arXiv:1008.3471v1 [math.LO] 20 Aug 2010

On automorphisms behind the Gitik — Koepke model for
violation of the Singular Cardinals Hypothesis w/o large
cardinals

Vladimir Kanovei

August 12, 2018

Abstract

It is known that the assumption that “GCH first fails at R,” leads to
large cardinals in ZFC. Gitik and Koepke [2] demonstrated that this is not so
in ZF: namely there is a generic cardinal-preserving extension of L (or any
universe of ZFC + GCH) in which all ZF axioms hold, the axiom of choice
fails, card2™» = N, ;; for all natural n, but there is a surjection from 2%«
onto A\, where A > N, is any previously chosen cardinal in L, for instance,
N, +17. In other words, in such an extension GCH holds in proper sense for all
cardinals N,, but fails at R, in Hartogs’ sense.

The goal of this note is to analyse the system of automorphisms involved in
the Gitik — Koepke construction.

It is known (see [1]) that the consistency of the statement “GCH first fails at N,,”
with ZFC definitely requires a large cardinal. Gitik and Koepke [2] demonstrated
that picture changes in the absense of the axiom of choice, if one agrees to treat the
violation of GCH in Hartogs’ sense. Namely there is a generic cardinal-preserving
extension of L (or any universe of ZFC + GCH) in which all ZF axioms hold, the
axiom of choice fails, card2®* = X,,; for all natural n, but there is a surjection
from 2% onto X\, where A > N,y is any previously chosen cardinal in L, for
instance, N ,117. Thus in such an extension GCH holds in proper sense for all
cardinals N,, but fails at X, in Hartogs’ sense.

For the sake of convenience we formulate the main result as follows.

Theorem 1 (Gitik — Koepke [2]). Let A > RN,,41 be a cardinal in L, the constructible
universe. There is a set-generic extension L[G] of L and a symmetric cardinal-
preserving subestension Lgym[G] C L[G], such that the following is true in Lgyy[G]:
(i) all azioms of ZF,
(i) card 2 =N, 1 for all natural n;
(iii) there is a surjection from 2% onto X.

The goal of this note is to analyse the system of automorphisms (which turns out
to consist of three different subsistems) involved in the Gitik — Koepke proof of this
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theorem in [2] On the base of our analysis, we present the proof in a somewhat
more pedestrian way than in [2].

1 Basic definitions and the forcing

After an array of auxiliary definitions, we’ll introduce the forcing.
A is a fixed cardinal everywhere; A > N,,.

1 Basic definitions

We define:

Dln] = all sets d C [N,,,R;,41) such that cardd < W,

P*[n] = all functions p : domp — 2, such that @ # domp C [N, N,,11),
P[n] = all functions p € P™ [n], such that domp € D[n],

D = all sets d C [w,R,,) such that d N [X,,,N,41) € D[n] for all n,

D* = all sets d C [w,N,,) such that there is ng € w such that dN[X,,N,41) € D[n]
for all n > ng,

Pt = all functions p: domp — 2 such that domp C [w,N,),
P = all functions p € P such that domp € D.

If n € w then we let d[n] = dN[N,,N,41) and p[n] = p[[R,,N,41) for all d € D
and p € PT. Thus d € D iff d[n] € D[n] for all n, and p € P iff p[n] € P[n] for all
n.

We order P so that p < ¢ iff domg C domp and ¢ = p[domg.

Note that if m # n then P[n|NP[m] = 2.

2 Assignments

An assignment will be any function a such that

(al) doma = basa X |a|, where basa C w and |a| C A are finite sets, and
(a2) if (n,7) € doma then a(n,y) € [Ny, Np11).

In particular, @ (the empty assignment) belongs to AB
If n € basa then define a map a[n] on the set |a| by a[n](y) = a(n,~).
The set A of all assignments is ordered so that a < b (a is stronger) iff

! The author learned the description of the Gitik — Koepke model in the course of his visit to
Bonn in the Winter of 2009/2010.

2 We suppose that bas @ = |@| = @, but it can be consistently assumed that either bas @ = &
and |@] = I' C A is any finite set, or |&] = @ and bas@ = N C w is any finite set, depending on
the context. Any assignment a # @ has definite values of |a| and basa.



(a3) basb C basa and |b| C |a|, and
(ad) if n € basa \ basb and v # ¢ belong to |b| then a(n,v) # a(n,d).
Clearly @ is the <-largest element in A.
Assignments a,b are coherent iff doma = domb, and for any n € basa = basb

and 7,0 € |a| = |b| we have: a(n,v) = a(n,d) iff b(n,v) = b(n,?).
If a € A and A C |a| then let alfA be the restriction a[(basa x A).

3 Narrow subconditions

Let HT consist of all indexed sets h = {h¢}ec|, where |h| C [w,R,) and he € P [n]
for all n and € € |h| N [Ny, Rppt1).

We put hln] = h|[R,,N,11) (restriction) for h € HT and any n. Thus still
hin] € HT and |h[n]| = |h| N [Ry, Ryiq).

Let H consist of all h € HT such that
(h1) card|h[n]| < [Ny, R,41) for all n,
(h2) the set bash = {n: h[n] # @} is finite,
(h3) he € Pln] for all n and & € |h| N[N, Np11).

We say that a condition h € H is

regular at some n € bash, iff for every £ € |h| N [R,,N,11) the set {n € |h| N
[Ny, Ny p1) by = he} has cardinality exactly X,

stronger than another condition g € H, symbolically h < g, iff |g| C |h|, and
he < ge for all € € |g|.

The empty condition @ € H (|@| = @) is <-largest in H.

We further define Hjn] = {h € H:|h| C [R,,N,41)}; thus H[n] consists of
all indexed sets h = {h¢}eejp|, where |h| € D[n] (that is, [h] C [N, N,q1) and
card |h| <R,), and he € P[n] for all £ € |A].

It is clear that h € H iff hn] € H[n| for all n and the set bash is finite.

4 Wide subconditions

Let Q" consist of all indexed sets ¢ = {gy},¢|q, Where || € A and ¢, € P* for all
v € |q|. We define

Q* = all ¢ € Q" such that |g| is finite,
Q = all ¢ € Q" such that |g| is finite and ¢, € P for all v € |q].
We say that a condition ¢ € QT is:

uniform, if domgy[n| = domgs[n] for all v,d € |¢| and n € w,

compatible with an assignment a € A, iff we have ¢,[n] = ¢s[n] whenever ~,d €
lg| N|a], n € basa, and a(n,vy) = a(n,?d).



equally shaped with another condition p € QT iff |p| = |¢|, and we have domp,, [n] =
domgy [n] holds for all v € |p| and n € w.

stronger than another condition p € Q*, symbolically ¢ < p, iff |p| C |q|, and
Py < gy in P for all v € [p|.

Once again, the empty condition @ € Q (|g| = &) is <-largest in Q.

5 Conditions

Let T, the forcing, consist of all triples of the form t = (¢, a’, h!), where ¢' € Q,
at € A, h' € H, and

(t1) |at| = |¢*| and basa! = bash® — we put [t| := |a!| and bast := basal,

a

(t2) rana® C |h!| and we have htt(n = ¢4 [n] for all n € bast and v € [t].

(t3) therefore ¢! is compatible with a' in the sense above, that is, if v,d € |t[,
n € bast, and a'(n,v) = a’(n,d), then ¢ [n] = ¢5[n].
The set T is ordered componentwise: a condition ¢t € T is stronger than s € T,
symbolically ¢t < s, iff ¢! < ¢ in Q, a® < a® in A, At < h* in H. Clearly
t = (@,d,0) is the largest condition in T.
A condition t € T is uniform, symbolically t € T® iff ¢* is uniform.

2 Permutations

In this section and the following two sections we consider three groups of full or
partial order-preserving transformations of conditions.
Let II¢i, be the group of all permutations of the set [w,X,,) such that

(A) for any n, the restriction 7[n] = 7[[N,,N,4+1) is a permutation of the set
[NTM Nn—l—l) ’
(B) the set basm = {n:7[n] # the identity} is finite.
Let Il¢iy[n] consist of all m € Il¢i, equal to the identity outside of [N, N,+1). Any

7 € Ilgip[n] is naturally identified with m[n].
There are two types of induced action of transformations n € Il¢i,, namely:

(I) if f is a function such that ran f C [w,R,) then f' =7 - f is a function with
the same domain and f'(z) = 7(f(x)) for all 2 € dom f = dom f';
(IT) if f is a function such that dom f C [w,N,) then f' = 7. f is a function,
dom f' = {n(§): £ €dom f}, and f'(w(x)) = f(x) for all £ € dom £ [
Accordingly, we define that any 7 € Iliq:

(1) acts on A by [(I)] so that if @ € A then o’ = 7-a € A, doma’ = doma, and
a'(n,v) = 7n(a(n,v)) for all (n,7) € doma;

3 We ignore the conflicting case when both ran f C [w,X,,) and dom f C [w,R,) as it will never
happen in the domains of action of transformations 7 € Ilsi, considered below.



(2) acts on H* (and on H C H) by[(IT)] so that if h € H" then K’ =m-h € HT,
|W'| ={m(&):€ € |h|}, and h;(g) = he for all £ € |h].

Finally if t = (¢%,a, h') € T then put 7 -t = (¢!, 7 - a, 7 - ht).
The following lemma is rather obvious.

Lemma 2. Any 7 € Ilti, is an order-preserving automorphism of the ordered sets
A, H, and T. Moreover if a € A and n € basa~basw then (7-a)[n] =aln], and
accordingly if h € H and n ¢ basw then (w-h)[n] = h[n]. O

3 Swaps

Suppose that a,b € A, doma = domb = D, and rana = ranb. Such a pair of
assignments induces a swap transformation Sy, acting:

from A, ={ceA:c<a} to Ay,

from QF = {q € Q" :]a| C |g| A ¢ is compatible with a} to Q;,

from Q,={¢ € Q:la|] C|q| A ¢is compatible with a}  to Q.
Recall that ¢ € Q' is compatible with a € A iff ¢,[n] = ¢s[n] holds whenever

7,0 € |la|N]q|, n € basa, and a(n,v) = a(n,d). Obviously Q, = QF N Q.
The action of S, on A, is defined as follows:

(1) if c€ A, then ¢ =Sy -c € A, domc = dome, ¢ |D =0b (where D = doma =
domb), and ¢ [(dome ~ D) = ¢|(dome \ D).

The action of S, on QF is defined as follows. First of all, if n € basa and
7 € |a| then let s, () be the least ¥ € |a| satisfying a(n,?¥) = b(n,~); such ordinals
¥ exist because rana = ranb. Thus s, : |a| = |a|. Then:

(2) if g € QF then ¢ =S4 -q€ Q" || =g|, and for all n € w and v € |q|:

(a) if v € |a| and n € basa then ¢ [n] = gy[n], where ¥ = s}, (v),
(b) if either v ¢ |a| or n ¢ basa then ¢ [n] = g, [n].

Finally if t € T, = {t € T: a' < a} (then a' € A, and ¢' € Q,) then put
Sap -t = <Sab ) qt7 Sab - aty ht>

Lemma 3. Assume that a,b € A, basa =basb= B, |a| = |b| = A, and rana =
ranb. Then Sy, is an order-preserving bijection A, onte Ay, Qq onte Qp, Tq onte T,

and Sy, 1s the inverse in each of the three cases.
Lett t € T,. Then t' =Su, -t € Ty, |t| = ||, bast =bast’, and:
(i) if t is uniform, then so is t' and ¢'.q" are equally shaped;
(ii) if n€ B, y€ A, and a(n,v) = b(n,v) then a‘(n,v) = a" (n,v) = a(n,v) =
b(n,7) and q [n] = ¢! [n];



(iil) i n € [t] then {q4[n]:y € [t']} = {d}[n]: v € [¢]} .

Proof. The first essential part of the lemma is to show that if ¢ € T, then ¢’ =
S -t € Ty. Basically it’s enough to show that ¢’ € T. And here the only notable
task is to prove of Section [, that is, qf; [n] = hzt’(n,«,) for all n € bast’ and
v € [t].

We can assume that n € basa and v € |a|, simply because S is the identity
outside of doma = basa X |a|. We hz%ve a' (n,~y) = b(n,~) within this narrower

domain, hence the result to prove is ¢, [n] = hi(n ;) forall n € basa and v € lal.

(Recall that S, does not change h', so that h! = ht))

However qul n] = ¢}[n] by where ¥ = sl (v), so that, in particular,
a(n,¥) = b(n,7v). Thus the equality required turns out to be ¢}[n] = hZ(nﬁ)v
which is true since ¢ is a condition.

The other essential claim is that the action of S, is the inverse of the action
of S,p. Suppose that t € T, and let ¢/ = Sy -t; t € Ty. Put s =Sy, -t'; s € Ty,
once again. We have to show that s = t. The key fact is ¢ [n] = ¢/ [n] for all
n € basa and 7y € |a|. By definition ¢;[n] = qg [n], where ¢ = s, , in particular,
b(n,() = a(n,~). Still by definition, qé/ [n] = ¢4[n], where ¥ = s ((), so that
a(n,¥) = b(n,¢). To conclude, ¢3[n] = ¢4[n], where a(n,v) = a(n,?). But then
¢, [n] = q4[n] by of Section [5, and hence we have ¢ [n] = ¢, [n], as required.

Claims are rather obvious.

It follows from that claim is trivial for n € [¢| \ B, while in the case
n € B it suffices to prove {qf; [n]:v € B} = {¢}[n]:y € B}. The inclusion C holds
because qul [n] = ¢} [n] by where ¥ = s/, (v). The inclusion D holds by the
same reason with respect to the inverse swap Sy, . O

4 Rotations

This is a more complicated type of transformations, and we have to define it by
extension beginning from most elementary conditions.

1 Simple rotations

If d €D and p € P, or generally even d € D* and p € PT, then define d-p = p’ :
domp’ — 2 so that domp = domp’ and

p(a) =

p(a) whenever « € (domp) \ d,
1 —p(a) whenever a € dndomp.

Clearly p + d - p is an order-preserving automorphism of P and of PT.
Transformations of this type, as well as those based on them and defined below,
will be called rotations.



2 Rotations for narrow subconditions

We define product rotations which fit to conditions in H* and H C H*. Let ¥
consist of all indexed sets ¢ = {t¢}ec)y|, Where || C [w,R,) is a finite set, and
the € D[n] for all n € w and € € || N [R,,Ry,11). If € ¥ and h € HT then define
h' =1 -h € HT sothat |[I/| = |h| and for all ¢:

he =

he whenever & € |h| N ||,
Ve - he whenever ¢ € |h] N [1].

Let ¥[n] = {¢ € ¥:|¢y| C [N, N41)}; and accordingly if ¢ € ¥ then let ¥ [n] =
PRy, Nppt1); then ¢ [n] € ¥[n]. The next lemma is obvious.

Lemma 4. If ¢ € ¥ then the map h - h is an order-preserving action H+ 23
onto

HY and H=— H. O

3 Rotations for wide subconditions

Now define product rotations which fit to conditions in Q" and Q@ C Qt. Let ®
consist of all indexed sets ¢ = {¢¢}ee|y, Where || C A is a finite set and ¢, € D
for all v € ||. If p € ® and q € QT then define ¢ = ¢ - ¢ € Q" so that |¢'| = |q]
and for all ~:

;o { ¢y whenever € |q] \|¢],
[ =

¢~ - ¢y Wwhenever &€ |¢|Nlq.

The lext elementary lemma is left to the reader.

Lemma 5. If ¢ € & then the map q+— - q is an order-preserving action QT onte
Q" and Q8 Q. If ¢ € QT then ¢ and ¢ - q are equally shaped. O

As above, say that ¢ € & is compatible with an assignment a € A, in symbol
¢ € g, iff ¢, [n] = ps[n] holds whenever v,0 € [¢| Nal, n € basa, and a(n,vy) =
a(n,0). In this case, if in addition |¢| C |a| then we define:

(1) arotation ¢ = ¢ | a € ¥ (a-projection) so that

¥ = {a(n,y):n ebasany € lpl}

and if n € basa, v € |p|, and £ = a(n,v) then ¢ = ¢, [n];
(2) arotation e = p~a € & (a-extension) so that |e| = |a|, e5 = @s for all § € |p],
and the following holds for all v € |a| \ || and n € w:
. psn] iff nebasa AdE€lp| A a(n,y) =a(n,d),
e [n] =
K @ iff n¢basa Vv -3 € |g|(aln,y) = a(n,d)).

The consistency of both and follows from the compatibility assumption.



4 Rotations for conditions

Finally we define how any ¢ € ¢ acts on the set
T,={teT:|p| C|t| A ¢ is compatible with a'}.
If t € T, then let -t =1, where " = (¢7at) - qt, a =at, B = (p | at) - ht.

Lemma 6. Suppose that ¢ € &. Then the map t — ¢ -t is an order-preserving
action T, o Ty, with t— w1t being the inverse.

If t € T, is uniform then so is t' = ¢ -t, and ¢', ¢ are equally shaped.

Proof. Assume that ¢ € T, and prove that ¢ = ¢ - ¢ belongs to T, as well; this is
the only part of the lemma not entirely trivial. We have to check of Section [5]
that is, hgt’(n,»y) = qf; [n] for all n € bast’ and v € |t/|. By definition o' = at,
bast’ = bast, and |t/| = |t|, hence we have to prove qf; [n] = hz’t(n,y)v
n € bast =bast’, y € [t| = |/|.

Note that ¢* = (p~at) - ¢' and h' = - ht, where ¢ = ¢ | at € .

Case 1: v € |p|. Then qul [n] = ¢y[n] - ¢, [n]. Let £ = a’(n,v). By definition
hg = ¢ - hg. On the other hand, ¥¢ = ¢[n] and hg = ¢} [n]. Therefore hg =

oy [n] - ¢, [n] = ¢ [n], as required.

for all

Case 2: v ¢ |p|, and there is an ordinal § € |¢| such that a’(n,vy) = a’(n,d).

Then the extended rotation ¢ = ¢~a’ satisfies e, [n] = ¢s[n], and hence qul [n] =

ey[n] - ¢, [n] = @s[n] - g [n] = ¢ [n] = hE , where & = a'(n,v) = a'(n,6) (we refer to

Case 1), as required.

Case 3: v ¢ |p|, but there is no ordinal § € |p| such that a'(n,v) = a'(n,?d).
The extended rotation & = p~a’ satisfies €, [n] = @ in this case, and hence qfY, [n] =
¢’ [n]. Moreover, the Case 3 assumption means that £ = a'(n,7) ¢ [¢|, and hence
hg = h!, and we are done. O

5 The symmetry lemma
We begin with auxiliary definitions. If w € T then let
Tey={u €T:u <u}.

Definition 7. Suppose that N C w and I' C A are finite sets. Conditions s,z € T
are similar on N x I iff
(a) I' C|s| = [|t|, N C bass = bast,

(b) ¢*II" = ¢'|I" and the restricted assignments a®|I" and a'|[I" are coherent
(see Section [2),

(c) if n € N then h®[n] = h[n], and a®(n,vy) = a'(n,~) for all y € I,

and strongly similar on N x I' if in addition



(d) s,t are uniform conditions, and ¢°, ¢’ are equally shaped (see Section M),
(e) rana® = rana’ and |h¥| = |hY|,
(

)
)
f) conditions h® and h' are regular at every n € bass~ N (Section B,
(8) {hg:& €|’} = {hg : € € |ht|} — then easily

{Rg: € €PN [Ny, Rypy) } = {hé (€€ |h N[Ny, Ryyq)} for all n. O
Theorem 8 (the symmetry lemma). Suppose that N C w, I' C X are finite sets,
conditions s,t € T are strongly similar on N xI', B =bass =bast, A = |s| = |t].
Then:

(i) there exists a transformation 7 € Ilgin such that w[n] is the identity for all
n € N, condition v = m-s is strongly similar to t on N x I', and moreover
7-h®=h"=ht, and a“||I" = a*|T;

(ii) condition v = Sguqt - u s strongly similar to t on N x I', and moreover
hY = h* and a¥ = a';

(iii) there is a rotation ¢ € ®4o (i.e., compatible with a¥) such that |p| = A,
oy[n] =@ forall n€ B and v € AE and moreover t = ¢ - v;
(iv) 7 =@ o S,ugt o7 is an order preserving bijection from T, onto T<y;

(v) any condition s’ € Ty is similar to t' =7-s on N x I.

Proof. [(i)| Let = = |h*| = |h!|. Under our assumptions, obviously there is a trans-
formation 7 € Il¢;, such that

(1) basm = B and if n € N then 7[n| is the identity;
(2) m(a*(n,v)) = at(n,’y)ﬁ forall n € B and vy € I';
(3)

(4)

7 maps the set = onto itself, and 7 is the identity outside of =,
4) if

if { € E=|h°| then hf = hfr(ﬁ)'

The only point of contention is whether does not contradict to That is, we
have to check that hi.(, ., = ht, (n,y)- Note that hi.. ) = ¢} [n] and A, (ny) = ¢t [n]
by [(t2)] of Section Il On the other hand ¢5 = ¢, by of Definition [, as required.

Lemma 9. The transformation 7 satisfies of the theorem, and in addition if
s’ € T¢s then s is similar to w' =7 -s on N x I.

Proof (Lemma). Prove that h* = 7 - h* is equal to h'. (This is a fragment of [(i)])
We have |h%| = {m(£): £ € |h*|]} = Z by[(3)] and |h'| = E as well. Thus it remains
to prove that hy = hg for any n = w(§) € Z, where { € E. Yet by definition
(Section ) hy; = hg, and hy, = h¢ by [(4)]

The equality a“|I" = a' | I" follows from [(2)| since a“(n,v) = m(a®(n,7)).

Prove that any s’ € T, s’ < s, is similar to v/ =7-s" on N x I'.

4 Then obviously ¢ is compatible with each of the assignments a®,a’,a“,a".
5 As s,t are similar on I', here we avoid a contradiction related to the possibility of equalities
a'(n,y) = a'(n,v') for y#+" in I'.



Item @ of Definition [7] holds for the pair of conditions s’,u’ simply because the
action of any 7 € Ilg;, preserves |- | and bas.

Prove We have ¢° = ¢% because the action of 7 does not change ¢° at
all. To show the coherence of a* |I" and a* | I" suppose that v, 6 €', n€w, and
a® (n,7) = a* (n,d), and prove that a¥ (n,~) = a* (n,d). (The inverse implication
can be checked pretty the same way.)

Suppose first that n € B. Then a® (n,7) = a®(n,v) and a* (n,d) = a*(n,7),
therefore a®(n,v) = a®(n,d). It follows that a’(n,v) = a’(n,d) by the coherence in

for s,t, therefore a¥(n,~) = a*(n,d) since a* | I" = a* | ", and finally a* (n,~) =

% (n,d), as required.

Now suppose that n ¢ B. Then the equahty a’ (n,’y) as (n,0) implies v =0
by [(ad)] of Section [l so obviously a* "(n,7y) = a*(n,4).

To check that is, 2" [n] = h* [n] and a“ (n,7) = a® (n,v) for all vy € I' and
n € N, use the fact that mw[n] is the identity for any n € N by [(1)}

Prove that s is strongly similar to u = 7-s on N xy. We have@of Deﬁmtlonlﬂ
(for the pair of conditions s’,u’) by rather obvious reasons. The equalities rana* =
rana "and || = |h*| in @ hold by [(3)| since rana® is equal to the m-image of
rana® Flnally the equality {h€ e} = {hs £ e} in[(g)| holds whenever
u' = 7§ for some . We conclude that condltlons u and t are strongly similar on
N xTI. O (Lemma)

[(ii)] Let @ = a* and b = a'. Thus a,b € A, doma = domb = B X A, rana =
ranb, and al[I' = b|[I" by the above. Thus, as obviously u € T we define
v =Sg uc TP,

Lemma 10. Condition of the theorem holds, and in addition if u' € T, then
u' is similar to v/ =Sy -t on N x I.

Proof (Lemma). That equalities h’ = h* and a® = o' in hold is clear by
definition: for instance swaps do not change h" at all.

Prove that any v € T, v/ < u, is similar to v = Sy, -1/ on N x I'.

By definition (see SectionB]) v and v’ are equal outside of the domain N x A,
and kY = h*' . Therefore we can w.l.0.g. assume that |[v'| = |u/| = A and basv' =
basu = B. Then a” = b = a' and a* = a = a¥, thus the restricted assignments
' I = b|I" and a* |I" = a|]I" are not merely coherent (as requlred by - (b)| of
Definition [7) but just equal by the above. The equality q "I = ¢“IT in @
follows from a|I" = b|I" as well. And finally we have h? = h¥ (Sap does not
change this component), proving

Now prove that any wu is strongly similar to v = Sy - w on N x v. We skip
@ of Definition [0 as clear and rather boring. Further, as h* = h", we have
|h’| = |h*| in [(e)] and the whole of It remains to show rana’ = rana" in

@ Recall that @’ = a' while conditions s,t,u are strongly similar, therefore
rana’ = rana’ = rana® = rana“. We conclude that conditions v and ¢ are
strongly similar on N x I. O (Lemma)

Thus v,t are uniform conditions, strongly similar on N x I', and a’ = a'.

In particular ¢¥ and ¢’ are equally shaped, that is, in this case, |¢| = |¢'| = A and
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domgy [n] = domg! [n] holds for all v € A and n € w. Define a rotation ¢ € & so
that still || = A, and

¢~ [n] = {a € domg} [n] = dom qu [n]: ¢5(a) # qu(a)}

for all v € A and n € w. Then clearly ¢ - ¢" = ¢*. Moreover ¢ is compatible with
a’ = a', because so are ¢* and ¢” in the sense of of Section Il Thus conditions
v and t belong to Ty, so ¢ - v makes sense.

Lemma 11. Condition of the theorem holds, and in addition if v' € T, then
v’ is similar to t' =@ -v" on N x I'.

Proof (Lemma). Recall that a¥ = a' and h¥V = h* = h! by It follows by
of Section [ that ¢! [n] = ¢}, [n], and hence ¢,[n] = &, whenever v € A and
n € B. To accomplish the proof of check that ¢-v =t. Indeed a” = a since ¢
does not change this component. Further, ¢' = ¢-¢" simply by the choice of ¢. Let
us show that h' = h¥ as well. Indeed, since by definition bas h¥ = B = bast, any
change in hY by the action of ¢ can be only due to a component ¢, [n] for some
v € A and n € B — but this is the identity since ¢, [n] = @ in this case.

Now prove that any v' € T, v/ < v, is similar to ¢ = ¢ -v' on N x I'. By
definition @ = a, covering the coherence in @ of Definition [[l Further the
extended rotation ¢’ = ¢~ a¥ obviously satisfies the same property goﬁy [n] = @ for
all n € B and v € A’ = |¢/|. This implies h* [n] = h*'[n] even for all n € B, so
that holds for v/,# for all n € B. It only remains to prove that qt/ I = q”/ Ir
in @ of Definition [7], that is, qul = qi’// for all vy € I'.

By definition it suffices to show that ¢, [n| = @ for all v € I' and n € w, or
equivalently, ¢V [I" = ¢* [ I" — yet this is the case since v and ¢ are similar on N x I’
by the above. O (Lemma)

Finally, |(iv)| of the theorem is a consequence of lemmas 2 B] [ while is a
corollary of lemmas [0 10 [I11

O (Theorem )

6 The extension

Let a set G C T be T-generic over L. It naturally produces:
— for any n and € € [N,,,N,,11), x? = Uec hé € 2[¥nRnt1)
— for every n, x%[n] = {X?}fe[NmNnﬂ) C Ry, Ryppg) — 2BnRat)
— forany v <A, yff =Uec &, € o)
— for any v < A and n, y§[n] = y§ [ [Nn,Nnp1) € 90 Rnt1)
~ JIG) = {y§}<n, a map A — 20N,

~ amap a% = J,cga’ : wx A = [w,Ry,) such that a%(n,v) € [R,,,N,11) for all
n and 7.

11



Lemma 12. If a set G C T is T-generic over L then
Q) if n<w, y<A, and a%(n,v) = ¢ then yg[n] = ng ;
(i) if n <w, 7,6 <A, and a%(n,7) # a%(n,d) then y§[n] # y§ [n] ;

(iii) if v # 0 < X then there is a number ng = ng(7y,08) such that a®(n,v) #
a%(n, o) for all n>ny.

Proof. is obvious.

Suppose that a condition ¢ € G forces otherwise, and 7, € |t|, n € bast.
Then ¢ = at(n,v) # at(n,d) = n; &,n are ordinals in [N,,N,41). Note that hg and
h% are conditions in P[n]. Let we < hé and w;, < h% be any pair of incompatible
conditions in P[n]. Let ¢’ € T be a condition which differs from ¢ only in the
following: qul [n] = h? = we and ¢} [n] = hf; = wy. Obviously ¢’ < t, and t’ forces
that y'[n] # y§ [n].

Definitely there is a condition ¢t € G such that |t| contains both v and §.
Let B =bast (a finite subset of w) and let ny be bigger than max B. Now if s € G,
s <t,and n € bass, n > ng, then a® < a', and hence a®(n,v) # a*(n,d). This
implies a%(n, ) # a%(n,d). O

Now let us define a symmetric subextension of L[G], on the base of certain
symmetric hulls of sets x“[n] and y$.

Blanket agreement 13. Below, Il¢;,, ¢, ¥, D, D[n|, mean objects defined in L
as in Sections [I]— @ Thus in particular Il¢;, € L and all elements of Il¢;, belong
to L either. O

In L[G], put

— for every n, X%[n] = the (Iltin, ¥)-hull of x& [n]. Thus the set X [n] consists
of elements of the form = - (1 - x%[n]), where 7 € s, and ¢ € U,

- X[G] = {XG ] }n<w -

The actions of m € Il¢;, and ¢ € ¥ are defined as in sections 2] and @ above. In
particular ¢-x%[n] and 7-(¢-x% [n]) are maps [R,,, R1) — 2881 in L[x [n]].
It is clear that X& [n] is closed under further application of transformations in I,
and ¥, so there is no need to consider iterated actions.

It takes more time to define suitable hulls of elements yg . First of all, put

— for any n and v < X, Y [n] = {d- yg [n]:d € D[n]} C 2B Rnt1),
— for any n, Y&[n] = Uy <x Yg [n] — still Y&[n] C 2B»Xa+1) " and obviously
Y%[n] is the D[n]-hull of {y?f [n]:y < A}.
Finally, if v < A then we let Yg be the set of all z € 2®«) in L[G] such that
there exist a set d € D and a number ng satisfying:

1) z[n] = d[n] -y$ [n] for all n > no;lﬁ

5 Regarding the action of d € D see Section [l
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2) z[n] € Y [n] for all n < ng.
In other words, to obtain Yg we first define the D-hull D - yVG ={d- yVG :d € D}

of yVG , and then allow to substitute sets in Y%[n] for y[n] for any y € D - yVG and
finitely many n, so that

(%) Yff is the set of all z € 2") (in L[G]) such that there exist an element
yeD- y,? and a number ng satisfying: z[n] = y[n]| for all n > ng, and
z[n] € Y& [n] for all n < ng.

Lemma 14. If v # J then YgﬂYG =g.

Proof. Suppose towards the contrary that z € Y,? N YéG. Then by (%) there
exist rotations d’,d” € D and a number ng such that the elements vy = d’ - y,?
and y" = d" - y§ satisfy y[n] = y/[n] for all n > ng. In other words, yff [n] =
(d-y§)[n] for all n > ng, where d =d' A d” € D (symmetric difference). Now use
Lemma to obtain a number n > ng such that a%(n,v) # a%(n,d); still we
have y,? [n] = d[n] - y§ [n]. But this yields a contradiction similarly to the proof of

Lemma O

Now we let, in L[G], Y[G] = {Y$}7<>\, a function defined on .
We finally define

WG] = U, X[n] U U, Y§ U {X[G], Y[G)}-
Definition 15. Ly, [G] = L(W[G]) = HOD over W[G] in L[G]. O

Thus by definition every set in LgynG is definable in L[G] by a formula with
parameters in L, two special parameters X[G] and ?[G], and finally parameters
which belong to the sets X%[n] and Yg for various n < w and v < A. The
next lemma allows to reduce the last category of parameters, basically, to those in
{(x%[n]:n <w}U{y$:’y< A}

Lemma 16. If n < w then every x € X%[n] belongs to L[x%[n]]. If v < X\ and
z € Yff then there is a finite set A C X\ such that z € L[{y§ :6 € A}].

Proof. By definition 2 belongs to the (Il¢in, ¥)-hull of x%[n]. But Il;, and ¥
belong to L (see Blanket Agreement [I3]). Regarding the claim for z € Y? , come
back to (x). Note that y as in (x) belongs to L[yg] (since D € L). Then to
obtain z from y we replace a finite number of intervals y[n] in y by elements of
sets Y [n]. Thus suppose that n < w and w € Y%[n], that is, w € Y§ [n], where
§ < A. But then w € L[y§] (since D[n] € L), so that it suffices to define A as the
(finite) set of all ordinals ¢ which appear in this argument for all intervals y[n] to

be replaced. O

7 Definability lemma

The next theorem plays key role in the analysis of the abovedefined symmetric
subextension.
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Theorem 17 (the definability lemma). Suppose that a set G C T is T-generic over
L, and N Cw, I' C X are finite sets. Let Z € L|G], Z C L, be a set definable in
L[G] by a formula with parameters in L and those in the list

{X[G.Y[G]} U {x®[n]:ne N} U {yS:ve I}
Then ZEL[{XG[n]:nEN},{y?:’yEF}].

Beginning the proof of Theorem A7, we put Xx[G] = {x%[n|}nen and ¥r[G] =
{y$}yer, and let
9(2) = 9(= X[G], Y[G), £y [G]. 7r[G)

be a formula such that Z = {z:9(z)} in L[G]. By Lemma there is ng such
that a%(n,~) # a%(n,d) whenever n > ng and v # § belong to I'.

Let M = NU{n:n < ng}. Say that a condition ¢t € T complies with Xn[G],
¥r[G) if M Cvast, I' C |t|, and

(I) if n€ N and € € |h*| N[N, N, 41) then hé C X?,
(I
I

I) if v € I' then qf/Cyg,
(IT1) if n € bast and v € I" then a’(n,v) = a%(n,~).

For instance any condition ¢ € G with M C bast, I' C |t| complies with Xx[G],
¥r[G] by obvious reasons.

It is quite clear that the set Ty p[G] of all conditions ¢ € T which comply with
XN |[G], ¥r[G] belongs to L[Xn[G], ¥r[G]]. Therefore to prove the theorem it suffices
to verify the following assertion:

if z€eL, s,t € Tnr[G], and s forces ¥(z), then t does not force —9(z).
Suppose towards the contrary that this fails, so that
(x) z €L, s,t € Typ[G], condition s forces ¥(z), while ¢ forces = ¥(z).

The proof of Theorem [I7 continues in Sections 8 and [l

8 Proof of the definability lemma, part 1

Working towards the symmetry lemma. Our goal is now to strengthen s,t towards
the requirements of Theorem [l

Lemma 18. There exists a condition s’ € Typ[G] such that |s'| = |s|U|t], bas s’ =
bassUbast, and s’ < s. Accordingly there is a condition t' € Tnp[G] such that
|t'| = |s|U|t], bast’ =bassUbast, and t' <t.

Proof (Lemma). We define a® . This takes some time.

Domain bass x |s|. If n € bass and v € |s| then put a* (n,v) = a*(n,~) and
¢*'(n,7) = ¢*(n,7).

Domain (bast~bass)x . If n € bast~bass and v € I" then put a* (n,v) =
a%(n,~), and ¢* (n,v) = ¢*(n,v), as above.
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Domain (bast \ bass) x (|s| N I"). For any n € bast \ bass fix a bijection
6 €7 from [s| \ I to [Ny, Rpi1) N {a® (n,y):y € I'}. If now & € |s| \ I' then
put a® (n,d) = & and ¢ (n,0) =

Domain (bastUbass) X (|t| \ ]s]) Fix an ordinal ¢* € |s|. If n € bastUbass
and 6 € |t| \ |s| then put a* (n,d) = a* (n,6*) and ¢* (n,d) = ¢* (n,5*).

Domain (w \ (bastUbass)) x (|t| \|s|). If n ¢ bast Ubass and § € [t| U |s]
then put ¢* (n,d) = @ and keep a* (n,§) undefined.

On the top of the above definition, define h*" so that

@)—l

|| = [h*|U{&P:n cbast~bassAd € |s|~ I},
hg = h for all & € |h*|, and hgn =
We claim that s’ is as required.
The key issue is to prove a® < a®, in particular, of Section [ for a = a* ,
b= a®. Note that if v # § belong to I" and n ¢ bas s then a®(n,v) # a%(n, ) by
the choice of M and because M C bass. Therefore if n € bast~\ bass and ~,d as
indicated then by definition a® (n,7) # a* (n,d), as required.
We have by obvious reasons: in particular, qul =g, forall ye I,
and if n € N then n € |s| and hence by construction |h*| N [R,, N,p1) = |R°] N
[Rp,Ryp1) and b = A for all & € [N [Ny, Rpp1). O (Lemma)

@ for all n € bastUbass and § € [t| \ |s|.

It follows from the lemma that we can w.l.0.g. assume in ?7hat
(1) conditions s,t satisfy |s| = |t| and bas s = bast.
Moreover we can w.l.o.g. assume that in addition to ??nd|(1)]

(2) |h¥| = |h!|, and if n € bass = bast then the set |h*| N [R,,N,41) = |h!| N
[Ny, Nyp1) is infinite.

This is rather elementary. If say € € |h®|\ |h!| then simply add £ to |h!| and define
ht
Further we can w.l.o0.g. assume that, in addition to 77 |( -, -:

(3) conditions s,t satisfy rana® = rana’.

Suppose that n € bass and, say, £ € (rana’ \ rana®) N[N, N,41). Put &, = ¢
and for any m € bass, m # n pick an ordinal &, € |h®| N [Ny, Nppi1), Em ¢
rana®Urana’ (this is possible by [(2)). Add an ordinal v ¢ |s| = |¢| to |s| and to [¢].
If m € bass = bast then put a®(m,y) = a’(m,v) = &, and ¢5[m] = ¢, [m] = hém,
and in addition define ¢ [m] = ¢}, [m] = @ for all m ¢ bass = bast. Conditions s, ¢
extended this way still satisfy 77 but now £ € rana®. One has to maintain
such extension for all indices ¢ in rana’ \ rana® and ranae® \ rana' one by one;
the details are left to the reader.

Remark 19. After this step, the sets A = |s| = |[t| and B = bass = bast (finite
subsets of resp. A and w) will not be changed, as well as the assignments a = a*
and b = a' (doma = domb = B x A). Put = = |h®| = |ht|. O
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Further we can w.l.0.g. assume that in addition to 77

(4) subconditions ¢*,q¢' are uniform and equally shaped.
It suffices to define a pair of stronger conditions s',t' € Typ[G] such that
|| =t'|= A, ]hsl] = \ht/ —Z,bass =bast' =B, a* =a, a' =b,

and in addition ¢*,¢' are uniform and equally shaped.
Consider any n € w. Put d[n] = (Jsen(domgj[n] Udomg}[n]), a set in D[n]. If
5 € A then define extensions ¢§ [n], ¢& [n] € P[n] of resp. ¢f[n], ¢k[n] so that

(i) domgy [n] = domgt [n] = d[n],
(ii) if n € N and 0 € I' then simply qu [n] = qf;/ [n] = y(;G Id[n],
(ili) if n € B and 7,6 € A then: if a(n,§) = a(n,) then ¢§ [n] = q:‘;/ [n],
and if b(n,8) = b(n,~) then ¢} [n] = qf; [n].

On the top of this, define hf:(n’(;) = ¢ [n] and hé’(n, 5 = g% [n] for all n € B and
5 € A. In the rest, put |h¥'| = |h?'| = Z (recall that = = |h®| = |hf]), and hgl = h¢,
hg = hé for all £ € Z not in rana = ranb.

Further, we can w.l.0.g. assume that, in addition to ?7nd —

(5) conditions s,t coincide on the domain N x I', so that

(a) if y € I" then ¢5 = ¢!,

(b) if n € N then h®[n] = h'[n], that is, hg = hg for all £ € |h®|N[N,, Nyy1) =
|ht N[Ny, Ryp1), and

(c) if n € N and v € I then a*(n,v) = af(n,v) = a%(n,7) — but this
already follows from the compliance assumption.

Regarding note that this is already done. Indeed, ¢%, ¢’ are equally shaped by
and satisfy ¢S C y,(f and qf/ C y?f by 77 therefore ¢ = qu.

Now consider suppose that n € N. Let £ € |h*| N [Ry, Np41).

If £ € rana® = rana’ then ¢ = a®(n,v) = a'(n,d) for some v,5 € A, and then
hi = ¢j[n] and hg = ¢4[n]. Tt follows that dom hi = dom hg, by Therefore
hg = hé, because we have hg C xg and hé - xg.

If ¢ € rana® = rana’ then still hg - xg and hg - x?, thus hg and hg are

compatible as conditions in P, and we simply replace either of them by h? U hé.
And finally, we can w.l.0.g. assume that, in addition to ??nd —

(6) we have {hi:§ € |h°[} = {hé : € € |ht]} as in[(g)] of Definition [7, and subcon-
ditions h®,h! are regular on every n € B~ N (Subsection [3]).

The equality {h{:& € [h°[N[Ry, Nypq)} = {hg 1€ € |RY N [R,,N,11)} holds already
forall n e N by

Now suppose that n € B~ N. The requirement of compliance with Xx[G],
yr|G] is void for n ¢ N, therefore we can simply extend h®[n] and h'[n] to a
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bigger domain and appropriately define hg and hg for all “new” elements £ in these
extended domains so that @ holds, without changing ¢, ¢ and a*, a'.

To conclude, we can w.l.o.g. assume in ?7hat — @ hold, that is, in other
words, conditions s,t € Tyr[G] are strongly similar on N x I' in the sense of
Definition [7l

9 Proof of the definability lemma, part 2

We continue the proof of Theorem [[71 Our intermediate result and the starting
point of the final part of the proof is the contrary assumption ??7ith the additional
assumption that conditions s,t € Typ[G] in ??re strongly similar on N x I', and
to complete the proof of the theorem it suffices to derive a contradiction. This will
be obtained by means of Theorem [Bl

In accordance with Theorem [§] let B = bass = bast, A = |s| = [t|, and let
transformations m, S,ugt, ¢ and 7 = @ 0 Sugt 0 w, and conditions v, u € T satisfy
basu =basv = B, |u| = |v] = A, and

(i) 7 € lin, w[n| is the identity for all n € N, u = 7 - s, u is strongly similar
tot on N x I', and moreover 7-h® = h* = h!, and a“||[I" = a' || T;

(i) v = Sgugt - u, v is strongly similar to t on N x I, h¥ = h*, a¥ = a';

@ 0 S, ugt o1 is an order preserving bijection from T<, onto T ;

)
(ili) ¢ € Pov, || =A, py[n]=@ forallne B and y€ A,and t = ¢ - v;
(iv) 7=

)

(v) any condition s’ e T<s is similar to tt=7-5 on NxI.

= items |(i)| —|(v)| of Theorem []).

Consider a set G C T generic over L and containing s. We assume that s is
the largest (= weakest) condition in G. Then, by H={r-§:§ G CT
is generic over L either, and L[H] = L[G]. Moreover t = 7-s € H. Therefore it
follows from ?7hat

—

() 9z, X[G], ?[G], ~[G], ¥r[G]) is true in L[G], but
9z, X[H], Y[H],%y[H],¥r[H]) is false in L[H] = L[G].
Our strategy to derive a contradiction will be to show that the parameters in the

formulas are pairwise equal, and hence one and the same formula is simultaneously
true and false in one and the same class. This is the content of the following lemma.

Lemma 20. (i) ¥r[G] =yr[H], that is, if v € ' then y?f = y,IY{ ;

(ii) XN[G] = XN[H], that is, if n € N and & € [N,,,N,41) then xg = x? ;
[G] = X[H], that is, X [n] = X [n] for all n € w;
[G] = Y[H], that is, Y = YH for all v <.
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Proof. If v € I' then by definition yVG = Uyea qul and yg = Uven qf; =
Usea qu's). Yet if s’ € G then condition #' = 7 - s’ satisfies qul = fyl by [(V)}
A similar argument. Suppose that n € N and £ € [N,,,X,,11). By definition,
X? = Usea hgl and x? = Upen h? = Useq hgs). However if s’ € G then
condition ' = 7 - s’ satisfies hg = hgl still by [(v)}
By definition, X% [n] and X [n] are the (Il¢in, ¥)-hulls of resp.

x“[n] = {x¢ Yeemapary and x 0] = {x beep, o) -

Thus it remains to prove that x[n] belongs to the (Ilgin, ¥)-hull of x[n], and
vice versa.

Let v = ¢ | a” (a rotation in ¥, see Section M)). By definition, if s’ € G and
t' = 7.5, then the subconditions h* and h' satisfy h' = ¢ - (7 - h*). (The
middle transformation S,u,: does not act on the h-components). It easily follows
that x [n] = ¢ - (7 -x%[n]), as required.

Note that the sequences ¥r[G] = {yff;}7<,\ and yr[H| = {y$}7<,\ satisfy
YrlH] = ¢ (Squat - ¥r[G]). (Permutation 7 does not act on wide subconditions.)
That is, the construction of ¥r[H]| from yr[G]) goes in two steps.

Step 1: we define ¥ = {r,} <) by ¥ = S,u,t - ¥r[G]. Thus by definition

1) r, € 2% for all ,

2)if n¢ B or v¢ A then ry[n] :yg[n], and

3) if n € B and v € A then r,[n] = y§ [n], where ¥ =", ,(7).

atat
Thus the difference between r and yr[G] is located within the finite domain B x A.
Moreover, as in Lemma [3{iii), we have

(1) {ry[n]:y <A} = {y,? [n]:y < A} for every n.
Step 2: we define y[H| = ¢ -¥. Thus by definition
4) if v € A then directly y,IY{ = ¢ - r,, that is, yf n] = ¢[n]-ry[n], Vn;
5)if v ¢ A and 36 € A (a%(n,y) = a%(n,d)), then y$ [n] = @[n] - ry[n];

6) if v ¢ A but =36 € A(a%(n,vy) = a%(n,d)), then yin] =, [n].

Now it immediately follows from that Y& [n] = Y [n] for every n: both sets
are equal to the D[n]-hull of one and the same set mentioned in |()

We are ready to prove that Y$ = Yf/{ for every v < A.

We start with a couple of definitions. If y,y € 28®n+1) and there exists a set
d € Y9[n] = Y [n] such that y/ = d -y then write y =, 3. If 3,y € 2™®) and
there exists a number ng such that y'[n] =, y[n] for all n < ng and y'[n] = y[n]
for all n > ng then write y =* ¢/.

Then by (%) in Section [6] we have:

G w,Ny,) . e —x .
Y, = {z€2W®) . Fy eD yy (2 = y)},}
Y{Y{ = {ze2W®):3y¢eD. y;? (z=*y)};

(%)
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and hence to prove Yg = Yf it suffices to check that yf € Y? and yVG € Yf .

Case 1: v € A. It follows from 2) and 3) that r, =* yff and hence yf =*y by
4), where y = ¢ - yff. Thus yf € Yff by (), the first line. On the other hand,
r, = ot -yg still by 4), so that yVG € Yf/I by (#x), the second line.

Case 2: v ¢ A. Note that for a given v 5) holds only for finitely many numbers
n by Lemma so 6) holds for almost all n. Therefore yf =" r,. DBut
ry = y,? in this case by 2). Thus yf € Y,? by (kx), the first line (with y = yff)
And yff € Yf holds by a similar argument. O (Lemma)

O (Theorem [17)

10 The structure of the extension

Here we accomplish the proof of Theorem [I1

Blanket agreement 21. We fix a set G C T, T-generic over L, during the course
of this section.

It will be shown that the symmetric subextension Lgyn[G] = L(W[G]) (see
Section []) satisfies Theorem [Il The following is a key technical claim.

Theorem 22. Suppose that v < w, and Z € Lgy|G], Z C [0,8,41). Then
Z € L[{x%[n]:n < v}].

Proof. It follows from Lemmal[l6land Theorem [I7]that there exist finite sets N C w
and I C X such that Z € L[{x%[n]:n € N}, {y?f iy € I'}]. We can assume that

(1) N={0,1,2,...,k} for some k < w, kK > v;
(2) if v # & belong to I and n < w satisfies a®(n,v) = a%(n, ) then n < &.

(Lemma is used to justify [(2)]) Define, in L,
T[N, [|={se€T:bass=NA|s| = Na®=a%[(N x I')}.

Lemma 23. The set G[N,I'| = GNT[N,I] is T[N, I'|-generic over L and Z €
L[G[N, I7].

Proof (Lemma). Suppose that t € T, N C bast, I' C |t|. Define the projection
s =t[N,I') € T[N, I'] sothat ¢ = ¢'|I", a®* = a'| (N x I'), and h® is the restriction
of h' to the set [hf| N (), [Nn,Rny1). (It is not asserted that ¢ < s.) Given a
condition s’ € T[N, I'], s’ < s, we have to accordingly find a condition ¢’ < ¢ such
that t/[N,I'] = ¢'.

Define t' as follows. First of all, bast’ = bast, |t/| = |t|, a' = a.

Put A [n] = h¥'[n] for n € N but A [n] = h'[n] for n € bast ~ N.

If n ¢ N then put qf;[n] = qul[n] forall y € [t/| =|t|]. f n € N and v € |t/|
then put qf; [n] = h? = h?, where & = a' (n,7). O (Lemma)
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In continuation of the proof of the theorem, let us analyse T[N, I'] as the forcing
notion. It looks like the product [[f_,H[n] x P indeed, if s € T[N, I then h®
can be seen as an element of [[*_ H[n], ¢° can be seen as an element of P! (the
product of card I" copies of P; card I’ < w), while a® = a“ [(N x I') is a constant.
However if n € N and v € I" then ¢} [n] = ¢, (n,y)» hence in fact T[N, I'] can be
identified with

HZ:O Hn] x (HZ‘LKH IP["])F = HZ:O Hn] x HZO:HH(IP[H]F) . (3)

However the sets P[n] and H[n] as forcing notions are N,'-closed, meaning that any
decreasing sequence of length < N,, has a lower bound in the same set. Therefore if
we present T[N, I'] as

[Th=oHn] x H2=u+1 H{n] x HZ‘LKH(“’[“]F) ) (4)

then it becomes clear that the second and third subproducts are X 1-closed forcing
notions. Hence, by basic results of forcing theory, the set Z C [0,R,41) belongs
to the subextension corresponding to the first subproduct [[,_,H[n]. That is,
7 € L[{x%[n]:n < v}], as required. O

Corollary 24. If n < w then it is true in Lgy[G] that R, remains a cardinal, the
power set P (Xy,) is wellorderable, and card(Z(R,)) = Np41. O

Yet cardinal preservation holds for all cardinals!
Corollary 25. Any cardinal in L remains a cardinal in Lgpy[G].

Proof. Indeed we have established (see the proof of Theorem [22)) that any set
Z € LgyG, Z C L, belongs to a generic extension of L via a forcing as in (3) in
the proof of Theorem However any such a forcing is cardinal-preserving by a
simple cardinality argument. O

To accomplish the proof of Theorem [ it remains to check that the symmetric
subextension Lgy,[G] contains a surjection o : 21%) 2 X. We define o in Lgyn[G]
as follows. If v < X\ and z € Yg then put o(z) = 7. (The definition is consistent
by Lemma[Id) If z € 2®«) does not belong to Uy<x Yg then o(z) = 0. As any
set Y,(Y; definitely contains y?f , 0 is a surjection onto X, as required.

O (Theorem )
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