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Abstract—Simpson’s set theory SST is obtained from ZF by removing the power set axiom
and the replacement axiom schema (but keeping the separation schema) and adding the axioms
of (1) transitive superset, (2) transitive collapse of well-founded relations, (3) countability, and
(4) Cartesian product. Metamathematically, SST is the theory of the standard set-theoretic
superstructure over the universe of second-order arithmetic Zy (without the axiom of choice).
Moreover, SST is equiconsistent with Z, and is related to Zs by mutually inverse interpretations.
Simpson showed that the construction of the class L of all Gddel constructible sets is feasible in this
theory in spite of the absence of the replacement axiom schema, which is usually employed to justify
transfinite induction in ZF. Examining the class L in Simpson’s theory, we prove that the class
L satisfies SST without the axiom of countability; in particular, it satisfies the separation axiom
schema.
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1. INTRODUCTION

In[1, Chap. VII], Simpson made a careful study of relationships between various subtheories of the
second-order arithmetic Z, and set theories without the power set axiom but with the axiom Cntbl of
countability of all sets. As a kind of core of his set-theoretic schemata, Simpson used the theory ATRE®
obtained from Zermelo’s theory Z by removing the power set axiom and the separation schema and
adding (1) the axiom of the existence of transitive supersets, (2) the axiom of the existence of a transitive
model for any well-founded binary relation (Mostowski’s collapse), (3) the axiom Cntbl of countability
of every set, and (4) the axiom of universal definability of a certain version of Gdodel operations (which
includes, e.g., the existence of {u, v} and u x v for any sets u and v). To the base theory Simpson added
the separation schema for certain classes of €-formulas; this version can be completed by adding the
whole separation schema Sep (or IT5¢'-comprehension, as in [1]). We refer to the theory ATR® + Sep
thus obtained as Simpson’s set theory and denote it by SST. The axioms of this theory and some of
their immediate consequences are discussed in detail in Secs. 2 and 3.

From the viewpoint of foundations of mathematics, the theory SST is important because, as
shown in [1, Sec. VIL.3], this is precisely the theory of the standard interpretation of set theory in the
second-order arithmetic Zs by means of well-founded trees; see also, e.g.,[2]—[5] or Sec. 4 of the present
paper.

In[1, Sec. VII.4], Simpson proved that SST (and even ATR® to some extent) is strong enough for
implementing many typical set-theoretic constructions by transfinite induction, including an adequate
construction of the class L = (J,co.q La of constructible sets and the derivation of a number of
fundamental properties of the hierarchy of L, in spite of the absence of the replacement schema, which is
usually employed for these purposes in ZF'. In this direction, Simpson essentially obtained (in a different
terminological system) the following result (see Theorem VII.5.4 of [1] and the statement about the
axiom of choice in its proof).
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28 KANOVEI, LYUBETSKY

Theorem (SST). The class or set HCL C L of all sets x belonging to a transitive set y € L
countable in L satisfies the axioms of ZFC™.

Here ZFC™ is ZFC without the power set axiom (see Sec. 2).

A fundamental consequence of this theorem is that the theories Z—, ZF~, and ZFC~ (without the
power set axiom) and the second-order arithmetic Zy are equiconsistent. This consistency result has
been known at least since the 1960s: it was mentioned in [6], and a complete proof was presented, e.g.,
in[7]. See also [8]—[12] for recent results concerning consistency in relation to Zsy. These results were
discussed in our recent paper[13].

In contrast to the subclass HCL of L, the class L itself in the SST theory was little studied in
the monograph [1] in context of the axioms of set theory. It was only mentioned in [1] that L does
not necessarily satisfy the axiom of countability (see Example 1 in the present paper). In the positive
direction, only the special case of Sep for 3 relations was considered [1, Exercise VII.5.5]. We fill this
lacuna with the following theorem.

Theorem 1 (SST). The class L satisfies the axioms of SST (except possibly the countability
axiom Cntbl) and the following two axioms:

(I) Every set can be well ordered (this is a weakening of Cntbl).

(I) For every set X, there exists a supersetY 2 X containing all finite subsets of itsel].

In particular, L satisfies the separation schema Sep for formulas of any type. Therefore, the class
(orset) LN P(w) satisfies Zs.

Theorem 1 is the main result of this paper. We prove it in Sec. 7 based on results of Secs. 5 and 6
concerning constructibility in the context of SST.

2. SIMPSON’S SET THEORY
The theory ZFC™ is obtained from the Zermelo—Fraenkel set theory ZFC as follows:

(I) The power set axiom PS is removed (this removal is symbolized by the minus sign in the notation).

(I) Zermelo’s usual axiom of choice AC (as in ZFC) is removed, because it is ineffective without
PS, and replaced by the well-ordering axiom WOA postulating the possibility of well ordering
any set.

(IIT) The separation schema Sep is retained, but the replacement schema Repl (which is very weak
in the absence of PS) is replaced by the collection schema

Coll: VX (Vo € X Iy ®(z,y) = Y Vz € X Jy € Y O(z,y)).
[t is known that Coll + Sep =— Repl.

For details on ZFC™, see[14]and [15]. For various equivalent formulations of the collection schema,
see, e.g.,[16],[17], and [18, Sec. 2].

e ZF ™ is ZFC™ without the well-ordering axiom WOA..
e 7Z~ is ZF~ without the collection schema Coll. In other words, Z~ contains the axioms of
extensionality, pairing {z,y}, sum or union | J X, infinity, and foundation and the Sep schema

(see, e.g., [19]for these axioms).
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ON CONSTRUCTIBLE SETS IN SIMPSON’S SET THEORY 29

Finally, we define Simpson’s set theory SST as Z~ augmented by the following four axioms Prod,
TrCov, Beta, and Cntbl:

Cartesian product axiom Prod: for any X and Y, the set X x Y exists.
Transitive covering axiom TrCov: for any X, there exists a transitive set Y O X.
Axiom Beta, or Mostowski’s collapse: for any well-founded relation A on the set

D =fldA :=dom AUran A,
there exists a transitive set X and a function p : D onto X satisfying the condition
p(d) ={p(j): j Ad} forall de D. (*)
The function p and the set X are uniquely determined by this condition. The function g = p 4 is called

the collapsing function for A.

Recall that a binary relation A on a set D = fldA is well-founded if any nonempty set Y C D
contains an element y € Y for whichVz € Y - (z A y).

Countability axiom Cntbl: Vx 3 f (f: x — w 1—1 function), i.e., all sets are countable.
Clearly, SST C ZF~ 4 Cntbl.

The definition of the axiom Beta can be found in [1, Definition VII.3.8] and historical remarks on it,
at the end of Sec. VII.3 of [1]. The derivation of Beta from Repl is given, e.g., in[16, Theorem 6.15].

The theory SST in the setting presented above was considered in [7] under a different name and with
some minor changes in its axioms.

Simpson himself approached an axiomatics equivalent to our SST in [1, VII.3.3 and VII.3.8] and
earlier in [20] from positions related to formal systems in the language of second-order arithmetic and

their reflection in set theory. Namely, he introduced the theory ATRS® in the €-language, which
contained the following axioms:

(a) Equality axioms: = is an equivalence relation and € is =-invariant.
(b) Extensionality, infinity, and foundation in their usual ZF-forms.

(c) Rudimentary closedness axiom, which states that, for any sets v and v, the following sets exist:

Fi(u,v) = {u,v}, Fao(u,v) =u v, Fs(u,v) =u x v, Fi(u,v) Uu

u—{(a: y): z,y EuNz €y},

Fs(u,v) = €

Fo(u,v) =u™" = {{z,9): (y,7) € u},
Fr(u,v) = {{y, (z,2)): {y,x) €v Az € uj,
Fe(u,v) = {{y, (z,2)): {y,x) €v Az € uj,
Fo(u,v) ={z: Jz(x € u Az =" {x}},

where v”{x} = ran (v | {z}); this list of Godel operations somewhat differs from that given, e.g.,
in the book [16] (see Sec. 6 of the present paper).

(d) Finally, the axioms TrCov, Beta, and Cntbl defined as above; the axiom Prod is not needed,
because it is replaced by the operation F3.

Lemma 1. The inclusion ATRBet C SST holds, and hence the theory SST is identical to
ATR{™ + Sep.

Proof. Let w and v be arbitrary sets. According to Lemma 5 in Sec. 3, there exists a set Y containing
the sets w and v and all of their elements and closed with respect to the formation of finite subsets and
hence of ordered pairs, triples, etc. Therefore, the application of each of the operations F1—Fg in(c¢) to u
and v yields a part of Y and hence is a set by virtue of Sep. As to Fy, we have Fy(u,v) C Z(Y) under
our assumptions, so that Lemma 4, (ii) of Sec. 3 gives the desired result for D = v and F(x) = v"{z}.
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30 KANOVEI, LYUBETSKY
3. DEVELOPMENT OF SIMPSON’S THEORY

This section collects a few fairly simple results in SST. In particular, the axiom TrCov and the
schema Sep imply the following result.

Lemma 2 (SST). Forany set X, its transitive closure TC X = ({Y 2 X : Y is transitive} exists.

Lemma 3 (SST, transitive collapse). For any set D, there exists a unique transitive set X and
a unique collapsing function T : D onto X such that 7(x) = {7(y): y € x N D} forall x € D.

Proof. It suffices to apply the Beta axiom to the relation A = € [ D, which is well-founded by the
axiom of foundation.

For brevity, we define a class-function as an arbitrary (definable) class satisfying the usual conditions
in the definition of a function (consisting of ordered pairs and so on). In this terminology, the replacement
schema Repl postulates in ZF that any class-function whose domain is a set is itself a set (of pairs).
This schema is absent from SST, but its important special case, namely, replacement with a transitive
domain, is valid.

Lemma 4 (SST). Let F be a class-function on a set D. Then F and its range
R=F"'D={F(z): z € D}

are sets in the following two cases:

(i) Ris atransitive class.
(ii) There exists a setY for which R C Z(Y).

Proof. (i) The relation A = {(j,d): j,d € D A F(j) € F(d)} is a legitimate set in view of the axioms
Prod and Sep. Next, A is well-founded, being the preimage of the class-relation € | R, whose
well-foundedness easily follows from the axiom of foundation. Hence there exists a transitive set X
and a function p : D onto X satisfying condition (x) in the definition of the axiom Beta. However, F
satisfies the same condition by the definition of A. It follows that F' = pand R = X is a set.

(ii) The axiom TrCov suggests that the set Y is transitive. Moreover, we may assume that
DNY = @; otherwise, we set D' = D x {Y'} and change F accordingly. Under these assumptions,
we extend F'to a function F} on Dy = D UY by the identity function on Y. According to (i), the image
F,"D; = RUY is a transitive set. Finally, R C F}” Dy is a set by virtue of Sep.

We say that a set Y is closed with respect to the formation of finite subsetsiiVz CY (zis finite
= 2z €Y) or, for short, Z5,(Y) CY. Given any X, we introduce its closure FSC(X) as the least
superset Y DO X closed with respect to the formation of finite subsets (if it exists).

Lemma 5 (SST). The set FSC(X) exists for any set X.

Proof. Suppose that X = w. Let p; denote the kth prime: p; = 2, po = 3, and so on. According
to Prod and Sep, A = {(k,n): k > 1 A p dividesn} is a set. Moreover, fldA = w ~\ {0}, A is
well-founded (because k An = k < n), and

(1) Ifw C fldA is finite, then there is an n € fld A for which uw = {k: k An}.

By axiom Beta, there exists a function p : fld A onto a transitive set R such that u(n) = {u(k): k An)}
for all n € fidA. Clearly, (f) implies R = FSC(w).

Now consider the general case. In view of TrCov, we assume X to be transitive. According to
Cntbl, there exists a function h : w onto X. [t extends to the class-function H defined on the larger set
R=FSC(w)byH | w=hand H(u) ={H(v): v € u} foru € R~ w. We haveran H = FSC(X) (this
is a class), and hence ran H and X are transitive. However, both H and ran H = FSC(X) are sets by
Lemma 4, (i).
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ON CONSTRUCTIBLE SETS IN SIMPSON’S SET THEORY 31

Lemma 6 (SST). For any sets U and V, P4, (U) and U< exist (as sets), and so does U x V by
the axiom Prod.

Proof. Note that X = U UV =|J{U,V} is a set even in Z~, so that FSC(X) is a set by Lemma 5.
Clearly, Z4,(U),U<* C FSC(U). Now the desired result follows from Sep.

Thus, SST proves the existence of the sets listed above. Note that Z~ is not strong enough even to
derive the existence of w x w!

Lemma 7 (SST). Let E be a strict well-ordering of a set U. Then there exists an ordinal A and
an order isomorphism of (U; E) onto (\; €).

Proof. The set F is, in particular, a well-founded relation on U. The axiom Beta gives a transitive set
A = X well-ordered by € (i.e., an ordinal) order isomorphic to (U; E).

Corollary 1(SST). For any ordinals o and B, the ordinals o + B, - 3, and o exist (as sets); here
the operations are in the standard arithmetic of ordinals.

Proof. It suffices to define well-ordered sets of the required order types. The Cartesian product a x 3

(which is a set by Lemma 6) ordered lexicographically is of type o - 8. The exponential o is represented
by the set

W ={f:D— a~{0}: DC gisfinite}

with the lexicographic order understood in the sense that each f € D is extended by setting f(£) = 0 for
all¢ € B~ D. Note that W C FSC(S x «) is a set according to Lemma 5.

4. METAMATHEMATICS OF SIMPSON’S SET THEORY

The choice of the SST axioms seems to be accidental and poorly justified beyond the purely technical
needs of certain proofs. Our goal in this section is to show that this is not quite true and that, in fact, SST
can be regarded as a kind of a set-theoretic “cognate” of the second-order arithmetic Zs (we remind the
reader that it does not include the axiom of choice). The main results are as follows.

1. Thetheory SST is a conservative extension of Z5 in the sense that a proposition P in the language
of Zy is a theorem of Zy if and only if the relativization (P)?(“) is a theorem of SST.

2. There exists a canonical interpretation wft of SST in Z4 (see Definition 3) such that the structure
((w; P (w)))™ of this interpretation is isomorphic to a given universe of Z.

3. Conversely, in a universe of SST, the interpretation (Wft)<“”@(w)> defined in the structure
(w; Z(w)) is isomorphic to this universe of SST.

4. Statements 2 and 3 can be summarized as follows: the interpretation wft of the theory SST in Zo
and the trivial interpretation (w; #(w)) of the theory Z5 in SST are mutually inverse.

These results can be extracted from calculations in [1, VIIL.3], but in fact, they have been known
since the 1960s. To deduce them, consider the collection WET of all nonempty well-founded trees
T C Seq = w<¥. Recall that

e Seq = w=¥ = all tuples of positive integers.
e () € Seq is the empty tuple and (k) is the tuple whose only member is k.

e s jis obtained by adding the term j € w to s € Seq on the right, and if s, ¢ € Seq, then s™t € Seq
denotes the concatenation of s and t.

e T'CSeqisatreeiis™jeT —secT.
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32 KANOVEI, LYUBETSKY
o Max(T) ={se€T:-3j<w(s"je€T)}(thisistheset of ferminal vertices of the tree T').
o Atree T C Seqis well-founded, orT € WFT,if =3¢g: w —>wVm(g [ meT).

o liTisatreeand s € T, then T® = {t € Seq: s”t € T'} is a tree as well, and if T" is well-founded,
then sois T°.

Definition 1 (SST). Let 7' WFT. Then there exists a unique function sety defined on 7" and
satisfying the condition setr(u) = {setr(u"j): u~j € T} for all u € T} in particular, sety(u) = & for
u € Max(T). We set Setr = setr(()).

A drawback of the second-order arithmetic Z5 and it versions is that tuples of positive integers, trees,
functions Seq — Seq, and similar objects are not formally included in the scope of study. This can be
remedied by a suitable encoding; see Chap. I of the book [1] and especially Sec. 11.2 of that book, in
which a series of examples are given.

To encode tuples, we set so = () (the empty tuple) and s,, = spj forn =2™(2j + 1) — 1 > 1. Then
Seq = {sp: n <w} and n — s, is a bijection. Accordingly, n = n(s) serves as the code of the tuple
s = s, € Seq and every set x C w serves as the code of the set of tuples {s,,: n € x} C Seq. Following

Simpson [1, Sec. I1.2], we can freely consider tuples and sets of tuples, remaining in the framework of
the theory Zs. This also refers to X C w x w, H C Seq x Seq, and similar sets.

With this caveat, remaining in the framework of Zy, we can consider tuples and trees, give
an adequate Zs-definition of well-foundedness, and even determine whether the relations Setg = Set
and Setg € Setr hold for given S, T € WFT without defining the sets Setgs and Setr themselves. We
give the following definition in Zs.

Definition 2 (see[21, 7.8]or[l, VIL.3.13]). Let S,T € WEFT. Aset H C S x T'iscalled an S, T-bisim-
ulation if, foralls € Sandt € T,

V=s"jeSat=tkeT (S Ht) A

sHt <+
{/\ Vi'=t"keT3s'=s"jeS (s HL).

We write S =* T if there exists an S, T-bisimulation H for which () H ().
We write S €* T'if S =* T for some k € w.

Definition 3. The structure wft = (WFT; =", €*) is considered in Zs.

The wft-interpretation [®]% of any e-formula ® (with parameters in WFT) is naturally defined

by interpreting = and € as =* and €*, respectively, and relativizing all quantifiers to WET. For example,
[z =y|"isaz =*y.

Exercise 1 (SST). Let 5,7 € WFT. Prove that Setg = Setr if and only if § =* T in the Zs-structure
(w; P(w)). The same is true for € and €*.

The bisimulation relation =* between trees in WFT and, accordingly, the derived relation €* is
naturally formalized in Zs by using the encoding described above. It follows that the wft-interpretation

[®]WEt of any €-formula ® with parameters in WFT is a formula in the language Z.

Theorem 2 (Zs). (i) The structure wft is well defined; i.e., =* is an equivalence relation on WFT
and the binary relation €* on WFT is =*-invariant.

(ii) The structure wft satisfies the SST axioms: if ® is an axiom in SST, then [®]Vf is
a theorem of Zs.

(iii) There is a canonical isomorphism between the substructure (w; 2 (w))"t of the interpreta-
tion and the proper structure (w; & (w)) of the universe of Zs.

Results close to certain parts of this theorem were already known to Kreisel [6]; such results can also
be found in [2], [4], [3, Theorem 1.1 and Corollary 1.1], and other papers.
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ON CONSTRUCTIBLE SETS IN SIMPSON’S SET THEORY 33

Proof (sketch). The theorem was essentially proved in [1, Sec. VII.3] (and, as mentioned, parts of
it were presented in the papers cited above). Namely, if the role of the base theory of second-order
arithmetic is played by the subtheory ATRy C Zs rather than by the whole theory Zs, then it follows

from Lemma VI1.3.20 of [1] that if ® is an axiom of ATR®, then [®]" is a theorem of ATR (in
which case it is also a theorem of Z5). Thus, to prove (ii), it suffices to check that Sep holds in wft.

Arguing in Zg, we suppose that S € WFT, X = {k: (k) € S}, and ®(x) is a e-formula with
parameters in WFT and one free variable z. By definition, trees of the form S* = {t € Seq: k"t € S},
k € X, belong to wft and exhaust (up to =*) all €*-elements S in wft. Using the collapse schema
inZo, we put Y = {k € X: [®(S¥ WL Theset T = {()}U{t € S: t(0) € X} is a tree in WFT. It
remains to check that [T = {z € S: ®(z)} ™.

Suppose that C' € WFT, C €* S, and [®(C)]" holds. Then C =* S for some k € X, so that

[®(S*)) W holds and hence k € Y. This implies C =* T = §®*) ¢* T The proof of the reverse
implication is similar.

Corollary 2 (of Theorem 2). Statements 1—3 at the beginning of this section are valid. Therefore,
the theories Zo, Z—, and SST are mutually interpretable and hence equiconsistent.

Exercise 2. We omitted some details of the proofs of Theorem 2 and Corollary 2, because these results
are not related to the proof of the main Theorem 1 of this paper. However, it would be a good exercise
for the reader to reconstruct the complete proof by following arguments in the papers [1]—[4], [6] cited
above and to deduce statements 1—3 from the theorem.

Remark 1. Let AC,, be the countable axiom of choice in Zs, and let Z; := Zo + AC,,. Under the
replacement of Zg by Z3 in the theorem, assertion (ii) takes the form

if ® is an axiom of ZFC™, then [®]¥ is a theorem of Z] .

This version is even better known and better reflected in the literature; see [3].

5. CONSTRUCTIBLE SETS IN SIMPSON’S THEORY

In this section, we give the key definitions and some important results of constructibility theory
as presented in [1, Sec. VI.4]. Simpson proved these results in the theory ATRE® and some of its
extensions inside SST obtained by adding certain subshemata of Sep. Hence these results are true in
our base set theory SST.

Note that, in this paper, we consider only the special case L = | J,cpq La 0f the more general relative
constructible hierarchy L{u] = ,co.q La[u] used in [1] (L corresponds to u = @). Therefore, in what
follows, we reduce all definitions and results of [1, Chap. VII] to this case.

Lemma 8 (SST; see[l, Lemma VII.4.1]). For any transitive set X, there exists a (unique) set Def X
consistingofall setsY C X definable over X by e-formulas with parameters in X. This set Def X
is transitive and satisfies the condition X U{X} C DefX.

The proof of Lemma 8 given in [1] reduces to the deduction of the existence of an evaluation
function for all e-formulas with parameters in the given transitive set X. Another approach to define
Def X (which is due to Gédel, as well as the first one) is eliminating €-definability by means of Godel
operations; see Lemma 11 of the present paper.

Lemma 8 gives the following result.

Lemma9 (SST; see[l, VIL.4.2]). For any B € Ord, there exists a unique function f = f3 such that
dom f = f, f(0) = @, f(a+1) = Def f(a) Jora+ 1 < 3, and f(X) = Uyen f(@) Jor limit ordinals
A< B

The function fg is called the constructing function of height .
Definition 4 (SST). We set L, = f,41(a) forall @ € Ord.
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34 KANOVEI, LYUBETSKY

Thus, the theory SST (in fact, even ATRS™) is strong enough to construct the standard con-
structible hierarchy:

Lo = 2,
L, = DefL, forall o,

Ly=|J Lo foralllimit A,
a<\

L= U L., = all constructible sets.
aeOrd

Theorem 3 (SST). The following assertions hold:

(i) Each Ly is a transitive set and o C L.

(ii) If o < 3, then Ly € Lg and Ly, C Lg.
(iii) If A is limit, then Ly is closed with respect to the operations listed in (c)in Sec. 2.
(iv) If B € Ord, then f3 € L.

(v) The class-function o — Ly, (o € Ord) is definable over L without parameters.
(vi) There exists a well-ordering <y, of L definable over L without parameters.

(vil) The class L satisfies all SST axioms except possibly Sep and Cntbl.

Proof. Proofs of assertions (i)—(iii) can be found in [1, Theorem VII.4.3]. For proofs of (iv) and (v),
see Theorem VII.4.8 and its proof given in [1], or, e.g., Lemma 4.1 in [22, Sec. B.5], or the proof of
Lemma 2.6(ii) in [18]. Concerning (vi), see [1, Lemma VII.4.21]. For (vii), see [1, Corollary VII.4.15].
The most difficult part is the verification that the axiom Beta holds in L (see Theorem VII.4.12 of [1]);
it is based on Lemma VII1.4.10, according to which the collapse function 4 (see the definition of the
axiom Beta in Sec. 2 above) of any well-founded relation A € L belongs to L.

The truth of Sep in L is proved in Sec. 7. On the other hand, for the Repl/Coll schemata and the
axiom Cntbl, there is the following counterexample.

Example 1 (see[l, VIL.4.17]). Arguing in ZF, we set 9t = Ly, where ¢ = (8,,)¥. Consider the generic
extension 9 of the model 90t by means of a generic sequence of functions f, : w onto (¥,)¥. The

extension 9 is a model of SST; on the other hand, (L) = 9M, and the schemata Repl/Coll and the
axiom Cntbl are certainly violated in 9t = Ly.

6. CONSTRUCTIBILITY AND THE GODEL OPERATIONS

In this section, we prove the following theorem, which plays the key role in the proof of Theorem 1 in
Sec. 7.

Theorem 4. There exists a closed parameter-free €-formula o such that SST proves the follow-
ing statements:

(i) oistrueinL.
(ii) If a set K is transitive and K = o, then K = Ly, where A = K N Ord.
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ON CONSTRUCTIBLE SETS IN SIMPSON’S SET THEORY 35

Apparently, the first similar result was obtained in [23]. Another similar result was mentioned in
the book [16] (see (13.13) before Lemma 13.17 in Chap. 13).

We begin the proof of the theorem with the list of Gédel operations as given in[16, Chap. 13]:

Ga(u,v) = u X v,

Gs(u,v) =€ [u={{(z,y): z,y EuNz €y},

Ga(u,v) =u~\w,

Gs(u,v) =unNwv reducesto Gy, because uNv =u~ (u\v),
Go(u,v) = Uu,

Gr(u,v) =domu = {z: Jy ((z,y) € u},

Gs(u,v) =u=t = {{z,y): (y,z) € u},

Go(u,v) = {(z,y,2): (z,2,9) € u},

Gio(u,v) = {{z,y,2): (y,z,x) € u}.

These operations can be compared with Simpson’s rudimentary operations F1—Fy listed in Sec. 2.
In particular, the operations F;—Fg are identical to G1, G4, Go, Gg, Gs, and Gs, respectively. There are
certain relationships between other operations as well.

Lemma 10 (SST). For any sets wand v and anyi =1,2,...,10, G;(u,v) is a set.

Proof. The required assertion for G; follows from the pairing axiom, for Gs, from Lemma 6, for Gs, from
the same lemma (for u x w) and the separation schema, for G4 5, from the separation schema, and for Gg,
from Lemma 2 and the separation schema (because | Ju € TCwu). For the operations F7—Fi¢, we have
Gi(u,v) CFSC(TCu), so that the required result follows from Lemmas 2 and 5 and the schema Sep.

An important application of the Gédel operations to constructibility theory is the possibility of
eliminating the definition of Def by means of the following lemma, whose original proof (in ZF') is easy
to formalize in SST.

Lemma 11 (see [16, Corollary 13.8]). If X is a transitive set, then DefX = Def*X, where
Def*X = cl(X U{X})N X (X) and cl(Y) denotes the closure of Y with respect to the operations
G1—G1o0-

Animportant role is also played by absoluteness issues related to the Gdodel operations; in discussing
them, we will follow the book [19, Sec. 11]. Let K be a transitive set or class. Consider the following
requirements (A)—(G) on K, which imply useful absoluteness properties (see Lemma 12).

(A) The class K is closed with respect to the operations G;,i = 1,...,10.

(B) The class K is closed with respect to the operations
G'(X) :={Gi(u,v): u,v € X}, i=1,...,10,

and the operation

g = |J ax

1<4<10

(C) The condition w € K holds.
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Recall that the Godel closure function gely fora set X is defined by dom (gely ) = w, gelx(0) = X,
and

gcly(n+1) =G*(gelx(n)) = U {Gi(u,v): u,v € gclx(n)}.
1<i<10

Clearly, Def*X =, gclx(n).

(D) If X € K, then the closure function gcl i belongs to K.

(E) I X € K, then Def*X € K.

In addition to the constructing sequence fg of length 3 (see Lemma 9), we define the modified con-
structing sequence (MCS) of length 8 € Ord as the function U defined by dom(U%) = 3, Uj(0) = 2,

U5(A) = Uper Uj(a) iT A < Bis limit, and
Uj(a + 1) = Def*(Uj(a))

if o +1 < B. Accordingly, we set Lg, = U7 (). Then U} = f and Li, = L, in SST by Lemma 11;
however, we do not assert that these relations are preserved under relativization to any transitive set.
The last two properties are as follows.

(F) ia € OrdN K, then U}, € K.
(G) Ifz € K,thenda € OrdN K (z € L},).
Lemma 12 (see[19, Sec. 11]). Let K be a transitive set or class; then
(1) The formulas x = G;(u,v), 1 <i <10, are absolute for K.
(2) If (A) holds, then the formulas Y = G!'(X),1 <1i <10, andY = G*(X) are absolute for K.
(3) If(A)—(C) hold, then the formula C = gcly is absolute for K.
(4) I (A)—(D) hold, then the formula Y = Def* X is absolute for K.
(5) If(A)—(E) hold, then the formula f = U}, is absolute for K.
(6) If(A)—(F) hold, then the formulas X = L}, and x € L, are absolute for K.

Proof. See elementary calculations in [19, Sec. 11]. In particular, (1) follows from the fact that the
formulas in question can be written as bounded €-formulas and are therefore absolute for any transitive
domains (sets or classes). To prove (2), we note that the formula Y = G/ (X) can be written as

VyeYdu,v EX(y:QZ-(u,v)) AN Vu,ve XJy e Y(yzgz-(u,v)),

so that its absoluteness follows from assumption (A) and assertion (1) proved above.
And so on.

Lemma 13 (SST). The class L satisfies conditions (A)—(Q). In other words, w € L and the
corresponding functions, namely,

G, G, G, Xw—gcly, X Def'X, g—0Uj; a—L;,
and
x — oy := theleast ordinal « for which x € L},

take values in L at arguments in L.
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Proof. This is again a well-known fundamental result of constructibility theory. Therefore, we only
outline its proof.

Condition (A) is proved by a direct verification. Consider, for example, Gg. Let u,v € L,. Then
Ge(u,v) = Ju C L, by the transitivity of L, and hence

Uu:{zELa:La):EIyEu(zEy)}eDefLa:LaH C L.

In the case of Gg(u,v) = w1, note that if (z,y) € u € Ly, then z,y € L, by transitivity and hence
the sets {y} and {y,z} belong to La+1, (y,7) = {{y},{y,2}} € Las2, and, finally, u=! € Lyy3. The
remaining operations G; are considered in a similar way.

In essence, if u,v € X € L, and i < 10, then G;(u,v) € Loy s and hence G/'(X) and G*(X) belong
to L6, which implies (B).

Next, w = {k € Ly,: kis an ordinal} € Ly, which implies (C).

To prove (D), which says that gcly € L for X € L, take X € L,; then X C L,, because L,
is transitive. Therefore, gcly (1) = G*(X) € La46 (see above). Arguing by induction, we see that
gcly(n) € La+en forall n; in particular, gely (n) € Loy, for all n. The formula Y = G*(X) is absolute
for Loy, by Lemma 12. It follows that the function gel y treated as a set of pairs belongs to L, and is
€-definable in Ly4. Thus, gely € Lgyy,+1, as required.

The rest of the proof is similar and follows the practice of dealing with the constructible hierarchy
in ZF.

Corollary 3 (SST). The ¥ 3-closures of all formulas in Lemma 12, i.e.,
Vu,v3z (z = Gi(u,v)), VX3IY (Y =G/(X)), VX3IY (Y =G5 X)),
VX3C (C=gcly), VX3Y (Y = Def*X), VaeOrd3 f (f=0U,,1),
VaeOrd3X (X =L), VeJda € Ord (z € L},),

are true in L.

Proof. Consider, for example, the first formula. Let u,v € L. Then z = G;(u,v) € L by Lemma 13. But
the formula = = G;(u, v) is absolute for L by Lemma 12. Therefore, the proposition = G;(u,v) is true
in L.

Consider the second formula. Let X € L. Then Y = G/(X) € L by Lemma 13. But the formula
Y = G/(X) is absolute for L by Lemma 12. Therefore, the proposition Y = G/ (X) is true in L.

And so on for all formulas in the list.

Lemma 14 (SST). Let K be a transitive set in which the eight formulas in Corollary 3 are true,
and letw € K. Then K = L), where A\ = Ord N K.

Proof. Since K = Vu,v3z(x = G;(u,v)), and, by Lemma 12,(1), the formula = G;(u, v) is abso-
lute for K, it follows at once that K has property (A).

Similarly, since VX 3Y (Y = G/(X))andVX 3Y (Y = G*(X)) in K and the formulas Y = G/ (X)
and Y = G*(X) are absolute for K by Lemma 12, (2) (note that (A) is already proved), it follows that K
has property (B).

The class K has property (C), i.e.,w € K, by assumption.

Let us check (D), which says that gcly € K whenever X € K. Since the formula VX 3C
(C = gcly) of Corollary 3 is true in K, we see that there exists a set C' € K such that K = C = gcly.
However, the formula C' = gcl y is absolute for K by Lemma 12 (note that (A)—(C) are already proved).
Thus, we indeed have C' = gcly, and hence C' = gcly € K, as required.

Continuing in this manner step by step, we check that the given set K has properties (A)—(G),
using Lemma 12 at each step. The last property (G)implies K = |, corank Lo = Uacordnk La = L,
where A = Ord N K is the least ordinal not belonging to the (transitive) set K.

Proof of Theorem 4. The sought formula is the conjunction of the eight formulas of Corollary 3 and
the formula 3z (x = w). Corollary 3 and Lemma 14 prove the theorem.
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7. THE SEPARATION SCHEMA IN THE CONSTRUCTIBLE UNIVERSE OF SIMPSON’S
THEORY

Proof of Theorem 1. We argue in SST. Thanks to assertion (vii) of Theorem 3, it suffices to check
that, in L, the separation schema Sep and statements (I) and (II) of Theorem 1 are true.
Suppose that, on the contrary, Sep is violated in L, i.e., there exists a transitive set B € L, say,
B =L, for some «, and a formula ¢(p, x) with a parameter p € L for which the set
Y ={be B: ¢ (p,0)}

does not belong to L. (Note that Y is a set in the base universe of the theory SST, because this theory
includes Sep.) Using the well-ordering <j, provided by Theorem 3, (vi), we take the <y,-least pair of
sets B,p € L with the same properties as above. This reduces the general case to the case where

(I) () is a parameter-free formula not containing V (which is replaced by =3 —) and

Y = {be B: o"(b)} ¢ L. (1)
Together with ¢, we consider
(IT) The formula o in Theorem 4 written without V.

[i3y v (y, 21, ...,x)is an existential subformula of one of the formulas ¢ and o and x4, ...,z € L,
then we set Sy (x1,...,x) equal to the <y,-least element y € L for which YY(y,x1,...,xp) ifsuchay
exists; otherwise, we set Sy (z1,...,2;) = @. Thus, each Sy, : LF — Lis a Skolem class-function of
arity k = k(j) < w definable over L without parameters. We augment the list of functions Sy, by the
function S(z) = x and let ho, ..., h, be the complete list of class-functions thus obtained. Each h; is
a class-function defined over L without parameters.

The next step is performing the Gédel collapse procedure. In the framework of ZFC, it consists in
choosing an elementary submodel 9t C M of given cardinality « in a given transitive set, e.g., of the
form M = Lgq, where Q) > & is a certain cardinal, and taking the transitive collapse of 9t according to
Lemma 3. However, in SST, the existence of cardinals above w cannot be proved, and we must adapt
the Godel procedure. Namely, first, we take the entire class L as the initial structure M; second, we
construct 9t C L as an elementary submodel of L with respect to a finite number of formulas (9t may
be a proper class); and finally, we consider the transitive collapse O of 9t. By virtue of Lemma 4, 91 is
a set even if M is a proper class.

Following this plan, we consider the closure 9t C L of the set BUw U {w, B} € L in L with respect
to multiple applications of the class-functions hg, . .., h,. Thus, 9t is a class (possibly proper) definable
without parameters.

Lemma 15. The following assertions hold:

(i) w,BeMandwU B C M.
(ii) M is an elementary substructure in L for ¢ (b) in (1) for any b € B, and hence
Y = {be B: o"(b)}
by virtue of (1) in (1).
(iii) The formula o is true in 9.

Proof. The assertions of the lemma are standard model-theoretic consequences of the construction of
<M by means of Skolem functions.
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A simple combinatorial argument gives a class-function F' defined on an appropriate set P for which
M=F'P={F(p):pe P}

Namely, we define P as the set of all pairs p = (T, f), where T = T,, C w<“is a finite tree and f = f,
is a function such that dom f =T, f(t) € BU{B} ii t € Max(T) (the set of all terminal vertices), and
f(t) €{0,1,...,n}ift € T\ Max(T'); moreover, if f(t) = j and k = k(j) (the arity of the function h;),
then

{1,....k}={L: "¢ eT}.
We set

Byt = {f(t) if t € Max(T),
P hi(Fp(t™1),..., Fp(t"k)) if t ¢ Max(T), j=f(t), k=k(j)

for all t € T and F(p) = F,(()) for the empty tuple () € T". It is obvious from the construction that
M=F'P={F(p): pe P}

Note that P is indeed a set (in SST), because it is defined by means of the schema Sep and the
operations of Lemma 6.

Now suppose that a class-function 7 : 9t onto a transitive set or class 1 is a transitive collapse, i.e.,
T(z) ={7(y): y € x NI} for all z € M. To construct N and 7, it suffices to apply Lemma 3 to sets
of the form M, = M N L,, o € Ord, and define 7 as the union of all transitive collapses 7, : M, onto
transitive sets N, thus obtained.

Applying Lemma 4, (i) to the superposition of F' and 7, we see that 9 is a set.

Corollary 4. The following assertions hold:

(i) w,BeNandxz =7(x) e Nforallx € BUw.
(i) Y = {b € B: ¢"(b)}, and henceY € DefN.
(iii) The formula o is true in N.

Proof. Assertion (i) holds because the sets B and w are transitive and BUw U {w, B} C 9 by
construction. To prove (ii), we note that 7 : 9t onto 91 is a €-isomorphism and apply Lemma 15, (ii).
Finally, (iii) follows from Lemma 15, (iii), because 7 : 9t onto N is a €-isomorphism.

However, by the choice of the formula o, the set 91 has the form L, for a € Ord. Therefore,
Y € Def L, = L,41, whence Y € L. This contradicts the choice of the set Y at the beginning of Sec. 7,
which proves that L satisfies Sep.

To complete the proof of the theorem, it remains to note that axiom (I) in Theorem 1 is true in L,
because each Ly with limit A is obviously closed with respect to the formation of finite subsets. In view
of Lemma 6, this entails the existence of Cartesian products in L, which, together with Theorem 3, (vi),
implies the well-orderability of all sets in L.

8. CONCLUSIONS

The content of Sec. 3 suggests the fairly interesting question of whether Lemmas 5 and 6 and
Corollary 1 can be proved in SST without the axiom Cntbl or with Cntbl replaced by the weaker
well-orderability axiom WOA. This question is important because, according to Theorem 1, the
constructible part L of the SST universe satisfies SST in which the axiom Cntbl is replaced by WOA;
moreover, Cntbl is not necessarily true in L (see Example | at the end of Sec. 5).

In general, it is interesting to consider the mutual independence of the special axioms Prod, TrCov,
Beta, and Cntbl of the theory SST over the base formed by the remaining axioms of this theory.
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