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Introduction ( back TOC

Novikov's research on descriptive set theory was first mentioned in
Luzin's “Sur les ensembles analytiques”, Fundam. Math., 1927, 10,

Nous sommes ainsi amenés au théoréme de M. Lebesgue relatif
aux fonctions implicites wuniformes

Théoréme (Lebesgue). — Une fonction uniforme définie impli-
citement & laide dexpression analytique est exprimable analytique-
ment d'une maniére explicite 3). :

b4, Fonctions implicites multiformes. Les recherches de
M. Novikoff — Les choses sont plis compligées dans le cas des
fonetions implicites multiformes.

Novikov's first own paper was published under the title

Sur les fonctions implicités mesurables ,
also in Fundam. Math., 1931, 17, pp. 8-25.
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Most significant contributions to descriptive set theory @¥E3® @iele

Investigation of multivalued Borel functions.

7] Separation and Inseparation for the first and second projective
levels and C-sets, and multiple Separation.

The index comparizon and the minimal index technique.
I} Effective uniformization of CA sets.

I The consistency of certain propositions of descriptive set theory.

kanovei@iitp.ru Novikov's research on descriptive set theory August 2026



Most significant contributions to descriptive set theory @¥E3® @iele

Investigation of multivalued Borel functions.

7] Separation and Inseparation for the first and second projective
levels and C-sets, and multiple Separation.

The index comparizon and the minimal index technique.
I} Effective uniformization of CA sets.

I The consistency of certain propositions of descriptive set theory.

kanovei@iitp.ru Novikov's research on descriptive set theory August 2026



Table of contents

Notation

Planar Borel sets

Borel (A, B)-Separation and (CA, B)-Inseparation
Indices

2nd projective level Separation

Minimal indices: the proof tool

Separation for C sets

Multiple Separation

Earlier uniformization theorems

Uniformization of CA sets

Godel: constructible sets

Projective sets under constructibility

Independent problems

Novikov's most significant contributions, summary
Novikov: classification of the effective

Vertical ordering of Borel curves

Representation of 3rd class ordinals, a problem
End

kanovei@iitp.ru Novikov's research on descriptive set theory August 2026



Notation ( back

Polish spaces are considered (separable metric spaces).

Examples: R, the real line, N =w“ or =R~ Q , the Baire space, etc.
Borel sets = B-sets = Al sets (in Polish spaces).

A-sets = analytic sets = Suslin sets = X7 sets.

CA-sets = coanalytic sets = co-Suslin sets = M} sets.

Then by induction projective classes are defined:

A = Z% sets = continuous images of CA sets;

CA, =|'|% sets = complements of A, sets;

B, =A% = A, N CA, = sets simultaneously A, and CAy;

and soon: A, =Z},, CA, =I'I},, B, =A,1, =A,NCA,, n>3.
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Multi-valued functions ( back

y = f(x) — explicit, or single-valued function
F(x,y) =0 — implicit, or multi-valued function (y of x)

Let's identify functions with their graphs, i.e., planar sets in R x R
orin X x Y, the product of any two uncountable Polish spaces:

multi-valued Borel function = any Borel set P C R x R;
single-valued Borel function = a uniform Borel set P C R x R.

Aset PCRxR is:

uniform iff Vx3 at most one y ((x,y) € P), i.e., any vertical
section P, = {y:(x,y) € P} of P contains <1 point.

ctble-form iff Vx3 at most Ny y ((x,y) € P), i.e., any vertical
section P, of P contains <N, points.

proj P = {x: Py # @} is the horizontal projection = the domain.
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Uniformization ( back TOC

Uniformization : getting a uniform subset P* with the same projection,
OR EQUIVALENTLY, picking a point f(x) in each vertical section Py # &.

g :

Fig. from Kechris Class. DST

)( — — — —

proj P*=proj P

P is an arbitrary planar set;
P* is a uniform set — the graph of y = f(x), proj P* = proj P;
P, is a vertical section.
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Novikov theorem on planar Borel sets [ back ) TOC

Theorem (Novikov — [Luzin 1927])

Let P C R x R be a planar ctble-form Borel set. Then: [, 1 [I:

n the horizontal projection proj P is Borel — not true for arbitrary
Borel planar sets P as then proj P can be any A-set;

m P is a ctble union P =, P" of uniform Borel sets P";

m | Borel “ctble-form” uniformization | P can be uniformized by a
uniform Borel subset P* C P, i.e., proj P* = proj P.

In addition,

there exists a Borel set P C R x R satisfying proj P =R and
non-Borel-uniformizable — then P is not ctble-form by [}

The original proofs were based on various Separation theorems .
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Separation: the mail tool [ back )

S X

Space X: a set S separates P from () .

A set S separates P, Q (or P from Q) iff PC S and QNS =o.
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Borel A-Separation and CA-Inseparation [ back ) TOC

(A, B)-Separation (Luzin 1918): if P, Q C R are disjoint A-sets,
then there is a Borel set S which separates P, Q.

(CA,B)-Inseparation (Novikov 1927): there exist disjoint CA-sets
X,Y C R inseparable by a Borel set.

Sketch of (A, B)-Sep. Consider the complementary CA-set
C=Q"=R~ Q. Thereis an index function indc : C — wy s.t.:

the preimage C, = ind:'(a) = {x € C:ind¢(x) = o} (called
the ath constituent of C) is a Borel set for each o < wy;

index boundedness: any A-set P C C is covered by ctbly many
constituents, i.e., P C Coy =, G for some A < w;.

The set S = C_) is Borel by , andwe have PC Sand QNS =9
by construction, that is, S separates P from Q. O
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Comment: indices ( back TOC

Let Q = rationals (discrete), and P(Q) = {u: u C Q} = 2%, a Polish
(compact) space homeomorphic to the Cantor discontinuum 2.

Let C C X be a CA set in a Polish X. There is a Borel map fc : X — P(Q)
such that x € C <= fc(x) is wellordered in Q . (Luzin, Suslin 1917.)

If x € C then put ind¢(x) = the order type of the set fc(x) C Q.

the preimage C, = ind'(a) = {x € C:vc(x) = a} (called
the ath constituent of C)is a Borel set for each o < wy;

index boundedness, Luzin: any A-set P C C is covered by ctbly
many constituents, i.e., P C C. = Ua<>\ C,, for some \ < wr;

index comparizon, Novikov: if C' C X is another CA set with an

index function ind¢/, then {x:indc(x) <ind¢/(x)} is an A-set .

Condition is known as the prewellordering property in modern DST.
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Novikov: 2nd level Separation [ back ) TOC

(A, B)-Separation (Luzin): if P, Q@ C R are disjoint A-sets, then there is
a Borel set S which separates P, Q.

(CA, B)-Inseparation (Novikov): there exist disjoint CA-sets X,Y C R
inseparable by a Borel set.

Thus Borel separation holds for A-sets but fails for CA-sets.

Theorem (Novikov 1935)

(CA,, B;)-Separation: If P,Q C R are disjoint CA;-sets, then there is
a By set S which separates P, Q.

(A>.By)-Inseparation: there are disjoint By-inseparable Aj-sets X,Y C R

The result was highly surprising: the classes A, and CA; switch places,
relative to the separation properties, with respect to the classes A and CA.
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Novikov: minimal indices: the proof tool

To establish the (CAy, B2)-Separation theorem, Novikov developed the
minimal index technique. It works as follows.

Consider disjoint CA; sets P, @ € R and the complementary A, sets
PL — proj U, QE = proj V , projections of CA-sets U,V CR xR .
The index functions indy : U — wi, indy : V — w; satisfy il 2 above.

If x € PC then the vertical section Uy = {y: (x,y) € U} # @.
Put Mindy(x) = minycy, indy(x,y): the minimal index.

If x € P then put Mindy(x) = w1, so overall Mindy : R — wy U {w1}.

Define Mindy(x) : R — wj U{wi} the same way. Then

Bl the set S = {x € R: Mindy(x) < Mindy(x)} is B, — difficult,
minimal index comparizon — Novikov!

m the set S separates P from @ — easy by construction.

Therefore the B, set S separates P from @, as required. O
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Novikov: Separation for C sets [ back ) TOC

C-sets = the closure of Borel sets in a given space w.r.t. complements and
the A-operation. C ; B, . (Luzin, Kolmogorov, Selivanovsky, <1928.)

The hierarchy C =
Co=A;

a<wiy Ca:

C, = {XE : X € C,} — the complements of sets in C;
C

o =A (Uﬁ<a EB) — A-operation over sets in Eg, B < a.

Theorem (Novikov, generalization of Luzin's (A, B)-Separation)

Assume that oo < wy. Let P, Q be C,-sets ina fixed Polish space, and
PN Q = @. Then there is a set S in C, N C, which separates P, Q.

Formally (C,,Cqs N Ea)-Separation :
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Novikov: multiple Separation

Several multiple versions of Luzin's (A, B)-Separation theorem were
established in the 1930s. Some of them were rather immediate corollaries,
as e. g. the following theorem.

Let Py, P1,P»,... be pairwise-disjoint A-sets in any given Polish space.
Then there exist pairwise-disjoint Borel supersets S, D P,.

Indeed let a Borel S, separate P, from Py, thatis, P, C S« and
PcNSy=9. Put §, = ﬂkSnk.

The next result was much more tricky.

Theorem (Novikov, 1934)

Assume that Py, P1, P>, ... are A-sets in any given Polish space, and
(), Pn = @. Then there exist Borel supersets X, 2 P, still satisfying
N, Xn=2.
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x — — — —

A set P* C P uniformizes P iff
1) P* is uniform (the graph of y = f(x)), and
2) proj P* = proj P.
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Earlier uniformization theorems ( back TOC

Closed sets P in the Baire plane A/ x N can be uniformized by taking
the lowest branch in each vertical section Py, and the uniformizing set
is CA in this case. Recall that N' = w® is the Baire space .

a Any Borel set can be uniformized by a CA set by [if and since Borel
sets are continuous 1-1 images of closed subsets of the Baire space.

B (Luzin—Yankov—von Neumann) Any A set can be uniformized by a set
of the form N, U, (Akn ~ A,,), where all A, A|  are A sets — by .

Open problem: is [} still true with (), |, changed to U, ,?
See 4G.19 and 4F.22 in Moschovakis DST for a partial negative answer.

4 ] (Novikov — Luzin) Any planar Borel set with countable sections can
be uniformized by a Borel set.

B (Novikov, Arsenin, Shegolkov et al.) Any Borel set with o-compact
sections can be uniformized by a Borel set — a strengthening of [Z}.
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Novikov and Kondo major uniformization theorems [ back )

Theorem (Luzin—Novikov 1935)

Every planar CA set can be effectively uniformized —
in fact can be uniformized by an A, set.

La méthode de oette détermination a été proposée par M. P. Novikoff;
nous exposons ici la rédaction simplifiée de M. N. Lusin.

ﬂ (Novikov 1937) Every planar CA set with finite vertical sections can
be uniformized by a CA set.

Theorem (Kondo 1937 based on the L-N theorem)
Every planar CA set can be uniformized by a CA set.
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Godel: constructible sets ( back TOC

L =@ Godel 1939-40:
Lovi = Def(Ls) ) the constructible
L, = Uaey La, for every limit A hierarchy

L = UacoraLa — all constructible sets

(*) Def(L,) = all sets X C L, definable over L, by €-formulas
with parameters from L,,.

Theorem (Godel 1939-40, translation YMH 1948)

In ZFC, the class L of all constructible sets still satisfies ZFC.

“V = L" is the extra axiom saying that every set belongs to L .

If ® is a consequence of “VV = L" in ZFC then ® does not
contradict ZFC, or in other words, the negation —® is not provable.
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Novikov: projective sets under constructibility

Theorem (Novikov 1951; ZFC + “V = L")

There exists a By-set X C R, not Lebesgue measurable.
E There exists an uncountable CA-set X C R, without perfect subsets.

B Every projective level n from some ny > 3 on, satisfies
(CA,, B,,)-Separation and (A,, B,,)-Inseparation — similar to level 2.

+ P2 + ] is consistent with ZFC.

EN-+ Godel 1940 sans proofs.  In [E] ng = 3 by Addison 1959.

Theorem (Solovay 1970)

3 a model of ZFC in which: [l /4 fail , moreover, all projective sets are
Lebesgue measurable, all uncountable projective sets have perfect subsets.

As for ﬂ this is still a fundamental open problem.
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Independent problems [ back )

Corollary (from Goédel-Novikov and Solovay)

Each of the following two hypotheses is independent of ZFC :
there exists a By-set X C R, not Lebesgue measurable;
B there exists an uncountable CA-set X C R, without perfect subsets.

In other words, we can neither prove nor disprove each of the two
hypotheses by means of the ordinary set theoretic arguments.
(This independence was predicted by N. N. Luzin in 1925.)

However rather unexpectedly the hypotheses il and [P are not
independent from each other!

Theorem (Lyubetsky 1970)

=W in zFC,
whereas the inverse implication [P4==[l is not provable in ZFC.
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Novikov's most significant contributions, summary [ back )

Investigation of many-valued Borel functions.

I3 Principles of separability and inseparability for the first and
second projective levels.

The index comparizon and the minimal index technique.
¥ Effective uniformization of CA sets.

I The consistency of certain propositions of descriptive set theory.
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Luzin 1935 page 62 [ back TOC

82. Ilonvimxa ‘waaccuguravun sppexmusnoto. WsnomeHAHE
pesyabrat II. C. HoBrKOBa COCTABIANT COJAEp:RAHAE TPEX Iep-
BHX IMIAB er0 AMcCepTanuy, Mpe/icTABICHHON B pyROIUCH AKaje-
urg Haye CCCP Ha coHMcKaHMe 3BaHHWS JOKTOpa UHCTOH MaTe-
MaTHEH.

nmochenHdAd deTrBepTrad IJIaBa p&GOTH

OcHOBHaA mpes STOM IIABH COCTOHUT B DO3HCEAHMH TAKOM
KIACCHYURAIIMY MHOMECTB, KOTOpas OXBaTHI4 OH HE TONBLRO
IpPOEKTHBENE, HO ¥ BOOOINE BCe MHOMKECTBA, EOTOPHE MOMKHO
FHAUBHAYAJIbHO OUpeeNHTh .
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Geometric representation of 3rd class ordinals [ back ) TOC

3rd class ordinals = {o:a < wy}, or sometimes more
formally {a:w; < a < wy}.

Novikov proposed a geometric representation of such
ordinals, as the basis of his “classification of the effective”.

Novikov apparently planned to use this representation of
ordinals as a tool for a classification of pointsets that can
be individually defined ( classification of the effective ).

A summary by Luzin (1935) demonstrates some semblance
of those Novikov's ideas and the theory of constructible
sets by Godel, subsequently appeared in 1939-1940.
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Vertical orderings of Borel curves [ back

Borel curves (i.e., uniform sets) P C R x R are considered.

If P, Q are such curves then define P < Q (P is below Q) iff
if (x,y) € P and (x,y’) € Q then y <y’, and

proj P C proj @ or proj@ C projP.

We cannot weaken [”4 to proj PNproj @ # @ since in that case bad
things like P <1 Q <<S <1 P could happen.
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Vertical ordering of Borel curves, picture [ back )

1<2<3<4<15<6
7 is <-incomparable with 5 and 6.
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Representation of 3rd class ordinals, a problem [ back )

Problem (Novikov—Luzin 1935)

Given a < wsy, is there a collection B of Borel curves in R x R,
well-ordered by < similar to a ?

Theorem (K—Lyubetsky 2026 to appear)

If o < wy then there exists a collection B of Borel curves in R x R, even
in R x Q with only rational ordinates, well-ordered by <1 similar to «.

Thus any ordinal o < wy can be adequately represented geometrically.
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