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Abstract

We prove that every ordinal & < wy is the order type of a certain system of Borel curves
(uniform planar sets) in the sense of a natural vertical ordering relation between planar
curves. This result gives a positive answer to a problem posed by Luzin in 1935.
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1. Introduction

In the first half of the 1930s, a number of profound and interesting results were
obtained in descriptive set theory — then a rather new branch of mathematics. The book [1]
by Nicolas Luzin, a leader of this research area at that time, was devoted to the presentation
and thoroughful analysis of these results. A significant part of the book presented some
results obtained by Petr Novikov, then a young mathematician and a student of Luzin. In
addition to those of Novikov’s results, which, at the time of writing [1], had already been or
would soon be published in such works as [2-5], Luzin surveyed those studies carried out
in the doctoral thesis of Novikov, which have never been published by Novikov himself,
and are known only from their presentation and analysis in [1].

In particular, §32 and sections I-IV of §33 of [1] analyzed well-ordered families of
planar curves, i.e., uniform planar sets, that Novikov proposed for “geometric” representa-
tion of ordinals & < w; (transfinite numbers of the third class, in the notation of that time).
Investigating order types of such families, Luzin proved that these types are strictly smaller
than the orginal w,. Luzin asked (ibid., sec. III) whether conversely, every ordinal y < w»
is equal to the length (= the order type) of some well-ordered sequence of planar curves.

Our main result, Theorem 1 in § 2, gives a positive answer to this question. In addition,
the curves we define for the proof of the theorem will be Borel sets having effectively
defined Godel-constructible Borel codes.

2. Preliminaries and the main theorem

Given a planar set P C R x R, its projection is the linear set
projP = {x:3yP(x,y)} CR,
and if x € R then we consider the (vertical) section

Ply={x:3y({(x,y) €P)} CR,
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so that proj P = {x : P|, # @}. A planar set P is uniform, or simply a curve, if each its
sections P[, contains at most one element. This unique element will be denoted P(x).
Thus, P[, = {P(x)}, and P is basically (the graph of) a function P : proj P — R.

If P,Q C R x R are curves then define P <1 Q (P is lower than Q) iff
(1) @ #projP C projQ or @ # projQ C proj P, and
(2) P(x) < Q(x) forall x € proj PN proj Q.

Here the relation P <t Q does not say which one of the two options in (1) holds.

The relation < is not transitive, as simple examples show. Yet we will consider families
of planar curves that are well-ordered by < — we will call them chains, — as well as their
lengths, i.e. order types. Writing (Py)q<y, we'll mean that this is a well-ordered chain of
planar curves of length 1 € Ord, so that P, < P holds for each pair a < < .

Proposition 1 (Novikov, Luzin [1], § 33-II - see § 3 below). The length y of any well-ordered
chain (Py)y<y of curves Py is strictly less than the ordinal w.

This result led Luzin [1], § 33-11II to the following reverse problem:

Problem 1. For any ordinal yu < wy, find out, whether there exists a well-ordered chain of curves
of length exactly .

Item (A) of the following theorem provides a positive solution to this problem. More-
over, this solution is found in the domain of Borel curves P, and precisely those satisfying
P C R x Q, i.e. only with rational ordinates. Items (B), (C), (D) provide additional material
concerning the encoding of these Borel curves and efficiency of this encoding. In particular,
claim (C) concerns the case when p < (), where () is the first L-cardinal above the true w1,
ie if w = wl; then () = w,]; +1- We recall that L is the class of all constructible sets. For the
Godel constructibility and related concepts, see, for example, [6], [7, §2], or [8, ch. 8].

Theorem 1 (the main theorem). Suppose that u < wy. Then:

(A) there exists a chain well-ordered by <1, of length u, of Borel curves P, CR x Q (a < p),
such that in addition:

(B) all these sets P, have constructible Borel codes (see §6 on Borel codes);

(C) if u < O then the Borel codes for P, as above can be chosen to form a constructible sequence,

(D) if u > 0 then no constructible sequence of pairwise different Borel codes of length y exists.

It follows from (C), (D) that the ordinal ) divides the domain of effectivity (understood
as the existence of a constructible sequence of Borel codes for the curves in a given <I-chain)
and the domain of non-effectivity. The existence of such a critical ordinal was discussed by
Novikov; see Luzin [1, § 33.X]. We may observe however that both relations ) < w; and
() = wy are compatible with the axioms of the Zermelo-Fraenkel theory ZFC.

About the organization of the article. The proof of Proposition 1 is given in §3.
Theorem 1 in part (A) is established in §4 for the case of = wj, and in § 5 in the general
case. The Borel encoding is introduced in § 6. We prove Theorem 1 in parts (B), (C), (D) in
§7. We finish with some concluding remarks and a problem in § 8.

3. Restriction of the length of increasing chains

For the convenience of the reader, we present here a fairly short, though by no means
obvious proof of Proposition 1 given by Luzin in [1], § 33-II. Note that Proposition 1 is not
used in the proof of Theorem 1.
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Thus let (P,Q,KM be a well-ordered chain of curves (uniform sets) P, C R x R, i.e.
Py < Pg whenever a < < . We have to prove that y < wj.

Let P = Uy<y Pu- Each section Pl = {y : (x,y) € P} C R is well-ordered, and its
order type yy < wj, since there are no strictly increasing wj-sequences of reals. Thus
Pl = {yxg : ¢ < pix}, where the numbering of the reals y € PJ, is given in the ascending
real number ordering. Let Qr = {(x, yxg): ¢ < py} forall § < wy, so that

(3) thesets Qg are curves, Qs <1 Qy, proj Qy, C proj Qs for § <7 < wq, and in addition
P = Uoc<;4 Py = Ug<w, Qe
We claim that

(4) If § < wy thentheset Ar = {a < p: Qz NPy # T} is countable.

Suppose otherwise. Let ¢o < w; be the least ordinal such that Ag, is uncountable, so
all Ag, ¢ < {p, are countable. Thus by removing a countable number of indices from Ag/,
we get an uncountable set A C Az such that
(6) if{ <gothen Qs NPy =g foralla € A.

We assert that
(6) if a < B belongto A then proj P, C proj Ps.

Indeed, as B € A, there is a pair (x,y) € Qg, N Pg, and then x € proj Pg. Let’s prove
that x ¢ proj P. Indeed otherwise (x,y’) € P, holds for some real y'. In this case, ¥’ <y
is impossible, because then it would be (x,y’) € Q¢ for some ¢ < ¢o according to (3),
which contradicts (5). The equality y' = y is impossible as well, since Pg N P, = @ for
a # B. Finally, y <y is impossible, since it contradicts the fact that P, <1 Pg for & < B. So,
in fact, x ¢ proj P,. This implies proj Py Z proj P, which means that proj Py C proj Pg
according to (1), so that (6) is verified.

Continuing the proof of (4), we take the least ordinal oy € A and any x € proj Ay, .
According to (6), x € proj A, holds for all &« € A. This means that there is a family of
reals y,, « € A, for which (x,y,) € Py, and at the same time y, < yp for a < B, since
a < B implies Py <1 Pg. So, we have an uncountable strictly increasing sequence of reals
Ya, & € A,in R, which is impossible. This contradiction completes the proof of (4).

However, it follows from (4) that this chain <P,X>,X<y contains no more than N; sets,
which means p < w. This ends the proof of Proposition 1.

4. The main theorem for the first uncountable ordinal

Here we present the proof of Theorem 1, only in part (A), for the case y = w;. This
result will be an important step for the general case.

As we consider mainly Borel sets B C R x Q, the decomposition of such sets will be
used, onto horizontal sections, i.e., also obviously Borel sets:

B], = {x: (x,7) € B} CR, where r € Q, s0 B = Uyeq ([B]: x {r}). @)
We begin with a standard lemma. As usual, Q = rational numbers.

Lemma 1. There is such a Borel set G C R x Q that for every Z C Q there exists a real x € R
satisfying Z = Gl,:={q € Q : (x,q) € G}.

Proof. We fix a recursive enumeration of rational numbers, Q = {r, : n < w}. For x € R,
let Ay C w be the set of all n such that the decomposition of the fractional part of x into a
binary fraction has 0 at position 2n + 1. The set G = {(x,r,) : n € Ay} is as required. [

We fix such a set G for further consideration.
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We may notice that G is a form of the Lebesgue binary sieve [9], for which see e.g. [1],
§17. Define, for each ordinal ¢ < w1,

D = {x €R:thesection G[, has a well-ordered
initial segment of length > ¢}; 8)
Us = {(x,r) € D¢ x Q:ris the {th largest real in C[, };

and finally 2 = {D¢: ¢ < w1 }.
The next lemma implies Theorem 1, claim (A), in case y = ws:

Lemma 2. Sets Uz C R x Q, ¢ < wy, are curves; they form a <i-increasing chain (Uz)e<y, of
lengths wy ; also Dg = proj U, and Dy C D¢ for ¢ <77.
All sets Uz and Dg are nonempty and Borel.

Proof. Only the Borelness needs to be proved, the rest is obvious. We prove that Uy is Borel
by induction on ¢. Assume for simplicity that the variables p, g, denote only rational
numbers. For ¢ = 0:

x €[], <= x€[G;AVq<r(x¢][G]y), )

which implies the Borelness of all sections [Up], and Uy itself as well, since the set G is
Borel by Lemma 1, and the quantifier V q on the right-hand side is limited to the countable

set Q.
Now assume that { > 0, and all sets Uy, 7 < ¢ are Borel. Then

xe gy, <= x€[G, AVy<gIg<r(xe[lyyA } 10)
ANYp(d <p<qg= x¢&][G]p))

in case ¢ =1+ 1, while if ¢ is a limit ordinal then

xe[lg, <= xe[G, AVyp<ZIg<r(xe[Uy))A a1
AVq<rdn<i(xelGly = xe[Uyly).
In both cases Uy is Borel since such are both G and all sets Uy, 7 <¢.
Finally, each set Dz = proj U is Borel because
x€ Dy <= 3IreQ(xe[Ug), (12)

which completes the proof of Lemma 2. [

5. Proof of the main theorem, part (A), in the general case

We begin with an important special case of transitivity of the relation <.

Lemma 3. Assume that P<1 U< Q are curves. Then the conjunction of (13) below and (1) above
in §2 suffices for P <1 Q to hold:

(13) proj P C proj U and/or proj Q C proj U.

Proof. To prove (2) take any x € proj P N proj Q by (1). Then x € proj U by (13), and we
are done. [

Say that a chain of planar curves P, has the property of 2 -projections if proj P, € 2 for
all &. The chain (Ug)z<, obviously has this property.
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Lemma 4. Let y < wy. There is a <-increasing chain of Borel curves P C R x Q, of length u,
with the property of 9 -projections.

Proof. According to lemma 2, the chain <U§>g<w1 handles the case ¢ < w;. Next, we

argue by induction.
Beginning of the inductive step. Fix an ordinal y; w; < u < ws.

(14) Fix an enumeration y = {vg : & < wy} of all smaller ordinals v < p. (We will return
to the analysis of this action below.)

For each ordinal v¢, by the inductive hypothesis, there is

(15) a <-increasing chain <F§ >,X<V§, of length v¢, of Borel curves FE C R x Q, with the
property of Z-projections.

Next, we're going to insert each chain (Fg )a<v; between the curves Uz and Uziq by a

vertical shift. To this end, we first define

Qf = F{ 1 Dga :—PEﬂ(Dng@)ng@,} 16)

or equivalently, [QE], = [FE], NDgp1, V7,

forall « < vg. As Dgyq € 2, and the chain <1—",,"jr )a<v, has the property of 2-projections, all
reduced sets Qg are nonempty and form <l-ascending chain (Q§>Q<V§ of the same length
vz and with the property of 2 projections, and proj Q5 Dgyq1 € Dg, Va.

All sets Qg are Borel, since such are all Ff and D¢ (by Lemma 2).

Let { < wy and x € Dg4q. By Lemma 2, there are unique pairs (x, u§> € Uz and
(x, u’éH) € Ug4q, moreover, u’é < u¥

¢+
For any pair 1 < v of rational numbers, define an order-preserving bijection H|u,v] :

, are rational.

(u,v) M R of an open interval (u,v) onto R as follows:

% incase c<y<uv;

Hlu,v|(y) = where ¢ = 47 (17)
y—c : < c- 2
y incase u<y<c;

Clearly H|[u,v] preserves the rationality, so that r € Q <= H[u,v](r) € Q.
Let again ¢ < wy. If & < g, then the curve Qg C R x Q satisfies proj Qg C D¢y by
the above. Define the vertical shift

S& = {(x,7) € Dgyq x Quf <7 <uy Alx, Hlub,ul 1](r)) € Q5} (18)

of Qg into the area between Uz and Uz, 1. As the abscissas do not change, and the
ordinates maintain the order and rationality, we conclude that the sets Sg C Dgp1 x Q,
a < vg, are uniform, hence curves, and form a <-increasing chain ( S£>a<v§ of length vz
and with the property of Z-projections. In addition, we have

proj s§ = proj Qg C Dgp1 € Dg and Uz < 52 < Ug4t (19)

for all & < vz by construction.

Prove that these new sets S§ are Borel. Indeed it holds by construction that

(S8 = U [Uelu N (U 1]o 0 [Qfle- (20)
u,v,weQAu<vAw=H/[u,v](r)
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forall r € Q. Yet the sets Uz, Uz 1, Qg C R x Q are Borel, therefore their horizontal
sections [Ug]y, [Uzt1]o, [Qg]w are Borel as well. Therefore, according to (20), the sections

[Si], are Borel, too. This implies that the sets Sg themselves are Borel by (7), as required.
Let’s now analyze the whole family

Su={Uz: & <w}U{SS:¢<wiAa<us) (1)

of curves in R x @, considered for the inductive step p. Prove that
(22) Sy isa <-chain of length p/ = Yz, (1 +v¢) > p.
Fact 1. We already know that both (Ug)z<(,, and <S§),X<V§ for any § < wj, are

<-increasinging chains of curves of corresponding lengths, and with the property of Z-
projections, and in addition (19) holds.

Fact 2. If P,Q € S, then the projections proj P and proj Q belong to ¥, hence
proj P C proj Q or proj Q C proj P by (1) of the definition of <.

Fact 3.1t ¢ <1 < wq and a < v then si < Ug41 < Uy by Fact 1, proj Uy C proj Uz 1
by Lemma 2, thus S5 < U, by Lemma 3 and Fact 2.

Fact4.1f { <n < wy and B < vy then Uz < Uy < Sg by Fact 1, and proj SZ C proj U,
by (19), so that si < Uy, by Lemma 3 and Fact 2.

Fact5.1f { <n <w; and a <1g, B < vy, then s§ < SZ. Here S§ < u, < SZ by Fact
3, and proj Sg C proj Uy by (19), whence 55 < SZ holds again by Lemma 3 and Fact 2.

As a consequence of Facts 1-5, we get (22) for the family (21), i.e.

Sy={P:a<y'} (23)

in the ascending order of <. However, u’ > yu is obvious, so that a chain of length exactly
p is obtained by simply cutting the “tail” S, in (23) from u to y’. This completes the
inductive step and the proof of Lemma 4. O

Finally, Lemma 4 obviously implies Theorem 1, in part (A). [

6. Encoding Borel sets

Here we review those basic concepts related to Borel codes which appeared in the
formulations and will be used in the proofs of the statements (B), (C), (D) of Theorem 1
below. Let w;“ be the set of all tuples (finite sequences) of countable ordinals. Further:
— s C t means that the tuple f is a proper extension of the tuple s,

— () is the empty tuple, (ay,...,a,) is the tuple with terms a4, ..., a,,

— s"a is a tuple obtained by adjoining the rightmost term « to the tuple s,

— asetTCwy¥isatree,ifsCteT=seT,

—  Max(T) is the set of all endpoints of a given tree T,

— atree T is well-founded, if it has no infinite branches, i.e. there is no function b : w — wy

such that b[n € T forall n.

Finally, let a Borel code (for the space R), be any pair (T,d), where @ # T C w;¥ isa
finite or countable well-founded tree, and d C T x Q x Q. In this case, the well-foundedness
of the tree T allows to uniquely define the Borel set [T, d,s] C R for each s € T so that:
@ [T, d,5] = R\ U pgpea(p,q), incase s € Max(T), where (p,q) = {x:p <x <gq};
) [T,d,s] = R\ UsperlT, d,57a],in case s € T\ Max(T);

() finally [T,d] = [T, d, ()].
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Thus the scheme (I)—(II)—(I1I) defines the set [T,d] C R from rational intervals, iterating
the operation of the complement to the countable union, i.e. a Borel set. Conversely every
Borel set X C R admits a Borel code (T, d) (with a countable tree T!) for which X = [T, d].

We observe that this definition corresponds to the topology of the real line R. For
encoding Borel sets, e.g., of the Baire space I = w® we should take sets d C T x w<“, and
also change (1) to the form [T, d,s] = I\ U yeq lo, where Io = {a € 1: 0 C a}.

As for the planar Borel sets, there is no need to consider the coding in full generality
here, as in fact only planar sets U C R x QQ occur in the proof of Lemma 4 and Theorem 1.
Let a Borel multicode be any indexed system of Borel codes ¢ = (T}, d;),cq . Then we define

[c] = UreQ[Trrdr] x{r} CRxQ,

so that [c] = U in case [U], = [Ty, d,] forall r € Q.

With this definition, Borel codes and multicodes are hereditarily countable sets, which is
quite essential in some definability issues. If we allowed rational intervals per se instead
of pairs of their endpoints in the conditions for 4 (which would seem to be a simpler and
more natural solution), then this hereditary countability would disappear, of course.

7. Getting codes to complete the proof of the main theorem

The goal of this section is the proof of statements (B), (C), (D) of Theorem 1 for the
Borel sets (21)/(23) constructed above in § 5 for the proof of Theorem 1 in part (A). The next
intermediate result gives Borel codes for curves Uz and sets D¢ as in (8); the codes will
belong to the class L of Gddel-constructible sets.

Lemma 5. (i)  There exist Borel multicodes cz = <T§, d§>r€@ € L for all curves Uz, and Borel
codes (Té, d'g> € L for all sets D¢, & < wy, such that:

(if) the w1 -sequences of these codes are constructible as well.

Proof. We begin by defining a constructible multicode for the initial set G given by the
proof of Lemma 1. Equations (9)—(11) make it possible to effectively define, by transfinite
induction, Borel multicodes cz = <T§,d§>re(@ for sets Uz, i.e. Uz = [c¢], and then, using
(12), Borel codes <Té, dé) for sets Dz = proj Uz as well. We leave this as a simple exercise.
Inductive construction of all these codes is absolute for the class L of all constructible sets,
i.e. gives the same result in L and in the universe of all sets. [

Lemma 5 together with lemma 2 above give a complete proof of Theorem 1 for y = w1 .
The proof for the general case 1 < w, is based on the next lemma, similar to Lemma 5(i),
but relevant to sequences of Borel sets from the proof of Lemma 4.

Lemma 6. Let wy < u < wy. In the context of the notation and assumptions of the inductive step
in the proof of Lemma 4, suppose that

(x)  there exist Borel multicodes qog € L for the sets Fg as in (15).
Then there exist Borel multicodes 71, € L for the resulting sets Py in (23) in the proof of Lemma 4.

Proof. First, we define intermediate multicodes ?g € L for sets Qg , from the codes given
by (), using relations (16) in § 5. Then define multicodes 0'5 € L for sets 55 using relations
(20) in the same place. which, Along with the multicodes for the sets U, provided by
Lemma 5, this allows to define the required multicodes 7r, € L for sets P, after the re-
enumeration in the course of the transition from (21) to (23). Once again, the constructibility

of all these multicodes follows from the obvious absoluteness. [

This completes the proof of Theorem 1, part (B).
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Now prove parts (C), (D) of the theorem. Note that the constructions given in §§4
and 5 contain only one ineffective action of arbitrary choice, namely, the choice of a specific
enumeration y = {vg : { < wq} of all ordinals v < y in the agreement (14) in the proof of
Lemma 4. This does not allow to strengthen Lemma 6 by requiring the constructibility of
the resulting y-sequence of codes for sets (21)/(23) in the proof of Lemma 4.

Fortunately, this does not affect the constructibility of the codes for sets (21)/(23),
since, as long as § < w; is fixed, the formulas (18) and (20) depend only on the value v
for this ¢, and do not depend on the entire sequence (vg)g<(, -

As for the case when y < (), considered in statement (C) of Theorem 1, the inequality
# < 0 allows makes it possible to select a specific enumeration y = {vg : & < wy}, namely,
the smallest one of all such enumerations, in the sense of the canonical well-ordering <y, of
the constructible universe L. And then the construction of a sequence of sets (21)/(23), and
the according codes 7, in the proof of Lemma 6 becomes fully effective and absolute for L.

This completes the proof of Theorem 1 in its part (C).

We finish this section with the proof of Theorem 1 in its part (D).

Consider the set BMC of all Borel multicodes as defined in § 6. Suppose that w; = wl;,'
then by definition ) = wl; +1- On the other hand, the set BMC N L of all constructible
multicodes (this is different from (BMC)"!) has cardinality X" in L since GCH holds in L.

Thus no constructible ()-sequence of pairwise different Borel multicodes in BMC N L exist.

This completes the proof of Theorem 1 in its last part (D). O

8. Discussion and conclusions

Our Theorem 1 closes the long-known classical problem of Petr Novikov and Luzin
on the lengths of transfinite sequences of planar curves, and in the strongest form of Borel
curves situated in the “plane” R x Q (i.e. with rational ordinates), and with constructive
Borel codes. We expect that the results obtained will find applications in modern research
in descriptive set theory.

We also expect that our methods of effective transfinite constructions will make a
definite contribution to the modern theory of generalized computability on uncountable
structures and the theory of information transmission between structures on ordinals and
Borel structures associated with the real line, as in recent works [10-13].

We finish with a problem. Coming back to (C), (D) of Theorem 1, the ordinal
can be seen as a separator between the lengths of effectively existing and effectively non-
existing <I-chains of uniform Borel sets, with the effectivity being understood in terms
of the existence of a related constructible sequence of Borel codes. But there are other
measures of effectivity, like e. g. the ordinal-definability. The following problem arises:

Problem 2. Find a model in which () < wy, and there is no ordinal-definable (or even real-
ordinal-definable) chains of Borel uniform sets of length > ().

We also hope that this research can be useful in creating algorithms or computational
algorithmic models that represent the evolution of cell types and are related to the storage
and processing of genomic information.
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