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Abstract

We prove that every ordinal � < ! 2 is the order type of a certain
system of uniform Borel sets in the sense of a well-ordering relation
de�ned by Petr Novikov. This result gives a positive answer to a
problem posed by Nicolas Luzin in 1935.

1 ´âåäåíŁå

In the �rst half of the 1930s, a number of profound and interesting results
were obtained in descriptive set theory � then a rather new branch of math-
ematics. The book [8] by N. Luzin, who was a leader of this research area
at that time, was devoted to the presentation and careful analysis of these
results. A signi�cant part of the book presented some results obtained by
a young mathematician at that time, a student of Luzin, Petr Novikov. In
addition to those of Novikov’s results, which, at the time of writing [8], have
already been or will soon be published in such works as [7, 9, 10, 11], Luzin
paid attention to those studies carried out in the doctoral thesis of Petr
Novikov, which were not published at that time, have never been published,
and are known only from their presentation and analysis by Luzin in [8].

In particular, � 32 and sections I�IV of � 33 of [8] analyze well -ordered
families of uniform planar sets that Novikov proposed for ¾geometric¿ rep-
resentation of ordinals � < ! 2 (trans�nite numbers of the third class and
lower, in the terminology of that time).
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Considering the question of order types of well-ordered collections of
uniform sets, Luzin proved (Proposition 2.1 below) that these types are nec-
essarily strictly smaller than ! 2 , and poses a question (ibid., sec. III): is it
true that inversely, every ordinal � < ! 2 is equal to the length (= the order
type) of some well-ordered sequence of uniform planar sets.

Theorem 2.2 of this note (see � 2 below) answers this in the positive; and
this is our main result. The uniform sets de�ned to prove the theorem, will
be Borel, and the construction of each of them will be entirely e�ective. In
particular, all these uniform sets will have G�odel-constructible Borel codes.
For the organization of the presentation, see at the end of � 2.

2 Preliminaries and the main theorem

We consider sets on the real plane R � R , called simply planar sets. The
projection of a planar set P � R � R is the linear set

proj P = fx : 9 y P (x; y)g � R;

and if x 2 R then we consider the (vertical) section

proj P = fx : 9 y (hx; yi 2 P )g � R;

so that proj P = fx : P � x 6= ?g . A planar set P is uniform, if all its sections
P � x contain at most one element. This unique element will be denoted P (x) .
Thus, P � x = fP (x)g , and P the graph of the function proj P ! R .

If P; Q � R � R are uniform sets then de�ne P C Q (P is below Q) if
the following two conditions are satis�ed:

(1) proj P � proj Q or proj Q � proj P ;

(2) P (x) < Q(x) for all x 2 proj P \ proj Q .

Note that P C Q does not determine which of the two inclusions is (1) holds.
Simple examples show that C it is not necessarily a transitive relation.

Nevertheless we will consider collections of nonempty uniform planar sets
that are well-ordered by the relation C � we will call them chains, as well
as those ordinals that are their lengths, i.e. order types. Writing hP� i �<� ,
we’ll mean that this is a well-ordered chain of uniform sets of length � 2 Ord,
i.e. it holds P� C P� for all � < � < � .

Proposition 2.1 (Novikov, Luzin [8], � 33-II). The length � of any well-
ordered chain hP� i �<� of uniform set P� is strictly less than ! 2 .

This result led Luzin ¸óçŁí [8], � 33-III to the following reverse problem:
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Problem. For any ordinal � < ! 2 , �nd out, whether there exists a well-
ordered chain of uniform sets of length exactly � .

Item 1� of the following theorem provides a positive solution to this prob-
lem, and moreover, this solution is found in the domain of Borel (uniform)
sets P , and precisely those that satisfy P � R�Q , i.e. only with rational or-
dinates. Items 2� and 3� provide additional material concerning the encoding
of these Borel sets and e�ciency of this encoding (in the form of the G�odel
constructibility). In particular, claim 3 � concerns the case when � < 
 ,
where 
 is the �rst L-cardinal above the actual ! 1 , i.e. if ! 1 = ! L


 then

 = ! L


+1 . We also recall that L is the class of all constructible sets. For
concepts related to the G�odel constructibility in set theory, see, for example,
[3], [4, � 2], or [5, ch. 8].

Theorem 2.2 (the main theorem). Suppose that � < ! 2 . Then:

1� . there exists a chain well-ordered by C, of length � , of uniform Borel
sets P� � R � Q (� < �); such that in addition:

2� . all these sets P� have constructible Borel codes;1

3� . (a) if � < 
 then the Borel codes for the sets P � as above can be
chosen to form a constructible sequence,

(b) but if � � 
 then there is no any constructible sequence of pair-
wise di�erent Borel codes of length � .

It follows from 3 � that the ordinal 
 divides the domain of e�ectivity
(understood in the sense of the existence of a constructible sequence of Borel
codes for the sets in a given C-chain) and the domain of non-e�ectivity. The
existence of such a critical ordinal in the semi-open interval (!1; � ! 2] was
predicted by Novikov; see Luzin [8, � 33.X], where the ordinal is denoted by
� � . Our ordinal 
 can be considered as a concrete realization of the Novikov�
Luzin ordinal � � : It’s role depends on the actual relationship between 
 and
! 2 , of course. It is well known from the practice of the forcing method in
modern set theory that both relations 
 < ! 2 and 
 = ! 2 are compatible
with the axioms of the Zermelo-Fraenkel theory ZFC .

About the organization of the article. The proof of Proposition 2.1 is
given in � 3. Theorem 2.2 in part 1� is established in � 4 for the case of
� = ! 1 , and in � 5 in the general case. Then we introduce the Borel encoding
in � 6, and prove Theorem 2.2 in parts 2� and 3� in � 7. We discuss a corollary
related to presentation of ordinals � < ! 2 by chains of uniform Borel sets in
� 8, and �nish with some concluding remarks and a problem in � 9.

1 See � 6 î the coding of Borel sets used here.
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3 Restriction of the length of increasing chains

For the convenience of the reader, we present here a fairly short, though
by no means obvious proof of Proposition 2.1 given by Luzin in [8], � 33�II.
Note that Proposition 2.1 is not used in the proof of Theorem 2.2.

Thus let hP� i �<� be a well-ordered chain of uniform sets P� � R � R ,
i.e. P� C P� whenever � < � < � . We have to prove that � < ! 2 .

Let P =
S

�<� P� . Each section P �x = fy : hx; yi 2 P g � R is well-
ordered, and its order type �x < ! 1 , since there are no strictly increasing
! 1 -sequences of reals. Thus P �x = fy x� : � < � xg , where the numbering of
the reals y 2 P �x is given in ascending order according to the usual ordering
of the reals. Let Q� = fhx; y x� i : � < � xg for all � < ! 1 , so that

(3) the set Q� are uniform, Q� C Q � , proj Q � � proj Q � for � < � < ! 1 ,
and in addition P =

S
�<� P� =

S
�<! 1

Q� .

We claim that

(4) If � < ! 1 then the set A� = f� < � : Q � \ P � 6= ?g is countable.

Suppose otherwise. Let �0 < ! 1 be the least ordinal such that A� 0 is
uncountable, so all A� , � < � 0 , are countable. Thus by removing a countable
number of indices from A� 0 , we get an uncountable set A � A � 0 such that

(5) if � < � 0 then Q� \ P � = ? for all � 2 A .

We assert that

(6) if � < � belong to A then proj P � � proj P � .

Indeed, as � 2 A , there is a pair hx; yi 2 Q � 0 \P � , and then x 2 proj P � .
Show that x =2 proj P � . Otherwise we have hx; y0i 2 P � for some y0. In this
case, y0 < y is impossible, because then it would be hx; y0i 2 Q � for some
� < � 0 according to (3), which contradicts (5). The equality y0 = y is also
impossible, as P� \ P � = ? for � 6= � . Finally, y < y 0 is impossible, since it
contradicts the fact that P � C P� for � < � . So, in fact, x =2 proj P � . This
implies proj P� 6� proj P � , which means that proj P� � proj P � according
to (1), so that (6) is veri�ed.

Continuing the proof of (4), we take the least ordinal � 0 2 A and any
x 2 proj A � 0 . According to (6), x 2 proj A � holds for all � 2 A . This
means that there is a family of reals y� , � 2 A , for which hx; y � i 2 P � , and
at the same time y� < y � for � < � , since � < � implies P � C P� . So, we
have an uncountable strictly increasing sequence of reals y� , � 2 A , in R ,
which is impossible. This contradiction completes the proof of (4).

However, it follows from (4) that this chain hP� i �<� contains no more
than @1 sets, which means � < ! 2 . This ends the proof of Proposition 2.1.
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