for  a T <X. ~<a 

F o r  any  s u b s e t  y ~  T let  us w r i t e  pu ~ {x ~ p ] ~ (x) ~ ((c~-- [ y I>>}. L e t u s  c o n s i d e r  q ~  p - -  U P, .  
yCZ-~, 

It is  ev iden t  t ha t  the  p o w e r  of q is  s m a l l e r  than  ~ ( s ince  o t h e r w i s e  q would be  a cond i t ion  and Vx ~ q [~  (x) 

((c ~ I~ I ~>] , which c o n t r a d i c t s  L e m m a  2.1 and q -> p).  It is  a l so  e a s y  to s e e  tha t  { y [ y ~  ~ h a s  a p o w e r  
s m a l l e r  than, i2 .  Henee  one of the py  w i l l  have  a p o w e r  ~2. Le t  r be  th i s  py .  Then  Vx ~ r [~  (x) ~ ,,c = 
[YI"], whence  fo l lows f r o m  L e m m a  2.1 t ha t  r ~ ~c = y)~ (where  I z l  is an e l e m e n t  of  p a r a m e t r i c  s p a c e  
such  tha t  a lways  I~[ = z; i t s  e x i s t e n c e  is p r o v e d ,  fo r  e x a m p l e ,  in [1]); i . e . ,  r [ [ -  "c is  c o n s t r u c t i v e . "  

The  ob ta ined  c o n t r a d i c t i o n  p r o v e s  the  t h e o r e m .  
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