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1. Introduction
Let R =2N. Recall that E; and Ez are the equivalence relations defined on the set RN as follows:

xEyy iff ko Vk = ko (x(k) = y(k));
xEszy iff Vk(x(k)Eoy(k));

where E; is an equivalence relation defined on R so that

aEob iff 3ngVn=ng (an) =bm)).

The equivalence Ej is often denoted as (Eo)®.

Kechris and Louveau in [10] and Hjorth and Kechris in [3,4] proved that any Borel equivalence relation E satisfying
E <p E1, resp., E <p E3, also satisfies the non-strict E <g Eg. Here <p and <p are resp. strict and non-strict relations of
Borel reducibility. Thus if E is an equivalence relation on a Borel set X2 and F is an equivalence relation on a Borel set Y
then E <g F means that there exists a Borel map ¢ : X — Y such that

XxEX < vxFdX)

holds for all x,x' € X. Such a map ¢ is called a (Borel) reduction of E to F. If both E<gF and F <g E then they write
E ~p F (Borel bi-reducibility), while E <g F (strict reducibility) means that E <g F but not F <g E. See the cited papers
[3,4] or e.g. [2,9] on various aspects of Borel reducibility in set theory and mathematics in general.
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The above mentioned results give a complete description of the <p-structure of Borel equivalence relations below E4
and below Ejz. It is then a natural step to investigate the <p-structure below Ei3, where Ei3 =E; x E3 is the product of
Es and Eg, that is, an equivalence on RN x RN defined so that for any points (x,£) and (y,n) in RN xRN, (x, £)E13 (y, n)
if and only if XxE1y and & E3n.

The intended result would be that the <g-cone below Ei3 includes the cones determined separately by E; and Es,
together with the disjoint union of E; and Es (ie., the union of E; and Es defined on two disjoint copies of RN),
Eq3 itself, and nothing else. This is however a long shot. The following theorem, the main result of this note, can be
considered as a small step in this direction.

Theorem 1. Suppose that E is a Borel equivalence relation and E <g E13. Then either E is Borel reducible to T or E; <gE.

Recall that the equivalence relation T, known as “the equality of countable sets of reals”, is defined on RN so that
xTy y iff {x(n): ne N}={yn): neN}. It is known that E3 <g Ty strictly, and there exist many Borel equivalence relations
E satisfying E <g T, but incomparable with Ejz: for instance non-hyperfinite Borel countable ones like E.,. The two cases
are incompatible because E; is known not to be Borel reducible to orbit equivalence relations of Polish actions (to which
class T, belongs).

A rather elementary argument reduces Theorem 1 to the following:

Theorem 2. Suppose that Pqg € RN x RN is g Borel set. Then either the equivalence Eq3 | Pg is Borel reducible to T, or Eq <g
Eq3 [ Po.

Indeed suppose that Z (a Borel set) is the domain of E, and ¢ : Z — RN x RN is a Borel reduction of E to Eq3.
Let f:Z — 2N =R be an arbitrary Borel injection. Define another reduction ¥’ : Z — RN x RN as follows. Suppose that
zeZ and 9(2) = (x, &) e RN x RN, Put #/(z) = (x, &), where ¥/, still a point in RY, is related to x so that x'(n) = x(n)
for all n > 1 but x'(0) = f(z). Then obviously ¥(z) and ©¥'(z) are Ei3-equivalent for all z € Z, and hence ¥’ is still
a Borel reduction of E to Eq3. On the other hand, ¥ is an injection (because so is f). It follows that its full image
Po=ran?®’ ={®'(2): z< Z} is a Borel set in RN x RN, and E ~pg Ey3 | Po.

The remainder of the paper contains the proof of Theorem 2. The partition in two cases is described in Section 3.
Naturally assuming that Pg is a lightface A} set, Case 1 is essentially the case when for every element (x,&) € Py (note
that x, £ are points in RY) and every n we have x(n) = F(XI>n, &<k &[>k) for some k, where F is a A} function Ez-
invariant w.r.t. the 3rd argument. It easily follows that then the first projection of the equivalence class [(x, &)]g,; N Pg of
every point (x,&) € Po is at most countable, leading to the either option of Theorem 2 in Section 5.

The results of Theorems 1 and 2 in their either parts can hardly be viewed as satisfactory because one would expect it
in the form: E is Borel reducible to E3. Thus it is a challenging problem to replace T, by E3 in the theorems. Attempts to
improve the either option, so far rather unsuccessful, lead us to the following:

Theorem 3. In the either case of Theorem 2 there exist a hyperfinite equivalence relation G on a Borel set P C RN x RY such that
Ei13 [ Po is Borel reducible to the least equivalence relation F on Py which includes G and satisfies & Es n == (x,&) F (y, n) for all
(x,&) and (y,n) in Py.

The relation G here is induced by a countable group G of homeomorphisms of RY x RN preserving the second com-
ponent. (That is, if g€ G and g(x,&) = (y,n) then n =&, but y generally speaking depends on both x and &.) And
G happens to be even a locally finite group in the sense that it is equal to the union of an increasing chain of its finite
subgroups. Recall that E3 is induced by the product group H = (Z¢in(N); AN naturally acting in this case on the second
factor in the product RY x RY. Regarding further details see Section 6.

Case 2 is treated in Sections 7 through 12. The embedding of E; in Eq3 | Pg is obtained by approximately the same
splitting construction as the one introduced in [10] (in the version closer to [7]).

2. Preliminaries: extension of “invariant” functions
If E is an equivalence relation on a set X then, as usual, [x]Je ={y € X: y Ex} is the E-class of an element x € X, and
[Y]e = Uyey[X]E is the E-saturation of a set Y € X. Aset Y C X is E-invariant if Y =[Y]g.

The following “invariant” Separation theorem will be used below.

Proposition 4. (5.1 in [1]) Assume that E is a A} equivalence relation ona Al set X CNY.If A,C C X are £} sets and [A]e N
[Cle =@ then there exists an E -invariant A} set B C X such that [Ale € B and [CleNB=4¢.

Suppose that f is a map defined on a set Y C X. Say that f is E-invariant if f(x) = f(y) for all x,y € Y satisfying
XEy.
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Corollary 5. Assume that E is a Al equivalence relation on a A} set AC NN, and f: B — NN is an E-invariant ¥ function
defined ona X} set B C A. Then there exist an E-invariant A} function g: A — NY such that f C g.

Proof. It obviously suffices to define such a function on an E-invariant A} set Z such that Y € Z C A. (Then let g be just
a constant on A \ Z.) The set

P={(a,x)e AxN: Vb (be BAaEb) =>x= f(b))}

is 1‘[1l and f C P. Moreover P is F-invariant, where F is defined on A x NN so that (a,x) F (¢/,y) iff aEad’ and x=1y.
Obviously [f]r C P. Hence by Proposition 4 there exists an F-invariant A} set Q such that f € Q C P. Then

R={(a.x)eQ:Vy (y#x=(a.y) ¢ Q)}

is an F-invariant 1711 set, and in fact a function, satisfying f C R. Applying Proposition 4 once again we end the proof. O
3. An important population of El‘ functions

Working with elements and subsets of RN x RN as the domain of the equivalence relation Ej3, we'll typically use letters
X, ¥,z to denote points of the first copy of RN (where E; lives) and letters £,7,¢ to denote points of the second copy
of RY (where Eg lives). Recall that, for P € RN x RN,

domP = {x: 3¢ ((x,&) € P)} and ranP={&: 3x((x.£) e P)}.

Points of R =2 will be denoted by a, b, c.

Assume that x € RN, Let x[.,, resp., X[>n denote the restriction of x (as a map N — R) to the domain (n, o), resp.,
[n,00). Thus x[., € R”", where >n means the interval (11,00), and x[>p € R>", where >n means [n,00). If X CRN
then put X[.p={X[>n: x€ X} and X[>p ={x[>n: x€ X}.

The notation connected with [, and [, is understood similarly.

Let & =, 7 mean that £ Egn and &| ., = n|- (that is, £(j) = n(j) for all j <k). This is a Borel equivalence on RN.
Aset UCRY is =-invariant if U =[U]=,, where [Ul-, = U;cyl€l=, .

Definition 6. Let .Z denote the set of all X! functions® ¢ :U — R, defined on a X! set U =domgp CR>" x RY, and
= -invariant in the sense that if (y,&) and (y,n) belong to U and & =, n then ¢(y,&) =¢(y.7n).
Let "X denote the set of all total functions in %), that is, those defined on the whole set R>" x RN,

Lemma7.If ¢ € FX then thereisa Al function ¢ € *F} with ¢ C .
Proof. Apply Corollary 5. O

Definition 8. Let us fix a suitable coding system {W¢}ecp of all A] sets W € R x RY x R (in particular for partial A]
functions R x RN — R), where E CN is a I} set, such that there exist a X] relation ¥ and a I7] relation IT satisfying

(b,,a) e W = X(e,b,a,£) <= I(e,b,a,£&) (1)

whenever ec E and a,b e R, £ eRV.

. t
Let us fix a Al sequence of homeomorphisms Hj:R 25 R>". Put

(2)

WE = {(Hn(b), &, a): (b,&,a) e W} foreekE,
T ={(e,k): e € E A W is a total and =-invariant function}.

Here the totality means that domW¢ =R x RN while the invariance means that We€(b, &) = W€(b, n) for all b, &, n satis-
fying & =, 1.

Note that if (e,k) € T then, for any n, W{ is a function in Tﬂ,’f, and conversely, every function in TL%’{ has the form
W for a suitable e € E.

Proposition 9. T isa IT] set.

3 A >} function is a function with a X} graph.
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Proof. Standard evaluation based on the coding of A} sets. O

Corollary 10. The sets
sk=1{(x,6) eRY x RY: 39 € ZF (x(n) = 9(x] -0, ©))}
={(x.&) eRY x R": 3p € ".Z (x(0) = (X[ -n. )) }

belong to IT] uniformly on n, k. Therefore the set S = | ,, Mnzm Uk Sk also belongs to IT} .

Proof. The equality of the two definitions follows from Lemma 7. The definability follows from Proposition 9 by standard
evaluation. O

Beginning the proof of Theorem 2, we can w.Lo.g. assume, as usual, that the Borel set Py in the theorem is a lightface
Al set
1 .

Case 1: Py CS. We'll show that in this case Ej3 [ Pg is Borel reducible to T».
Case2: Po~S#@.We'll prove that then E1 <gE13 [ Po.

4. Case 1: simplification

From now on and until the end of Section 5 we work under the assumptions of Case 1. The general strategy is to
prove that for any (x,£) € Pg there exist at most countably many points y € RN such that, for some 71, (y,n) € Py and
(x, &) E13 (¥, n), and that those points can be arranged in countable sequences in a certain controlled way.

Our first goal is to somewhat simplify the picture.

Lemma 11. There exists a A} map : Po — N such that for any (x, &) € Pg we have (x, &) € ﬂ@mx,@ Uk S’,j.

Proof. Apply Kreisel Selection to the set
{{(x,6),m) e Po x N: Vn >m 3k ((x,£) e SK)}. O

Let 0=0" € R=2" be the constant 0: 0(k) =0, Vk. For any (x,&) € Py put f,(x,&) = 0*®O"(x] 5, e): that is, we
replace by 0 all values x(n) with n < u(x,&). Then Py ={(f,(x,£),&): (x,&) € Po} is a Z‘]] set.
Put 8 =, U, Sk (a 1] set by Corollary 10).

Corollary 12. There is a A} set P{ suchthat Py C Py CS'.Themap (x,&) — (fu(x, £),&) is areduction of Eq3 [ Pg to Ey3 [ P(.

Proof. Obviously P is a subset of the 7] set §'. It follows that there is a A] set P such that Py € Pj CS'. To prove
the second claim note that f,(x,£)Eqx for all (x,£) e Pg. O

Let us fix a A} set Py as indicated. By Corollary 12 to accomplish Case 1 it suffices to get a Borel reduction of E;3 [ P(
to Ty.

Lemma 13. There exist: a A} sequence {ky}nen of natural numbers, and a Al system {FL}i nen of functions F} € Ty, such that
forall (x,&) € Py and n € N thereis i € N satisfying x(n) = F,‘;(xr>n, £).

Remark 14. Recall that by definition every function F € Tﬂ,’f is invariant in the sense that if (x,£&) and (x,n) be-
long to R>" x RN, &), = nl, and & Es 1, then @(x,£) = ¢(x,n). This allows us to sometimes use the notation
like Fi(X[=n,&l -k, & >k), Where k =k;, instead of Fi(x[-n,&), with the understanding that Fi(x[-n,&[ -k, &[>k) is Ez-
invariant in the 3rd argument.

In these terms, the final equality of the lemma can be re-written as x(n) = F,’; XT>n, &<k El>k), where k=k;.

Proof of Lemma 13. By definition Pj €S’ means that for any (x,&) € Pj and n there exists k such that (x,&) € S’,ﬁ. The
formula (x,&) € S’,‘l takes the form

Jp e Fy () =@X[-n. 8)),
and further the form 3(e, k) € T (x(n1) = W§(x[-n,&)). It follows that the 1'111 set

Z={((x,&,n), (e,k)) € (Pg x N) x T: x(n) = W (x] -n, &)}
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satisfies domZ = Pg x N. Therefore by Kreisel Selection there is a A} map €:Pgx N— T such that x(n) = W (x]-n, &)
holds for any (x,&) € P and n, where (e, k) =¢&(x,&,n) for some k.

The range R =rane of this function is a X! subset of the /7] set T. We conclude that there is a Al set B such
that RC BCT. And since T C N x N, it follows, by some known theorems of effective descriptive set theory, that the set
E=domB= {e: 3k ({e,k) € B)} is Al, and in addition there exists a A} map K :E — N such that (e,K(e))e B (and €T)
forall ecE.

And on the other hand it follows from the construction that

V(x,&)e PoVnIe € E (x(n) = WE(X[=n, £)). (3)

Let us fix any A} enumeration {e(i)}icn of elements of E. Put F,’; = Wﬁ(i). Then the last conclusion of the lemma follows
from (3). Note that the functions F) are uniformly Al, Fi e T.%ZX for some k, in particular, for k = «;, where k; = K(e(i)),
and {kj}ien iS a A} sequence as well. 0O

Blanket Assumption 15. Below, we assume that the set Py is chosen as above, that is, A} and Py C S, while a system of functions
F,’; and a sequence {k;}ien of natural numbers are chosen accordingly to Lemma 13.

5. Case 1: countability of projections of equivalence classes

We prove here that in the assumption of Case 1 the equivalence Ej3 [ P is Borel reducible to T, the equality of
countable sets of reals. The main ingredient of this result will be the countability of the sets

c: :dom([(x,é)]E13 NPy)={yeRY: yEsxA3n (EEsn A (y,n) € PY)},

where (x,&) e Pg — projections of Ejs-classes of elements of the set Pg.
Lemma 16.If (x,£) € P(] then Cf C [x]g, and Cﬁ is at most countable.

Proof. That Cf: C [x]g, is obvious. The proof of countability begins with several definitions. In fact we are going to organize

elements of any set of the form CE in a countable sequence.

Recall that R=2Y.If u CN and b € R then define u-aeR so that (u-a)(j) =a(j) whenever j ¢u,and (u-a)(j)=
1 —a(j) otherwise.

If fCNxN and a € R¥ then define f-a e Rk so that (f-a)(j) = (f"j)-a(j) forall j <k, where f”j={m: (j,m) e f}.
Note that f -a depends in this case only on the restricted set f [k={(j,m)e f: j<k}.

Put @ = P¢;,(NxN) and D =, Dy, where for every n:

Dn={{a,¢): aeN'"Aped" AVj<n(p(j) S ki) x N)}.
(The inclusion @(j) € kqj) X N here means that the set ¢(j) € N x N satisfies ¢(j) = ¢(j) [ ka(j), that is, every pair
(k,1) € p(j) satisfies k < kqj).)

If (a,¢) €Dy and (x,£) e RN x RN then we define y = 75(a, ¢) € RY as follows: y = (bg, b1, ..., bn_1)"(x[>n), where
the reals b, € R (m <n) are defined by inverse induction so that

bm = ™ (b1, B2, - -+ bn1) (X 3n)s @) - (€] <iegqmy ) & [ reaqm) - (4)

(See Remark 14 on notation. The element n = (¢(m) - ($[<Ka(m>))A($[>,(a(m)) belongs to RN and satisfies n Eg & because
@(m) is a finite set.)

Put ri(/\, A)=x (A is the empty sequence).

Note that by definition the element y = ti(a,(p) e RN satisfies YI>n =X[>n provided (a,¢) € Dy, thus in any case
XE4 ri(a, ). Thus T,E( , the trace of (x, &), is a countable sequence, that is, a function defined on D =, Dy, a countable set,
and the set ran ti = {‘ti (a,p): (a,¢) € D} of all terms of this sequence is at most countable and satisfies x = ri(A, A) e
ran T,E( C [X]g, .

Claim 17. Suppose that (x, &) € P(j. Then Cf C ran ri — and hence Cﬁ is at most countable. More exactly if y € Cf and yl>p =
X[>n then thereis a pair {(a, ¢) € Dy such that y = ri(a, Q).

We prove the second, more exact part of the claim. By definition there is n € RN such that (y,n) e P§ and £Esn. Put
bm = y(m), Ym. Note that for every m <n there is a number a(m) such that



1470 V. Kanovei / Topology and its Applications 157 (2010) 1465-1478

b = Fi™ (b1, - ba1) (Y [ 0), 1)
= Fgl(m)(<bm+17 AR} bn—1>/\(y [21‘!)7 71 r<l(a(m)v 71 rQKa(m))

for all m <n (see Blanket Assumption 15), and hence

bm = Fgl(m)(<bm+l7 cee bn—1>/\(x[2n)7 N <kam [21(”(,,1))

by the invariance of functions F,§1 and because X[ > = y[>n. On the other hand, it follows from the assumption £ Ezn that
for every m <n there is a finite set ¢(m) C kgm) x N such that nl<x,q, =@m) - (§1<ky,)- Then

bm = F™ ((bms1s - s Ba1) X 30), @) - (€ <ieqim))s & | Sreaim)

for every m <n, thatis, y = ri(a, ©), as required. O (Claim and Lemma 16)

The next result reduces the equivalence relation Eq3 | P to the equality of sets of the form ran Ti, that is essentially
to the equivalence relation T, of “equality of countable sets of reals”.

Corollary 18. Suppose that (x,&) and (y, n) belong to P(j.Then (x,&)E13 (y, n) holds ifand only if £ E3n and ran Ti =ran rz.

Proof. The “if” direction is rather easy. If £ Ezn and ran ‘tz =ran ‘L’i then xE; y because ran tf, C[ylg, and ran ri C

[x]g, by Lemma 16.

To prove the converse suppose that (x,£) Eq3 (y,n). Then & Ezn, of course. Furthermore, xE; y, therefore x[>n = y[>n

for an appropriate n. Let us prove that ran rz =ran ri. First of all, by definition we have y € Ci, and hence (see the

proof of Claim 17) there exists a pair (a, ¢) € D, such that y = ti(a, Q).
Now, let us establish ran TE =ran tf, (with one and the same & ). Suppose that z € ran ti, that is, z= ti(b, ¥) for a

pair (b, ¥') € Dy for some m. If m >n then obviously z= ri(b, ¥) = Tf,(b, ¥), and hence (as X[>pn=Y[>n) z € ranrf,.
If m<n then z= Ti(b, ¥) = tf,(a’,<p’), where a’ =b"(al>m) and ¢’ =¥ (¢[>m), and once again z € ranrf,. Thus

ran r,‘% Cran rf,. The proof of the inverse inclusion ran rf, Cran ri is similar.

Thus ran rf, =ran T,E(. It remains to prove ran TZ =ran rf, for all y, &, n such that £Esn. Here we need another

block of definitions.
Let H be the set of all sets § €N x N such that §"j = {m: (j,m) € 8} is finite for all j € N. For instance if &, n € RN
satisfy £Esn then the set

8y = { (4, m): £(Hm) # n(j(m)

belongs to H. The operation of symmetric difference A converts H into a Polish group equal to the product group
(Prin(N); AN,

If neN, (a,¢) € Dy, and § € H then we define a sequence ¢’ = H§(¢) € ®" so that ¢'(m) = (8 [ kqqm)) A @(m) for
every m < n.* Then the pair (g, H$(p)) obviously still belongs to D, and H§(H§(¢)) =¢.

Coming back to a triple of y, £, 7€ RN such that £ E3n, let § = 8¢y . A routine verification shows that rZ(a,qo) =

rf,(a, H§(p)) for all (a,¢) € D. It follows that ran 137, =ran rf,, as required. O

Corollary 19. The restricted relation Eq3 | Pg is Borel reducible to T,.

Proof. Since all ri are countable sequences of reals, the equality ran r;l, =ran ri of Corollary 18 is Borel reducible to T,.
Thus Ei3 [Pg is Borel reducible to Ez x T, by Corollary 18. However it is known that E3 is Borel reducible to T, and so
does T, xTp. O

O (Case 1 of Theorem 2)
6. Case 1: a more elementary (?) transformation group

Here we sketch the proof of Theorem 3; see [6] for a full proof. Arguing under the assumptions of Case 1, we define a
closed set

m={(x& eRYxRY: Vn3(a,¢) € Dy (x= ti(a,(p))}.

4 Recall that § [ k={(j,i)es8: j<k}.
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It satisfies Py € IT by Claim 17. Suppose that pairs (a, ¢), (b, ) belong to Dy for the same n, and (x,&) € RN x RN, Put
ng(X, £)=(y,&) eRY x RN, where

ri (b,¥) wheneverx = ri (a, @),
y= ri(a, ¢) whenever x = ti(b, V),
X whenever Ti(a,(p) *£XF ‘ti(b, v).

In our assumptions, y[>n = X[>n and Gg;/j is a homeomorphism of RN x RY onto itself and of IT onto itself, and

Ggg = Ggi. In addition we have rant§ =rant} whenever (y,&) = G% (x,€).

The group G of all superpositions of maps of the form Ggfﬁ, where (a, @), (b, ¥) belong to one and the same set Dy,

is a countable group of homeomorphisms of RY x RN. Consider the equivalence relation G induced by G on IT. Thus
(x,&) G (y,n) iff there exists a homeomorphism g e G such that g(x,&) = (y,n) (and then by definition n =¢).

Now let us study relations between G and H, the group introduced in the proof of Corollary 18. For any § € H define
a homeomorphism Hjs of RN x RN so that Hs(x, &) = (x, ), where simply n =23 A £ in the sense that

E(m, j) whenever (m, j) ¢ 6,
1—&(@m, j) whenever (m, j) € 4.

nm, j) = {

(Then obviously 8§ =d¢y,.) If y,8 € H then the superposition Hs o H, coincides with H, as, where A is the symmetric
&n 14 Y 4

difference, as usual. Transformations of the form Ggg do not commute with those of the form Hg, yet there exists a
convenient and easy to verify law of commutation:

Lemma 20. Suppose that n € N and pairs (a, ¢) and (b, ) belong to Dy, and § € H. Then the superposition G% o Hs coincides

with Hs o ij;f where ¢' = H(¢) and ¥' = H(y).

It follows that the set S of all homeomorphisms s: RN x RN — RN x RN of the form s= Hs o g¢_108¢_20---0&10go,
where ¢ € N, § € H, and each g; is a homeomorphism of RN x RN of the form Gg;f//j: and the pairs {(a;, ¢i), (bi, Vi)
belong to one and the same set D,, n=n; (then g/_108¢-20---0g10gy€G), —is a group under the superposition.
For instance if g = Ggg and g; belong to G (and (a, ¢), (b, ¥) belong to one and the same D;) then the superposition
Hs o goHs, og1 coincides with Hs o Hs, 0 g’ 0 g1 = Hsas, o (&' 0 g1), where g’ = GZZ,/ and ¢’ = Hg] (@), ¥ = Hf{l (¥) as
in Lemma 20.

Thus S is a more complicated group than the direct cartesian product of G and H, but on the other hand more
elementary than the free product (of all formal superpositions of elements of both groups). The action of S on RN x RY is
defined as follows: if s is as above then s-(x,&) = Hs(g¢—1(ge—2(--- g1(go(X,&))--+))). One can easily check that both the
group S and the action are Polish. On the other hand, the induced orbit equivalence relation S is equal to the conjunction
F of G and the equivalence relation Es acting on the 2nd factor of RN x RN, in the sense of Theorem 3 in the Introduction.

Moreover, we have (x,£) E13 (y,n) iff (x,£)S(y,n) for any (x,&),(y,n) € P{.

The final step is the next lemma. Its proof, not really obvious, see in [6].

Lemma 21. G is the union of an increasing sequence of finite subgroups, therefore the induced equivalence relation G is hyperfinite.

O (Theorem 3)

The arguments above reduce further study of Case 1 of Theorem 2 to properties of the group S and its Polish actions.
This is an open topic, and maybe the local finiteness of G (by Lemma 21) can lead to more comprehensive results.

7. Case 2

Then the 211 set R = PoNH, where H=2N S is the chaotic domain, is non-empty. Our goal will be to prove that
E; <g Eq3 | R in this case. The embedding # : RN — R will have the property that any two elements (x,£) and (x,&’) in
the range ran® C R satisfy £E3£’, so that the & -component in the range of ¥ is trivial. And as far as the x-component
is concerned, the embedding will resemble the embedding defined in Case 1 of the proof of the 1st dichotomy theorem in
[10] (see also [8, Ch. 8]).

Recall that sets S’,; were defined in Corollary 10, and by definition

&) eH = VmIn>mVk((x&)¢SK)
=  VmIn>mVkVp e FK (x(n) # @[ -n, §))

in Case 2. Prove a couple of related technical lemmas.

(5)
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Lemma 22. Each set Sﬁ is invariant in the following sense: if (x,&) € S’;, (y,n) € RN x RN, X[>n = Y[>n, and & Eg n then
(y,m) € Sk.

Proof. Otherwise there is a A} function ¢ € Tﬂ,ﬁ‘ such that y(n) = @(¥[>n,n). Then x(n) = @(x[-n, n) as well because
X[>pn=Yl>n. We put

uj =& Anj) = {m: £(Hm) #n(jHm}

for every j <k, these are finite subsets of N. If a € 2~ and u € N then define u-a € 2N so that (u-a)(m) =a(m) for m ¢u,
and (u-a)(m) =a(m) for m¢u.If { €RYN then define f(¢) €RN so that f(7)(j) =u;-¢(j) for j<k,and f(&)(j)=¢())
for j>k.

Finally, put v (z,2) = @(z, f(¢)) for every (z,) e R®" x RN, The map v obviously belongs to T,?,f together with ¢.
Moreover

X(M) = @&l =n, M) =Y (X[ >n, F() = ¥ (X[, §)

because f(n)[-x =& <k, and this contradicts to the choice of (x,&). O

The next simple lemma will allow us to split =} sets in RN x RN,

Lemma23.If P CRY x RN isa X! setand P ¢ SK then there exist points (x, &) and (y,n) in P with
YIsn=Xl>n, nEz&, nla=§&lw but ym) #xMm).

Proof. Otherwise ¥ = {{{y[=n,n), y(n)): (y,n) € P} is a map in 3"‘# and hence P C Sﬁ, contradiction. O
8. Case 2: splitting system

We apply a splitting construction, developed in [5] for the study of “ill"founded Sacks iterations. Below, 2" will typically
denote the set of all dyadic sequences of length n, and 2<¢ =|(_J, 2" = all finite dyadic sequences.

The construction involves a map ¢ : N — N assuming infinitely many values and each its value infinitely many times
(but rang may be a proper subset of N), another map 7 : N — N, and, for each u € 2<%, a non-empty 211 subset
P, € R=HnN Py — which satisfy a quite long list of properties.

First of all, if ¢ is already defined at least on [0,n) and u # v €2" then let vy[u, v] =max{p¥): £ <nAu)#v{)}.
And put vy[u,u]=—1 for any u.

Now we present the list of requirements 1°-8°.

1°:if o(n) ¢ {p¥): € <n} then @(n) > ¢(¢) for each ¢ <n;
2°: if ue2" then Py ﬂ(UkS’;(l)):VJ for each ¢ <n;

3°: every P, is a non-empty 211 subset of RNH;

4°: PyrjC Py forall ue2<® and i=0,1.

Two further conditions are related rather to the sets X; =domP,.

5°:if u, v e2" then Xylsv,pu,v) = Xv[>v,uvi
6°: if u, v e2" then Xul>vpluvi N Xy [ 2vpu,v =90

The content of the next condition is some sort of genericity in the sense of the Gandy-Harrington forcing in the space
RN x RN, that is, the forcing notion

P = all non-empty X subsets of RY x RN

Let us fix a countable transitive model M of a sufficiently large fragment of ZFC.> For technical reasons, we assume that
M is an elementary submodel of the universe w.r.t. all analytic formulas. Then simple relations between sets in P in the
universe, like P=Q or P C Q, are adequately reflected as the same relations between their intersections PN M, Q "M
with the model M. In this sense P is a forcing notion in M.

A set D C P is open dense iff, first, for any P € P there is Q € D, Q C P, and given sets P C Q € R, if Q belongs to
D then so does P. A set D C P is coded in M, iff the set {PNM: P € D} belongs to M. There exists at most countably
many such sets because M is countable. Let us fix an enumeration (not in M) {D,: n € N} of all open dense sets D C P
coded in M.

5 For instance remove the Power Set axiom but add the axiom saying that for any set X there exists the set of all countable subsets of X.
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The next condition essentially asserts the IP-genericity of each branch in the splitting construction over M.
7°: for every n, if u € 2™ then P, € D,.

Remark 24. It follows from 7° that for any a € 2N the sequence {P, injnen is generic enough for the intersection (1), Pan #
@ to consist of a single point, say (g(a), y (a)), and for the maps g,y : 2N — RN x RY to be continuous.

Note that g is 1 — 1. Indeed if a # b belong to 2N then a(n) #b(n) for some n, and hence vy[a [m,b [ m] > ¢(n) for
all m > n. It follows by 6° that Xq;m N Xpm =¥ for m > n, therefore g(a) # g(b).

Our final requirement involves the & -parts of sets P, . We'll need the following definition. Suppose that (x, &) and (y, n)
belong to RY x RY, peN, and s e N?, 1hs=m (the length of s). Define (x,&) =}, (y,n) iff
£Esn, X[sp=ylsp, and &k) Anck) Ss(k) forallk <m=1lhs,

where o A B = {j: a(j) #B()} for a, 2N, If P,Q CRY xRN are arbitrary sets then under the same circumstances
P %; Q will mean that

Yix,&) € P3(y,n) € Q ((x,) = (¥ 1)) and vice versa.
Obviously %; is an equivalence relation.
The following is the last condition:

A~ N

8°: there exists a map 7 :N — N, such that P, = lu.v]

XV[>V¢[U,V] as in 50).

P, holds for every n and all u, v €2" (and then X, [ww[u,v] =

9. Case 2: splitting system implies the reducibility

Here we prove that any system of sets P, and X, = domP, and maps ¢, 7 satisfying 1°-8° implies Borel reducibility
of Ey to Eq3 [ R. This completes Case 2. The construction of such a splitting system will follow in the remainder.
Let the maps g and y be defined as in Remark 24. Put

W ={(g@, y@): ae2"}.
Lemma 25. W is a closed set in RN x RN and a function. Moreover if (x, &) and (y, n) belong to W then & E3 7).

Proof. W is closed as a continuous image of 2N. That W is a function follows from the bijectivity of g, see Remark 24.
Finally any two &, n as indikated satisfy &(k) A n(k) S (k) for all k by 8°. O

Put X =domW . Thus W is a continuous map X — RN by the lemma.
Corollary 26. There exists a Borel reduction of Eq | X to E13 [ W.

Proof. As W is a function, we can use the notation W (x) for x€ X =domW . Put f(x) = (x, W(x)). This is a Borel, even
a continuous map X — W. It remains to establish the equivalence

xEi1y <= fME;3f(y) forallx,ye X. (6)

If XxE; y then W(x)EzW (y) by Lemma 25, and hence easily f(x)E13f(y). If xE; y fails then obviously f(x)Ei3f(y) fails,
too. O

Thus to complete Case 2 it now suffices to define a Borel reduction of E; to E; | X. To get such a reduction consider

the set ® =rang, and let ® = {py: m € N} in the increasing order; that the set @ C N is infinite follows from 1°.
onto

Suppose that n € N. Then ¢(n) = py, for some (unique) m: we put ¥ (n) =m. Thus ¥ : N — N and the preimage
¥ ~1(m) =@~ 1(pyy) is an infinite subset of N for any m. Define a parallel system of sets Y, C RN, ue2<?, as follows. Put
Y, =RY. Suppose that Y, has been defined, u € 2". Put p =g¢(n) = Pym) - Let K be the number of all indices £ < n still
satisfying ¢ (£) = p, perhaps K =0. Put Yy r; ={x € Yy: x(p)(K) =i} for i=0,1.

Each of Y, is clearly a basic clopen set in RY, and one easily verifies that conditions 4°-6° are satisfied for the sets
Yy, and the map ¢ (instead of ¢ in 5°, 6°), in particular

6*: if u, ve2" then Y, [>v./,[u,v] =Yy [>v¢,[u,v] )
7% if u, v e2® then Yylsv v N Yyl uv =9;

where vy [u, vl =max{y(£): £ <nAu(l) #v(£)} (compare with v, above).
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It is clear that for any a € 2N the intersection (M Yan = {f(@)} is a singleton, and the map f is continuous and 1-1.
(We can, of course, define f explicitly: f(a)(p)(K)=a(n), where n € N is chosen so that {(n) = p and there is exactly K
numbers £ <n with ¥ (£) = p.) Note finally that {f(a): a 2N} =RN since by definition Y r; UYyng =Y, for all u.

We conclude that the map 9 (x) = g(f~'(x)) is a continuous map (in fact a homeomorphism in this case by compact-

ness) RN 29 x — domW .

Lemma 27. The map ¢ is a reduction of E4 to Eq | X, and hence ¥ witnesses Ey <g E4 [ X and E1 <g E13 [ W by Corollary 26.

Proof. It suffices to check that the map ¢ satisfies the following requirement: for each y, y' € RN and m,
YF>m=Y’f>m iff 19(}’)[21)”1:19()’/)[217,"- (7)

To prove (7) suppose that y = f(a) and x = g(a) = ¥ (y), and similarly y’ = f(a’) and X' = g(@’) = 9 (y’), where a,a’ € 2N.
Suppose that y[>m = y'|>m. We then have m > vy[a | n,a [ n] for any n by 7*. It follows, by the definition of v, that
Pm > Vyla [n,a’ [n] for any n, hence, Xajnl>pn = Xa'tnl>p, for any n by 5°. Therefore X|>p, =X'I>p, by 7°, that is,
the right-hand side of (7). The inverse implication in (7) is proved similarly. O (Lemma)

It follows that we can now focus on the construction of a system satisfying 1°-8°. The construction follows in Sec-
tion 12, after several preliminary lemmas in Sections 10 and 11.

10. Case 2: how to shrink a splitting system

Let us prove some results related to preservation of condition 8° under certain transformations of shrinking type. They
will be applied in the construction of a splitting system satisfying conditions 1°-8° of Section 8.

Lemma 28. Suppose that n € N, s € N<“, and a system of 21 sets § # P, CRN x RN, u €27, satisfies Py =
u, v e 2". Assume also that wo € 2", and # # Q C Py, isa 21 set. Then the system of Z‘]] sets

P{IZ{(X,g)EPu:H(Z,C)GQ((X S) V(p[uWO] (Z {))}s uezns
P, forall u,v €2", and P(,VO =Q.

P, forall

v [u,v]

still satisfies P, “’f} (1]

Proof. P(A,O = Q holds because vy[wo, wo] = —1. Let us verify 8°. Suppose that u, v € 2". Each one of the three numbers
Vplu, w], vp[v, w], vy[u, v] is obviously not bigger than the largest of the two other numbers. This observation leads us to
the following three cases.

Case a: vylu, wol = vylu, v] > vylv, W()] Consider any (x,&) € P,. Then by definition there exists (z,¢) € Q
with xs Ziq)[u wo] (Z:¢). Then, as Py, = _v v.wo] Pv is assumed by the lemma, there is (y,n) € P, such that
(y,n) = vq;[v wo] (2, ¢). Note that (z,¢) witnesses (y,n) € P},. On the other hand, (x, &)= Uw[u v (v, m because vy[u, wol =
Volu,v] > vw[v wo]. Conversely, suppose that (y,n) € P,. Then there is (z, {) € Q such that (y,n) = vw[v wol (z,¢).
Yet PWO _v [u,wo]
(x,&) = u(p[u v] (y,m).

P,, and hence there exists (x,§) € P, with (x,§) = U [w.we] (Z:¢). Once again we conclude that

Case b: vy[v, w] =vy[u, v] > vy[u, w]. Absolutely similar to Case a.

Case c: vgy[u, wol = vy[v, wol > vy[u, v]. This is a symmetric case, thus it is enough to carry out only the direction
P, — P/,. Consider any (x,&) € P;. As above there is (z,{) € Q such that (x,&) = Uw[u wo] (2:¢). On the other hand, as
Py = _V [w.v] Py, there exists a point (y n) € Py such that (y,n) = V [w.v] (x,&). Note that (z,¢) witnesses (y,n) € P, :
mdeed by definition we have (y,n)= v(p[v wo) (Z:¢). O

Corollary 29. Assume that n € N, s e N<®  and a system of El sets £ Py C RN x RN, u € 2", satisfies Py = v [u v Pv for all
u,v e2". Assume also that § # W C 2", and a 211 set # # Qw C Py, is defined for every w € W so that still Q,, = _UW[W,W,] Quw
forall w, w € W. Then the system of 211 sets

P, ={(x.€) € Pu: YW e W 3(y, 1) € Qu (% £) = ) (vo )}

still satisfies Pj =3 P}, forall u,ve2", and P, = Q, forall we W.

vplu,v]

Proof. Apply the transformation of Lemma 28 consecutively for all wo € W and the corresponding sets Q. Note that

these transformations do not change the sets Q,, with w € W because Q. Ef}w[w.w,] Q. forall w,w'ewW. O
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Remark 30. The sets P, in Corollary 29 can as well be defined by
Py ={(x.8) € Pu: 3(y. 1) € Qu, (X&) =y, (V. M)]}

where, for each u € 2", wy is an element of W such that the number vy[u, wy] is the least of all numbers of the form
vplu, w], we W. (If there exist several w € W with the minimal v,[u, w] then take the least of them.)

11. Case 2: how to split a splitting system

Here we consider a different question related to the construction of systems satisfying conditions 1°-8° of Section 8.
Given a system of 211 sets satisfying a 8°-like condition, how to shrink the sets so that 8° is preserved and in addition 6°
holds. Let us begin with a basic technical question: given a pair of 211 sets P, Q satisfying P E; Q for some p,s, how

to define a pair of smaller 211 sets P C P, Q' C Q, still satisfying the same condition, but as disjoint as it is compatible

with this condition.
Recall that dom P = {x: 3¢ ((x,&) € P)} for P C RN x RN,

Lemma 31.If P,Q CR" x R" are non-empty = sets, pe N, se N=?, P=} Q,and (PUQ)N S’f, =}, where k = 1hs, then
there exist non-empty 211 sets P'C P, Q' € Q such thatstill P’ =} Q' but in addition (dom P')[>p N (dom Q)sp=9.

Note that P = Q implies (domP)[., = (domQ)[~p.

Proof. It follows from Lemma 23 that there exist points (xg,&p) and (xq,&;) in P such that (xg,&p) E; (x1,&1) but
x1(p) # xo(p). Then there exists a number j such that, say, x1(p)(j) =1 # 0 = xo(p)(j). On the other hand, there

~

exists (yo,mo) € Q such that (x;, &) =} (yo,n0) for i =0,1. Then yo(p)(j) # xi(p)(j) for one of i =0,1. Let say
Yo(p)(j) =07 1==xo(p)(j). Then the X sets

P'={(x,&) e P: I(y,n) € Q (x(»)() =1 Ay(DIG) =0A (x,&) =, (v, m)};

Q' ={{y,meQ:Ax8 eP (x(P)H=1AYP)H)=0A (X&) =} (y.m)}

are 21] and non-empty (contain resp. (xo,£o) and (yo, 1o) ), and they satisfy P’ =} Q', but (domP')[>p N (dom QN Ixp=0
because y(p)(j) =0#1=x(p)(j) whenever (x,&) e P’ and (y,n)€Q’. O

Corollary 32. Assume that n € N, s € N<?, and a system of 211 sets § # Py, € RN x RN, u € 2", satisfies P, ;f;q)[u,v] Py
for all u,v € 2™, Then there exists a system of 211 sets ¥ # P, C Py, u € 2", such that still P, z;w[u’v] Py, and in addition

(dom P)[ v, u,vy N (Aom PY) [ >y, v =9, forall u v e2".

Proof. Consider any pair of ug # vg in 2". Apply Lemma 31 for the sets P =Py, and Q =Py, and p = v,[ug, vo]. Let

P’ and Q' be the 211 sets obtained, in particular P’ ;iq)[uO,vO] Q’ and (dom P/)bvq)[uO.vO] N (dom Q/)bv(p[uo,m] =@. Then
by Corollary 29 there is a system of 211 sets ¥ # P, € P, such that still P} ’Efjw[uqv] P, for all u,v e€2", and Py, =P/,

P,, =Q’ — and hence

(dom PI/JO) [2Uw[uoyvo] N (dom P(/O) F>V‘/’[u0’v‘)] =0

Take any other pair of uq # vy in 2" and transform the system of sets P; the same way. Iterate this construction sufficient
(finite) number of steps. O

12. Case 2: the construction of a splitting system

We continue the proof of Theorem 2 — Case 2. Recall that R=PyNH is a Z‘l] set. By Lemma 27, it suffices to define
functions ¢ and 7 and a system of 211 sets P, C R together satisfying conditions 1°-8°. The construction of such a
system will go on by induction on n. That is, at any step n the sets P, with u € 2", as well as the values of ¢(k) and
7 (k) with k <n, will be defined.

For n=0, we put P4, =R. (A €20 is the only sequence of length 0.)

Suppose that sets P, C R with u €2", and also all values ¢(¢), ¢ <n, and m(k), k <n, have been defined and satisfy
the applicable part of 1°-8°. The content of the inductive step n+ n-+1 will consist in definition of ¢(n), 7 (n), and sets
Pyr; with u?i e 2™, that is, u € 2" (a dyadic sequence of length n) and i =0, 1. This goes on in four Steps A, B, C, D.
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12.1. Step A: definition of ¢(n)

Suppose that, in the order of increase,
{p@: ¢ <n}={po<- < pm}
For j<m, let K; be the number of all £ <n with ¢(¢) =

Case A: Kj >m for all j<m. Then consider any ug € 2" and an arbitrary point (xo, &) € Py,. Note that by (5) of
Section 7 there is a number p > max¢<; @ (¢) such that (xo, &) ¢ (U, S’f,. Put ¢(n) =

We claim that the sets P;, = Py~ |y sk o) still satisfy condition 8° (and then 5° for X =domP;, ) Indeed suppose that
u,ve2" and (x,&) € Pj,. Then (x,&) € P, and hence there is a point (y,n) € P, such that (x,&)= vw[u vyt remains
to show that (y,n) ¢ Uk om)* Suppose towards the contrary that (y,n) € S(p(n)
by Lemma 22, contradiction.

for some k. By definition ¢(n) > vylu, v],

therefore x[>pm) = Y[ >pm) - It follows that (x,&) S<ﬂ<n>

Case B: If some numbers K; are <m then choose ¢(n) among p; with the least K;, and among them take the least
one. Thus ¢(n) = ¢(¢) for some ¢ <n. It follows that in this case P, N (|, Sf;(n)) =@ for all u €2" by the inductive
assumption of 2°. Put P, = P,.

Note that this manner of choice of ¢(n) implies 1°, 2° and also implies that ¢ takes infinitely many values and takes
each its value infinitely many times. In addition, the construction given above proves:

Lemma 33. There exists a system of 211 sets ) # P, C Py satisfying 8° and P, N (| sk om) = @ forall ue2".

12.2. Step B: definition of m (n)

We work with the sets P; such as in Lemma 33. The next goal is to prove the following result:

Lemma 34. There exist a number r € N and a system of X| sets ¢  P|| C P}, satisfying P} ”f,”{,’])v]r P! forall u,ve2".

Proof. Let 2" = {u;: j < K} be an arbitrary enumeration of all dyadic sequences of length n; K=2", of course. The
method of proof will be to define, for any k < K, a number r, € N and a system of Z‘ sets ¥ # Q" - P/ , j <k, by
induction on k so that

(%) Qk “f;[[;? ur"] ’lfj for all i < j <k.(Where (;r [n)"r is the extension of the finite sequence 7 [n by r as the new

rightmost term.)

After this is done, r =rk and the sets P/ = QX prove the lemma.
We begin with k=2. Then P, = m P,, by 8°, and hence there exist points (xo,&o) € Py, (x1,£1) € P, such

Voluo,u1]

that (xg, &) = (x1,&1). Then &y Ez &1, so that there is a number r € N with &(n) A &(n) Cry. Note that for any

v(piuo up]

p eN and any points (x, &), (y,n) e RN x RN, (x,&) =

(I r

= oluo.u1] (y,n) is equivalent to the conjunction

(x,8) = WMM<%mAﬂmAmmgn
It follows that the sets

So={0x&) € Ply: Ay, m e Py, (e &) =TI (y,m)} and

={ty.m e Pl 3% &) € Py (&) =TI (y,m)}
~ (T I~ r
T Vpluo,u1]

lary 29 there exists a system of 21 sets ) # Qﬁ C P, ue?2", such that ng = So, Qu1 = S1, 8° still holds, and in

2 ~ (T’
addition Qi = luo.u1] Qu1 Put rpy =r.

Now let us carry out the step k+> k + 1. Suppose that r, and sets Ql’jj, j <k, satisfy (x). Of all numbers vy [uj, ug],
Jj <k, consider the least one. Let this be, say, vy[uy, ur], so that £ <k and vy[ue, ur] < vyluj,u] for all j <k. As above

are 211 and non-empty (contain resp. (Xo, &) and (x1, &1)), and they obviously satisfy Sy = S1. Therefore by Corol-

there exists a number r and a pair of non-empty X[ sets S, C Q—lljg and S, C Ql’j such that S, ”f}"[ﬁ'}l) urk] Sk. We can
assume that r >ry. Put

Qi ={(y.m € Suy A, e Se (&) =TI (v, m))
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for all j < k. The proof of Lemma 28 shows that QL’,J, are non-empty 211 sets still satisfying (%) in the form of

Q) N\(j;[[:,) r] Qy, for i < j <k — since r >r, and obviously Q;, = S. In addition, put Q;, = S. Then still Q; NS;[L'Z[) urk]
Quk by the choice of S, and S;. We claim that also
~(7 I r
Ql’,j = ol Quk forall j <k. (8)

A A
Indeed we have Q;, zgmquﬁ] v, and Q) NS;[L) uy Qu, by the above. It follows that Q; (I 1, » Where p =
max{vyluj, ugl, vplue, url}. Thus it remains to show that p < vpluj, ug]. That vy [ug, ue] < v¢[u],uk] holds by the choice

of £. Prove that vy[uj, u¢] < vyluj, u,]. Indeed in any case

veluj, ue] <max{vg[uj, ugl, vplue, ugl}.
But once again v [ug, ug] < vpluj, til, 0 Vyluj, ug] < vpluj, u] as required.
Thus (8) is established. It follows that Q! =% r] Q;, for all i < j <k.We end the inductive step of the lemma by

uj _vq,[u, u
putting 1y 1 =r. 0O (Lemma)

12.3. Step C: splitting to the next level

We work with the number r and sets Pj, such as in Lemma 34. Put 7 (n) =r. (Recall that ¢(n) was defined at Step A.)
The next step is to split each one of the sets P in order to define sets Pyr;, u’ie 2"+1 of the next splitting level.

To begin with, put Qu+; =P for all u€ 2" and i=0,1. It is easy to verify that the system of sets Qur;, u™i e ontl
satisfies conditions 1°-8° for the level n+1, except for 7° and 6°. In particular, 2° was fixed at Step A, and 8° in the form

that Qun; Efw'[(ﬁi,l‘)m“ Qy~j forall u”i and v”j in 2"*! (and then 5° as well) at Step B — because (7 [n)"r=m [ (n+1).

Recall that by definition all sets involved have no common point with [J, S’;W) by 2°. Therefore Corollary 32 is appli-

cable. We conclude that there exists a system of non-empty 211 sets Wynj € Quri, ui € 2™ still satisfying 8°, and also
satisfying 6°.

12.4. Step D: genericity

We have to further shrink the sets Wy»;, ui € 2"*1, obtained at Step C, in order to satisfy 7°, the last condition not
yet fulfilled in the course of the construction. The goal is to define a new system of 211 sets @ Pynj © Wyn;, utie 2™,
such that still 8° holds, and in addition P,~; € D, for all u”i € 2"*1, where D, is the n-th open dense subset of P coded
in M.

Take any ug”ig € 2"*1. As D, is a dense subset of P, there exists a set Wq € Dy, therefore, a non-empty 211 set, such
that Wo € Wy, . It follows from Lemma 28 that there exists a system of non-empty 211 sets W/, S Wyni, ulie 2+l
still satisfying 8°, and such that WUO/\IO Qo.

Now take any other uq”ij # ug”ip in 2"*1. The same construction yields a system of non-empty 21 sets W, S W/,
u™i e 21 still satisfying 8°, and such that W{[ Ay = =W;C Wu Ay is a set in Dy.

Iterating this construction 2"*! times, we obtain a system of sets P,; satisfying 7° as well as all other conditions in
the list 1°-8°, as required.

O (Construction and Case 2 of Theorem 2)

O (Theorems2and 1)
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