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This paper contains three sections. In Sectlon 1 the model of 

intellectual system (IS) based on sheaves and generic models is 

discussed. The author realizes all conditionality and scantiness of 

this model, but probably, the very idea of this type of models is new 

f o r  the  a r t i f i c i a l  i n t e l l i g e n c e .  S e c t i o n s  2 and 3 a r e  p u r e l y  mathe-  

m a t i c a l .  The m a t e r i a l  of t h e s e  two s e c t i o n s  can be used fo r  the  proof  

of conve rgency  of an i t e r a t i v e  scheme ment ioned in  t he  end of S e c t i o n  

1. Also S e c t i o n s  2 and 3 c o n t a i n  some r e s u l t s  c o n c e r n i n g  w e l l  known 

problems: in Section Z we study the problem of "natural translation" 

of classical logic into intuitionistic one for various theories such 

a s  a r i t h m e t i c ,  a l g e b r a ,  a n a l y s i s  e t c .  [ s e e  [ 9 , p . 1 2 7 .  7 ] ) ,  a n d  i n  

Section 3 we study Macintyre problem about the transfer of model 

completeness of a theory from stalks of a sheave to the structure of 

all global sections of the sheave ([1,p~88. 2,p,175]). It is interes- 

ting to note that this method the method of Heyting-valued analysis 

~[3-5]) - can be successfully used in such different questions. 

We assume the reader is rather familiar with the Heyting-valued 

analysis [3], but this is not necessary. The sign ~ means "is equal by 

definition " or "is equivalent by definition". 

The 

i n s p i r e d  

Macintyre 

~ndebted 

a r t i c l e .  

a u t h o r  i s  g r e a t l y  t h a n k f u l  to  G. T a k e u t i  whose works o f t e n  

the  a u t h o r ' s  works,  and a l s o  i s  e x t r e m e l y  t h a n k f u l  to  A. 

fo r  t he  d i s c u s s i o n  of r e s u l t s  of S e c t i o n  3. The a u t h o r  i s  

t o  p r o f .  A . V .  C h e r n a v s k i y  f o r  u s e f u l  d i s c u s s i o n s  o f  t h e  

s p e c i a l l y  S e c t i o n  i~ F i n a l l y ,  the  a u t h o r  i s  s i n c e r e l y  t h a n k -  

f u I  t o  h i s  c o ] l e a g u e  G . I .  S y r k i n  f o r  h i s  g r e a t  h e l p  in w o r k i n g  on t h e  

a r t i c l e ,  w i t h o u t  w h i c h  t h i s  a r t i c l e  w o u l d  n o t  h a v e  a p p e a r e d .  
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Section 1. On one possible model of an intellectual system 

I n  c o n n e c t i o n  with f o r m i n g  t h e  c o n c e p t  o f  t h e  d e c i s i o n - m a k i n g  

i n t e l l e c t u a l  s y s t e m  ( a b b r e v i a t i o n :  I S )  o n e  c a n  d e s i g n a t e  a n u m b e r  o f  

c o m p o s i n g  n o t i o n s  o f  t h i s  c o n c e p t  w h i c h  we g i v e  b e l o w .  F i r s t ,  t h e  

m o t i v e  (= t h e  r e s u l t i n g  g o a l  o f  a c o m p o u n d  a c t i o n  o r  q u e s t ) ,  s e c o n d ,  

t h e  g o a l  (=  i n t e r m e d i a t e ,  c u r r e n t  g o a l  i n  r e a l i z a t i o n  o f  t h e  m o t i v e ) ,  

t h i r d ,  i n t e r n a l ,  " d e e p l y  s t r u c t u r e d "  m o d e l  o f  t h e  e x t e r n a l  w o r l d .  The  

l a t t e r  m o d e l ,  h a v i n g  l e a d i n g  p a r t  i n  t h e  i n t e l l i g e n c e  we s h a l l  c a l l  

t h e  i n t e r n a l  m o d e l  ( o r ,  s i m p l y ,  t h e  m o d e l } .  L e t  u s  c o n t i n u e  t h e  l i s t  

o f  c o m p o s i n g  n o t i o n s  o f  t h i s  c o n c e p t :  f i r s t ,  t h e  e x t e r n a l  w o r l d  (= t h e  

s i t u a t i o n  o r  t h e  s t a t e  o f  a f f a i r ) ,  t h e  d e s c r i p t i o n  o f  w h i c h  t h e  IS  

s e n s o m o t o r i c a l l y  r e c e i v e s  a t  e a c h  g i v e n  m o m e n t  o f  t i m e .  S e c o n d ,  an  

a c t i o n  ( o f  I S ) ,  c h a n g i n g  t h e  s e n s o m o t o r i c  i n f o r m a t i o n  on  c o n d i t i o n s  o f  

own a c h i e v i n g  o f  t h e  e x t e r n a l  w o r l d .  F u n c t i o n i n g  o f  I S  t a k e s  p l a c e  on  

two  s c a l e s  o f  t i m e :  on  t h e  l a r g e r  s c a l e  o f  t i m e  i t  h a s  t h e  f o r m  o f  

l e a r n i n g ,  d e v e l o p m e n t ,  w h i c h  f i r s t  o f  a l l  c o n s i s t s  o f  c h a n g i n g  t h e  

i n t e r n a l  m o d e l  o f  t h e  w o r l d  a s  w e l l  a s  t h e  m e a n s  o f  a c c e s s  t o  t h i s  

m o d e l ,  a n d  on  t h e  l e s s e r  s c a l e  o f  t i m e  t h e r e  a r e  c o p i n g  w i t h  p r o b l e m s  

g e n e r a t e d  by  t h e  s y s t e m  o f  m o t i v a t i o n .  The  r o l e  o f  t h e  i n t e r n a l  m o d e l  

on t h e  l a r g e r  s c a l e  o f  t i m e  c o n s i s t s  o f  m a i n t a i n i n g  t h e  t S ' s  s t a b i l i t y  

( h o m e o s t a s i s ) ,  w h i l e  t h e  r o l e  o f  t h e  m o d e l  on  t h e  l e s s e r  s c a l e  o f  t i m e  

c o n s i s t s  t h e  p o s s i b i l i t y  t o  a c t i v a t e  t h e  s e t  o f  p a r t i a l  s i t u a t i o n s  i n  

r e s p o n s e  t o  e a c h  s e n s o m o t o r i c  i n p u t .  A p a r t i c u l a r  s i t u a t i o n  d e s c r i b e s  

s u c h  r e p r e s e n t a t i o n s  o f  o b j e c t s  o f  t h e  e x t r e m e  w o r l d  a n d ,  i n  a d d i t i o n ,  

s u c h  r e l a t i o n s h i p s  b e t w e e n  t h e s e  r e p r e s e n t a t i o n s  t h a t  c o r r e s p o n d  t o  

a c t u a l  s t a t e  o f  a f f a i r s .  

I n  a c c o r d a n c e  w i t h  o n e  o f  t h e  k n o w n  p o s s i b l e  d e f i n i t i o n s  ( [ 1 3 ,  

p.3]) an intellectual system (IS) can be defined as a system which 

generates chains of goal-directed actions under general pressing of 

some motives and on the basis of some internal model of external world 

via constructing a situative model of the current state of affairs, 

It would be desirable to study this concept of IS (the 

philosophical concept in its essency) in purely mathematical and 

computationally realizable terms. This would permit on mathematical 

a n d  e x p e r i m e n t a l  l e v e l s  t o  t e s t i f y  t h e  v a l i d i t y  o f  a n y  g i v e n  s e t  o f  

p r o p e r t i e s  b e i n g  i n t u i t i v e l y  a s c r i b e d  t o  an  I S .  We g i v e  b e l o w  s u c h  

d e s c r i p t i o n  o f  t h e  a b o v e  n o t i o n s  i n  p u r e l y  m a t h e m a t i c a l  t e r m s  

( c e r t a i n l y ,  p r e l i m i n a r y ) .  

The  t i m e  i s  u n d e r s t o o d  d e s c r e t e l y  a s  s t e p s  e n u m e r a t e d  by  n a t u r a l  



124 

numbers,  A mot ive  i s  u n d e r s t o o d  as an i n c r e a s i n g  sequence  {Th } of 
n 

theories (= of lists of axioms): Th CTh . Intuitively, the sequence 
n -  n + l  

{Th } d e s c r i b e s  o n e  o f  s u c h  s e q u e n c e s  o f  p i c t u r e s  o f  t h e  e x t e r n a l  
n 

world t h a t  t h e i r  r e a l i z a t i o n  w i l l  d i s c h a r g e  the  t e n s i o n  caused  by 

g i v e n  mot ive  (= the  p o t e n t i a l l y  r e a l i z a b l e  m o t i v e ) .  The d e g r e e  of t h i s  

d i s c h a r g i n g  i s  c h a r a c t e r i z e d  by the  n o t i o n  of " s a t i s f i a b i l i t y "  of IS. 

The  l a t t e r  n o t i o n  i s  i m p o r t a n t  m o s t l y  f o r  t h e  s c a l e  p r o p e r  t o  t h e  

p r o c e s s  of l e a r n i n g .  Now we c o n s i d e r  the  work of IS in  the  l e s s e r  

s c a l e  of time. 

We define the internal model as follows. Fix a Stone topological 

space X. To each point p from X we correlate some mathematical 

structure (= model K) having the same signature for all p. Let E be 

disjoint union of all K where p ranges over X. In E we fix a 
P 

topology such that the function rI:E->x def]ned by the equivalence 

H(s)=p<=>sEK is a continuous function and also is a local 
P 

homomorphism, Call by a section a function of the form: k: (9->E, where 

is open set in X and IIIk(p))=p for all p from ~. Denote by •(X) the 

topology in X, i.e. the lattice of all open sets in X. We also denote 

by F(E,X) the set of all sections. Intuitively, K is a particular 
P 

situation (a particular experience) at point p while one section k(d) 

is the representation of one f~xed object in various situations (in 

which t h i s  o b j e c t  i s  t a k e n  i n t o  a c c o u n t )  . T h e r e f o r e ,  F(E,X) 

intuitively corresponds to the reflection of objects of the external 

world in the internal model of IS. InFormally speaking, the set 

{F(E,~ )[ ~]~(X)} corresponds to the reflection of sltuative aspects 

of the external world within the internal model of IS. 

For every list of axioms (= of theories) T ..... T we denote 
1 m 

m 
X(T ..... T )~X( U T )~{p6X!K I=T &...&T }. Intuitively, sensomotoric 

t m i=i i p ] m 

i n f o r m a t i o n  (= t h e  d e s c r i p t i o n  o f  t h e  e x t e r n a l  w o r l d ~  T e x c i t e s  

(= activizes) the domain X(T) of the internal model. If IS has per- 

formed (within the frame of reasonable chain of actions 

P . . . . .  P . . . .  ) t h e  n e x t  a c t i o n  P ( w h e r e  P C , . , C P  CP ) a n d  I S  
1 n-2 n-1 1-- - n -Z-  n - I  

has o b t a i n e d  the  d e s c r i p t i o n  T of t he  e x t e r n a l  wor ld  on n - t h  s t e p ,  
n 

then  t he  domain XIT .P ) of t he  i n t e r n a l  model Js a c t i v i z e d .  We do 
n n-1 

not  make i t  p r e c i s e  whether  the  c o v e r i n g  space  <E.X> i s  the  whole 

i n t e r n a l  model or on ly  i t s  p a r t  be ing  a c t u a l i z a b l e  by t he  mot ive  (and 

by  o t h e r  c i r c u m s t a n c e s ) ,  
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And s o ,  o n e - m o m e n t  d e s c r i p t i o n  o f  t h e  e x t e r n a l  w o r l d  i s  

r e p r e s e n t e d  by  s o m e  l i s t  o f  a x i o m  (= by  s o m e  t h e o r y )  T. I t  i s  p o s s i b l e  

t h a t  t h e  l a n g u a g e  o f  d e s c r i p t i o n  o f  t h e  m o t i v e  ( i . e .  t h e  l a n g u a g e  i n  

w h i c h  t h e  t h e o r y  Th i s  w r i t t e n )  i s  m o r e  a b s t r a c t  i n  c o m p a r i s o n  w i t h  
n 

the language of d e s c r i p t i o n  of the ex te rna l  world ( i . e .  with the 

l a n g u a g e  i n  w h i c h  t h e  t h e o r y  T i s  w r i t t e n ) .  T h e  l a t t e r  l a n g u a g e  we 

denote by ,Cl. We also denote by R(C) the extension of language ~ by 

countable l i s t  o f  new c o n s t a n t s .  We ca l l  by an ac t ion  a f i n i t e  

c o n s i s t e n t  s e t  o f  a t o m i c  f o r m u l a s  ( i n  l a n g u a g e  ~ ( C ) )  a n d  t h e i r  

n e g a t i o n s ,  We c o u l d  c a l l  by  an  a c t i o n  a l s o  a f i n i t e  c o n s i s t e n t  s e t  o f  

q u a n t i f i e r  f r e e  {= b a s i c }  f o r m u l a s  ( i n  l a n g u a g e  ~ t ( C ) )  a n d  w o u l d  come 

t o  s o m e  r e s u l t s .  An a c t i o n  c o m p a t i b l e  w i t h  a t h e o r y  T w i l l  be  c a l l e d  

an  a c t i o n  f o r  t h e o r y  T. I n t u i t i v e l y ,  an  a c t i o n  m e a n s  a f i n i t e  n u m b e r  

of "pushing and non-pushing some potentially infinite number of 

buttons (= of constants from C)". 

We define induc t ive ly  some i t e r a t i v e  procedure to obtain the 

s a t i s f y i n g  of the motive. Let the ac t ions  P C...C_P have been 
i -  n - i  

a lready chosen and performed. Then  IS is  {sensomotor ica l iy)  given a 

t h e o r y  T b e i n g  t h e  n e x t  d e s c r i p t i o n  o f  t h e  e x t e r n a l  w o r l d .  I t  c a n  
n 

h a p p e n  t h a t  t h e  t h e o r y  T c o n t r a d i c t s  t h e  d e s c r i p t i o n s  w h i c h  a r e  
n 

analogous to the previous descriptions. Further, from the two 

condi t ions  below we s imul taneously  find the goal -~ of n- th  i t e r a t i o n  
n 

and the ac t ion  P being performed at  the n- th  i t e r a t i o n .  Now we 
n 

formulate the two above mentioned cond l t l ons .  The f i r s t  condi t ion says 

t ha t  the maximum of the func t ion  of argument ~ of the form ! 

max{ml ~(X(~=>Th ))-~(X~T ,P ))I<6} 
m d n n-1 

i s  a c c e s s e d  a t  t h e  v a l u e  . ~ f o r  t h e  a r g u m e n t  ~ .  H e r e  ~ ( , )  i s  a r e a l -  
n J 

v a l u e d  m e a s u r e  on  X a n d  ~ i s  a f i x e d  r e a l  n u m b e r  ( p a r a m e t e r ! .  The  

a n d  Pn l [ -  ~ . , _  -..  w h e r e  U-T i s  t h e  s e c o n d  c o n d i t i o n  s a y s  t h a t  P n _ ! ~ P n  

f i n i t e  f o r c i n g  i n  t h e o r y  T . n n 
n 

H e r e  P [ -  m e a n s  t h a t  i n  a t 1  g e n e r i c  m o d e l s  o f  t h e o r i e s  T a n d  P 
n n n 

( w h e r e  P i s  an  a c t i o n  f o r  t h e  t h e o r y  T ) t h e  f o r m u l a  ~ i s  v a l i d ,  I n  
n n I n  

o t h e r  w o r d s ,  t h e  v a l u a t i o n  o f  t h e  f o r m u l a  ~ f o r  t h e  t h e o r y  T ( i n  A. 
| n n 

R o b i n s o n ' s  s e n s e )  i s  m i n o r e d  w i t h  P 
n "  

We c o u l d  g i v e  s u f f i c i e n t  c o n d i t i o n s  a n d  c l o s e  t o  t h e m  n e c e s s a r y  

c o n d i t i o n s  o f  t h e  c o n v e r g e n c e  o f  i t e r a t i v e  p r o c e d u r e s  o f  t h e  t y p e  

d e s c r i b e d .  One C o u l d  a t t e m p t  t o  r e a l i z e  p r o c e d u r e s  o f  t h i s  t y p e  

a l g o r i t h m i c a l l y ,  Some a d d i t i o n a l  c o n s i d e r a t i o n s  a r e  g i v e n  i n  [ 6 ] .  
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Section 2. The na tu ra l  t r a n s l a t i o n  of a c l a s s i c a l  theory of algebras  

w i t h  m e t r i c s  i n t o  an i n t u l t i o n i s t J c  t h e o r y  o f  a l g e b r a s  w i t h  m e t r i c s .  

An algebra with metrics is defined as <K,+,- ,0.i,~.~>, where 
2 2 

+:K -->K, -:K-->K, .:K -->K; O.IEK, ~.H :K-->R; R Js defined as the set 

of all Dedekind sections ~=<~. ~ > on ~, and o<, is predicate on R. 
i 

defined by (~<~)~(Er)EQ(re~l&r6~)., Usual ZF-formulas describing Q, 

~ 0 ,  R, C (as the se t  of a l l  pa i r s  of Dedekind s e c t i o n s )  we denote by 

We c a l l  a f o r m u l a  ~ ( ' , . . ,  ° ) ( i n  t h e  l a n g u a g e  o f  ZFI  a D e d e k i n d  

f o r m u l a  i f f  

11 HZFI-Vf.+,-," ,O,l.{l.}l(~(f,+,-, ' 0,I,11,II) => <f,+,-, ' ,ll'~> iS an 

algebra wlth metrics (here the formula ~J~ is used); 
3 

2) z F c l - v f , + . - , ' , o , l . l l . l i ( ~ ( f  . . . . .  I f ' l ) = > V k . t ~ f ( k = t = > l k - t l l = O ) :  

[ ( f ( k ) - > [ ~ k l ~ q - -  l ~ k ~ B ] B ) & ( f ( k ) & f ( t I - > [ k + ~ t = k + B  t ] B ) & ' ' "  ] ) '  

w h e r e  . , .  m e a n s  t h e  s a m e  c o n d i t i o n s  f o r  - , - , 0 , 1 ;  

_ } ,  4 )  V ~ ( I ~ ( f  . . . . .  ~ , ~ ) ] Q  < ~ ( f  . . . . .  ~ ' I i ) ]  B 

w h e r e  B i s  c a n o n i c a l l y  c o n s t r u c t e d  f r o m - g - ~  ° . N a m e l y ,  B i s  t h e  ( u n i q u e )  

complete Boolean algebra such that can be injected (as a complete 

Heyting algebra} into B. The evaluation ~'~B is computed in the 
- B 

Boolean-valued universum V- and ~.]~is compute~ in the Heyting-valued 

universum V ZZ Here HZF devotes the i n t u J t i o n i s t i c  se t  theory 

introduced by R. Greyson, 

Example 1. 1) A se t  of Dedekind sec t i ons  being closed under the 

usual r ing  opera t ions  (defined in R) considered toge ther  with these 

opera t ions  can be described by the formula which we denote by ~ .  Let 

also ~ l l ~ { A l ~ m a x ( A , - a } ,  i . e .  
~ ( f  . . . . .  ]1 '~  ~ g x ~ f ( ~  ( X ) & ¥ x  ,X E f ( x  +x , - x  .X • x . O , l ~ f ) & . . .  

3 1 2 1 2 1 1 2 

(Here we again use the formula ~ ). I t  is  easy to see tha t  ~ i s  a 
I B 

Dedekind formula. I t  desc r ibes  in V S~ and V- the f ami l i e s  of a l l  

of R, Let R~ be an object  described in V~'~by formula ~ and subrings 
- - ~  B 8 

R be an object described in V- by the same formula. Of course. 
-B 
- R~ CR_B, but ~Rs-~is a subring of RB~B=I. 

2) Let a set of complex numbers be cTosed under the usual ring opera- 

ttons (defined in C) considered together with these operations can be 

described by the formula which we denote by ~. We remind that complex 

number i s  a pa i r  of Dedekind s e c t i o n s .  I t  is  easy to see tha t  ~ is  a 
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B 
D e d e k i n d  f o r m u l a .  I t  d e s c r i b e s  i n  V ~ a n d  V-  t h e  f a m i l i e s  o f  a l l  

s u b r i n g s  o f  C.  

3} T h e  f a m i l i e s  o f  t h e  s u b r i n g s  o f  t h e  h y p e r c o m p l e x  s y s t e m s  o v e r  ~ , R  

o r  C c a n  b e  d e s c r i b e d  b y  D e d e k i n d  f o r m u l a s  i n  t h e  s a m e  m a n n e r .  

4 )  I n  a l l  c a s e s  m e n t i o n e d  a b o v e  we c a n  a d d  t h e  f o r m u l a  

Y x E f ( E y ) @ f ( x = 0 v x o y = l )  t o  ~ a n d  t h e n  we c a n  o b t a i n  t h e  c o r r e s p o n d i n g  

f a m i l y  o f  f i e l d s .  

5 )  I n  a l l  c a s e s  m e n t i o n e d  a b o v e  we c a n  a d d  t o  f o r m u l a  9~ t h e  f o r m u l a  

s t a t i n g  t h a t  t h e  f i e l d  i s  r e a l  c l o s e d  ( o r  a l g e b r a i c  c l o s e d } .  

6 )  T h u s .  a ] l  u s u a l  c l a s s e s  o f  n u m b e r  r i n g s  a n d  f i e l d s  ( g r o u p s  a n d  

a l g e b r a s )  c a n  b e  d e s c r i b e d  b y  D e d e k i n d  f o r m u l a s .  B e c a u s e  o f  t h i s  we 

c a n  a p p l y  T h e o r e m  1 ( b e l o w )  t o  a l l  t h e s e  c l a s s e s .  

7 )  E a c h  i m p l i c a t i o n  ~ = > ~  o f  t h e  t y p e  d e s c r i b e d  i n  T h e o r e m  1 ,  w h i c h  i s  

t r u e  i n  R { o r  C) w i l l  b e  a c o n s e q u e n c e  o f  t h e  a x i o m s  o f  a r e a l  ( o r  

a l g e b r a i c )  c l o s e d  f i e l d  ( f o r  t h e  c o r r e s p o n d i n g  t h e o r i e s  a r e  c o m p l e t e } .  

S o .  T h e o r e m  1 c a n  b e  a p p l i e d  t o  t h i s  i m p l i c a t i o n ,  t o o .  

L e t  ~ ,  ~ b e  f o r m u l a s  i n  t h e  l a n g u a g e  o f  t h e  t h e o r y  o f  r i n g s .  By 

~ +  we denote the formula obtained from ~ by s u b s t i t u t i o n  of k#t 

i n s t e a d  o f  k ~ t .  H e r e  # d e n o t e s  t h e  a p a r t n e s s  p r e d i c a t e .  I n  t h e  

s i m p l e s t  c a s e  ( w h e n  m e t r i c  J s  t I ' I I : K - - > ~ }  t h e  a p a r t n e s s  p r e d i c a t e  i s  
2 

d e f i n e d  b y  ( k # t ) v ~ k - t { ]  > 0 .  L a t e r  we g i v e  o t h e r  e x a m p l e s  o f  r a n g e s  o f  

v a l u e s  o f  m e t r i c s  i n  w h i c h  t h e  a p a r t n e s s  p r e d i c a t e  c a n  a l s o  be  

d e f i n e d .  L e t  k ~ t  a b b r e v i a t e  [ I k - t ~ = 0 .  By ~ t  we d e n o t e  t h e  f o r m u l a  

obtained from ~ by the two simultaneous substitutions: the 

substitution of k#t instead of k#t and the substitution of k&t instead 

o f  k = t .  By t h a i =  ( x  . . . .  x ) we m e a n  V ~ ( ~ ( ~  . . . . .  ~ n ) ~  = 1 ) ,  w h e r e  
1 n 1 

x . . . . .  x ~V a n d  ~ r a n g e s  o v e r  t h e  c l a s s  o f  a l l  c o m p l e t e  H e y t l n g  
t n 

a l g e b r a s .  T h e  p r e d i c a t e  c B a ! = ( - )  c a n  be  c o n s i d e r e d  a s  a n e w  i n t u i t i o -  

n i s t i c  s e m a n t i c s  f o r  t h e  s e t  t h e o r y ,  I n  m a i n  f e a t u r e s  t h i s  p r e d i c a t e  

w a s  d e f i n e d  i n  [ 1 0 ] .  a n d  t h i s  t r a n s l a t i o n  w a s  d e f i n e d  i n  [ 7 , 8 ] .  

T h e o r e m  1.  L e t  ~ b e  a D e d e k i n d  f o r m u l a  i n  t h e  l a n g u a g e  o f  Z F .  

and '~ are formulas in the language of the r ing theory ,  ~ is  a AE- 

f o r m u l a .  I f  

Z F C [ - V f  . . . . .  ~ '  [ ~ ( ~ ( f  . . . . .  [ [ ' [ t ) = > V k l  . . . . .  k n ~ f [ ~ f ( k } - -  = > - - ~ f ( k ) ] } '  

t h e n  

c ~  =vf . . . . .  It" I I ( ~ f  . . . . . .  I I ' t f )  = > v k  . . . . .  k e f [ ~ t ( ~ } = > ~ t ( ~ l l ~ .  
1 n 

P r o o f .  A s s u m e  t h a t  f . . . . .  ! l , t l E V ~ , k  . . . . .  k ~ D I f ) ,  
1 n 

u ' ~ ( f  . . . . .  [ l ' ~ ) ] & f ( k l ) & "  . . & f { ~ n } & [ ~ + { ~ } ~ . , f  T h e n  u < ~ + ( k ) ~ _  - - f  B" T h e  

formula ~ i s  a Dedekind one. hence 
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& f ( k  ) & . . . & f ( k  ) & [ ~ ; ( k ) ~  . By 
u N ~ ( f  . . . .  II. II)~B 1 n B 

our assumption 

~f . t h e r e f o r e  u < [ ~ ( ~ ) l B  ( b e c a u s e  ~ i s  a D e d e k i n d  f o r m u l a S .  u~[ (~)] 

| 

L e t  J ( k )  be t h e  f o r m u l a  Vt . . . . .  t ~ f&VZ g 
l f 1 m 1 s >0 

tEl . . . . .  1 ) ~ f ~ ( k ) .  
1 r 

In this case Vt ..... t ~D(f)VZ ..... ~s~>0(u<f(t )&. .&fit )-> 
1 m 1 - ~ m 

1 r B 

i . e .  u & f ( t  ) & . . . & f ( t  < ~ ( E [ ) E f ~ [ k . { , ~ ) ] ]  ) .  
1 m B 

T, 
T h e r e f o r e  u < ~ ( E i ) @ f ( X ( k . ~ , £ )  )~ i . e .  u~ [V{~fYZ6~  

R e m a r k .  An a n a l o g o u s  t h e o r e m  c a n  a l s o  be s t a t e d  f o r  e a c h  p a r t i c u l a r  

c o m p l e t e  H e y t i n g  a l g e b r a  Sl  and  t h e  c o r r e s p o n d i n g  B o o l e a n  a l g e b r a  B. 

In  t h i s  c a s e  we f i x  an a r b i t r a r y  a l g e b r a  w i t h  m e t r i c  < f . + , - . ' , 0 , 1 , l l ' ~ >  
B 

i n  v ~ and  c o n s i d e r  t h e  same a l g e b r a  i n  V - .  {Here  " m e t r i c "  may a l s o  be 

a m a p p i n g  ]l.fl:f-->~, w h e r e  Y i s  a l o c a l l y  c a m p a c t  r i n g ,  and  ~SZ i s  a 

c o m p l e t i o n  o f  t h e  u n i f o r m  s p a c e  ~ i n  V 52 by C a u c h y  f i l t e r s ,  and  Y i s  
B B 

t h e  c o m p l e t i o n  i n  V- c o n s t r u c t e d  i n  t h e  same way .  In  t h i s  c a s e  

IV Q i s  a s u b r i n g  o f  ~B ~ B = I )  We can  s t a t e  t h a t  ~f 

] n - 

t h e n  

f ( k  5 & . . . & f ( k  ) < [ f l = ( ~ + ( } ) = > + + ( k ) ) ~ .  
l n - 

T h i s  c o n s t r u c t i o n  c a n  be s u c c e s s f u l l y  a p p l i e d ,  f o r  e x a m p l e ,  t o  an 

a r b i t r a r y  r i n g  K i n  t h e  f o l l o w i n g  way.  L e t  ~ be t h e  t o p o l o g y  o f  t h e  

S t o n e  s p a c e  c o n s t r u c t e d  f o r  t h e  B o o l e a n  a l g e b r a  o f  a l ]  c e n t r a t  

i d e m p o n e n t s  o f  r i n g  K. I t  i s  p o s s i b l e  t o  d e f i n e  m a p p i n g  K t - > K '  ~ w h e r e  

K' i s  an e l e m e n t  f r o m  V ~ and  a l s o  a t r a n s l a t i o n  ~ ! - > ~ ' .  s u c h  t h a t  

( [ K ' l = ~  ~ = I ) < = > ( K I =  ~ ' )  f o r  a l l  f o r m u l a s  ~ and  f o r  a l l  r i n g s  K. 

T h e r e f o r e ,  i f  K I = ( ( ~  ÷ ) ' & i )  and  Z F g l - ( ( ~ & i ' ) = > f ) ,  t h e n  g } = ( ~ + 5 '  

Fo r  e x a m p l e  o n e  c a n  t a k e  i = " i s  an a b e l i a n  r e g u l a r  r i n g "  and  i ' = " i s  a 

skew field". Details see in [3]. Even the simplest case K'=Y~- Z is 

interesting: in this case K=C (X,Y), where X Js Stone space for the 
I 

algebra ~-~ . If ~ is a topology of a topological space Z and, for 

example, Y is equal to R, then C (X Y)gCIZ,Y), We can substitute (in 
I 

Theorem I) an arbitrary formula ~l-->t ~ instead of premise _ ~. where ~ 

is a B-decidable AE-formula and ~ is in the weak A-normal form, 
2 
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M a i n  r e s u l t s  o f  t h i s  s e c t i o n  w e r e  r e p o r t e d  b y  t h e  a u t h o r  t o  t h e  

7 t h  C o n g r e s s  o f  L o g i c  { S a l z b u r g ,  J u l y  1 9 8 3 ) .  

S e c t i o n  3 .  L o c a l i z a t i o n s  a n d  e v a l u a t i o n s  

T h e  r e s u l t s  o f  t h i s  s e c t i o n  w e r e  r e p o r t e d  by  t h e  a u t h o r  t o  8 t h  

C o n g r e s s  o f  L o g i c  ( M o s c o w ,  A u g u s t  1 9 8 7 ) .  

I n  t h e  f o l l o w i n g  K i s  a n  a s s o c i a t i v e  r i n g  w i t h  1 ( h o w e v e r  o u r  

r e s u l t s  a r e  s t i l l  v a l i d  f o r  m u c h  w i d e r  c l a s s  o f  a l g e b r a s ) .  T h i s  r i n g  

i s  i d e n t i f i e d  w i t h  t h e  P i e r c e  s h e a v e .  I t s  s t a l k  c o i n c i d e s  w i t h  g ~ K / ~  
P 

w h e r e  p i s  a p o i n t  i n  a S t o n e  s p a c e  X(K)  o f  t h e  B o o l e a n  B(K)  o f  a l l  

c e n t r a l  i d e m p o n e n t s  o f  K. L e t  u s  f i x  a t h e o r y  T, h a v i n g  s o m e  T* a s  i t s  

model Companion. Let us also fix some class of rings K#{KI{K }I=T}. By 

K* we denote {KI({K }[=T*)&KI=~ &¢ }, where ({Kp}I=T)~¥p~X~K)(K I=T) 
p 1 2 p 

a n d  ~ i s  t h e  p r o p e r t y  " t o  b e  n o r m a l "  a n d  ~ i s  t h e  p r o p e r t y  " t o  b e  
1 2 

atomless" for the ring K. Here ~ =¥k~K(Ee )6B(K)VeEB(K)(e*k=O<=>e~e ). 
1 0 0 

In an ordinary way we define the evaluation ~'~(K) for the formulas 

(with parameters from K) in the language of the ring theory. Sometimes 

we shall write ¢~- instead of ~(K), where ¢/-(K) is the topology of the 

space X(K). 

Macintyre's problem is: when the class K has a model companion K' 

and what is an axiomatizat~on of this K' . We will give sufficient 

conditions for the fact that exactly the class 5* (defined as above) 

is the model companion for K and will give an explicit axiomatization 

for this class K*. This can be considered as a possible answer to the 

Macintyre problem. 

Prop0sition I. Let K be a normal ring and {K }I=T *, where theory 

T* is model complete. Then for each formula ~ we h~ve two properties: 

~(k ..... k )~_={p6X(K)IK [=~Ik (p) ..... k (p))} and [~(k I .... kn)~_ is 
1 n p 1 n 

a c l o s e d - o p e n  s e t .  w h e r e  k . . . .  k 6 K .  
1 n 

P r o o f .  F o r  a t o m i c  f o r m u t a  ( k = t )  we h a v e  ~ k = t ~ = e  . w h e r e  e c o m e s  
0 O 

o w i n g  t o  t h e  d e f i n i t i o n  o f  n o r m a l i t y  f o r  t h e  e l e m e n t  k - t .  F o r  t h e  c a s e  

o f  c o n n e c t i v n e s s  v , & ,  7 a l l  i s  o b v i o u s .  F o r  t h e  c a s e  ( E )  n o t e  t h a t  

~ ( E x ) ~ = { p - X I g  I = ( E x ) ~  }.  U s i n g  m o d e l  c o m p l e t e n e s s  f o r  t h e  f o r m u l a  
P 

% 

( I ( E x ) ~ ) ( X  . . . . .  x ) we c o m e  t c  r e d u c i n g  E - f o r m u l a  ~ ( x  . . . . .  x ) a n d  b y  
t n - -  1 n 
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normality of the ring g we obtain that the set [(Ex)~ is open-closed. 

In  t h e  c a s e  o f  V n o t e  t h a t  ~ Y x ~ £ { p 6 X ! g  !=Vx~}~N{[~(k)~Ikeg} a n d  t a k e  
P 

into account that the set {p&X!K l=(Ex)7~} is open-closed. 
P 

P r o p o s i t i o n  2~ Let K be a normal r i n g ,  ~ be an A E - f o r m u l a .  

V p S e ( g  I= (k  ( p )  . . . . .  k ( p ) ) .  t h e n  ~ ( k ) ~ _  ~e f o r  e a c h  e ~ B ( g ) .  
p 1 n 

I f  

P r o p o s i t i o n  3 .  L e t  K be a n o r m a l  r i n g ,  ~ be a f o r m u l a  h a v i n g  n o  

q u a n t i f i e r s  w i t h i n  t h e  s c o p e  o f  i m p l i c a t i o n .  I f  p 6 ~ ( k ) ~  , t h e n  

g I=W (k  ( p )  ..... k ( p ) ) .  
p ~ 1 n 

C l a s s  K i s  c a l l e d  B o o l e a n - r e g u l a r ,  i f  B ( K ) C B ( L )  f o r  e v e r y  K,L~K 

s u c h  t h a t  KCL ( t h i s  i s  t r u e ,  f o r  e x a m p l e ,  i f  ( K , L ~ K ) & ( K C L ) = > Z ( K ) ~ Z ( L ) .  

w h e r e  Z(K)  i s  t h e  c e n t r e  o f  t h e  r i n g  K ) .  

P r o p o s i t i o n  4 .  a} The  A - m o d e l  c o m p l e t e n e s s  o f  a c l a s s  K i m p l i e s  

B o o l e a n - r e g u l a r i t y  o f  K, 

b} B o o l e a n - r e g u l a r i t y  o f  K i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n  

KCL=>Vp ~ X ( L ) ( ( p  O K ) ~ X ( K ) )  a n d  a l s o  i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n  
t 1 

KCL=>(Ep ) E X ( L } ( ( p  ~ K ) E X ( K ) ) .  
1 1 

P r o o f .  F o r  e a c h  eEB(K)  t r a n s f e r  t h e  f o r m u l a  V x ( e . x = x . e )  f r o m  g 

o n t o  L. 

b)  L e t  u s  v e r i f y  s u c c e s s i v e l y  t h r e e  i m p l i c a t i o n s  b e t w e e n  t h e  

a b o v e  t h r e e  c o n d i t i o n s  on K, C e r t a i n l y ,  q~p K=p ~ B ( K ) C B ( K )  a n d  q 
1 1 

contains 0 but does not contain 1 and, moreover, q is closed w.r.p. 

operation v. And, because of the Boolean-regularity of the class K we 

have that the set q is transitive downward set and is a prime ideal. 

I f  e ~ B ( K ) \ B ( L ) ,  t h e n  (p OK) c a n  n o t  be p r i m e .  
1 

A c l a s s  K i s  c a l l e d  B o o l e a n - s i m p l e ,  i f f  

(K,L~K)&(KCL)=>Ve ~B(L)(e ~O=>(Ep )~e (Ep)~X(K) 
1 1 t 1 

- ( e . k = k ) = > ( E e ) & p ( e . k = k ) ] .  [P~PI~K&Vk~K((Ee)~Pl 

I f  K i s  a B o o l e a n - r e g u l a r  c l a s s  a n d  VKGK(K]=¢ ) ,  
1 

c o n d i t i o n  t o  t h e  s i m p l i e r  o n e :  

we c a n  r e d u c e  t h i s  

( K , L ~ K ) ( K ~ L ) = > V p  E X ( L ) [ ( p  • L ) D K ~ ( p  ~ K ) . K ] .  
1 1 I 

P r o p o s i t i o n  5 .  L e t  K be a B o o l e a n - r e g u l a r  c l a s s  a n d  VKEK(Kf=~ ) .  
1 

T h e n  

a )  I f  K i s  A E - m o d e ]  c o m p l e t e ,  t h e n  K i s  B o o l e a n - s i m p l e .  

b} B o o l e a n - s i m p l i c i t y  o f  K i s  e q u i v a l e n t  t o  f o l l o w i n g  c o n d i t i o n :  
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KCL:>Vk~KVeaB(K)((K{=~ (k,e))=>(LI= ~ (k,e))). w h e r e  

2 
~ # V e  ( E t ) ( e o = e  &e . t = t * e  & e .  k=O=>e  . e = e  ) .  

0 0 0 0 0 0 0 

P r o o f .  C l a u s e  a )  i m m e d i a t e l y  f o l l o w s  f r o m  c l a u s e  b ) .  

b )  L e t  t h e  r e s p e c t i v e  c o n d i t i o n  on K h o l d s  g o o d .  And 

e~[k=O~ . Then LI= ~(k,e) i e . From this , , , ~ k = O ] L ~ [ k = O ~  K g i 

let 

it 

f o l l o w s  s u c c e s s i v e l y  [ k ~ O ~  <[k~O] , 
K-  L 

Vp ~X(L)Vk@K[((Ee)Ep (e.k=k))=> 
1 I 

• D K ) ( e . k = k ) .  I k ~ O ~ K ~ e l ,  ~ k d O ] K e P l O K ,  ~k#O~K k = k ] ,  i . e .  ( E e ) e ( p  1 The 

latter proved condition is even much stronger than the Boolean- 

simplicity of class K. On the contrary, assume e EB(L) and e ,k=0. 
0 0 

Suppose e 0(I-e)¢0. By the assumption we choose a point p in X(L) 
0 1 

such that p ~e O(1-e) and ~ ~KC~, where p is equal to p OK and also p 
i 0 1 1 

i s  a p r i m e  i d e a l  i n  B ( K ) .  T h e r e  e x i s t s  e Gp f o r  w h i c h  e • k=k  a s  
I 1 

( l - e  ) ° k = k .  H e n c e ,  ( 1 - e  )Ep  , ( l - e  ) . k = O ,  ( 1 - e  ) ~ e ,  e ~ p  . B u t ,  on t h e  
0 1 1 1 1 1 

o t h e r  h a n d ,  eGp . C o n t r a d i c t i o n ,  0 
1 

A c l a s s  K i s  c a l l e d  B o o l e a n - a b s o l u t e  i f f  i t  i s  B o o l e a n - r e g u l a r  

a n d  B o o l e a n - s i m p l e .  

T h e o r y  T i s  c a l l e d  a u t o n o m o u s  ( r e s p e c t i v e l y ,  n o r m a l l y  a u t o n o m n s )  

i f f  e v e r y  m o d e l  K o f  t h i s  t h e o r y  c a n  be  e m b e d d e d  i n t o  a r i n g  F s u c h  

t h a t  {F } I = T  ( r e s p e c t i v e l y .  i n t o  a n o r m a l  r i n g  F ,  s u c h  t h a t  {F } I = T ) .  
P P 

L e t  X (K)  d e n o t e  t h e  s e t  o f  a l l  p r o p e r  i d e a l s  o f  B ( K ) ,  I f  
1 

q~X ( K ) ,  t h e n  ~ # q . K  i s  a n  i d e a l  i n  K. By {K } we d e n o t e  { g / ~ l q £ X  ( K ) } .  

Theory T is called totally autonomus iff { }!=T for each model F of 
q 

theory T. 

Let T be a theory in the disjunctive normal form. By T' we denote 

{~' I~6T} (~' was defined in the Remark in Section 2; details see in 

[3]). Let us mention that ~' is a Horn formula, 

Theorem 2. a) The class K* is axiomatizable (and even Horn 

axiomatizable). If K ~s defined as {KI({K }I=T)&(K!=~ )}, where T is 

a n  A E - t h e o r y  ( o r  K i s  d e f i n e d  a s  {Kt{K } = T } ,  w h e r e  T i s  an  AE- 
t p 

p o s i t i v e  t h e o r y ) ,  t h e n  E i s  H o r n  a x i o m a t i z a b l e .  N a m e l y ,  
1 

g ={K! (KI=T')&(K{=*)}. 
1 l 

b)  I f  K* i s  a B o o l e a n  a b s o l u t e  c l a s s  t h e n  K* i s  m o d e l l y  c o m p l e t e .  

c )  I f  T* i s  a n o r m a l l y  a u t o n o m o u s  t h e o r y ,  t h e n  K c a n  be  e m b e d d e d  i n t o  

K* 
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d) Let T~T*. If T* is a normally autonomus theory and K* is a Boolean- 

absolute class, then K* is a Horn model companion for K (it is true 

that K*CModT~ K}. Under the same conditions (T*)~+¢ +¢ is the model 
1 2 

companion for T' 

e) If T* is a normally autonomus theory, T is a totally autonomus 

theory, and ~* is a Boolean-absolute class, then K* is the Horn model 

companion for K (here we suppose that the possibility of embedding of 

T* into T is provable in ZFC). 

Proof .  a) The c l a s s  g ~{KI{K }I=T*,KI=~ } i s  Horn a x i o m a t i z a b l e ,  
- I  p 1 

namely K ={K!KI=(T*)' , gl=~ }. In fact, if K~K , then by Proposition I 
1 1 - 1  

and the Remark from Section 1 we can obtain R] = ~' where ~{T*. 

Conversely, by the same Remark and Proposition 3 we have {K }I = ~T*. 
P 

All formulas ~ ' and the formula ~ are Horn formulas. The class K* is 
1 

designed within the class K by Horn axiom ~ . The second proposition 
1 2 

of t h i s  c l au se  g e n e r a t e s  the f i r s t  p r o p o s i t i o n  of t h a t  c l ause  as any 

modelly complete theo ry  i s  AE-axiomat izab le .  I f  K~K , then on the 
1 

basis of Proposition 2 and the Remark we can obtain KI=T' If KI=T'~ 
l 

then with the help of the Proposition 3 and the Remark we can obtain 

KEK 
-1 

b) Let + be a primitive formula with parameters from ring K, where 

K6K* . Let in addition ring L be any extension of the ring K and L~K*. 

the statement expressing the existence of a Let us denote by l 

solution of a subsystem of the original system. This subsystem is 

assumed to c o n s i s t  of all equalities and at most one inequality of the 

o r i g i n a l  system, An index I enumerates  a l l  such subsys t ems .  I t  was 

proved in [2], that if a ring L is normal and atomless, then 

1 o 7  We shal l  
• p i p l 
demonstrate this fact, too, By Proposition 1 the set in figured 

~ ~ and also is open-closed. From brackets coincides with the set ~' l 

the left-handside to the right-handside the above equivalence is 

o b v i o n s ,  c o n v e r s e l y ,  d e n o t e  U l ~  ~ , ~  ~her~ ¢?lleB(L). n e t  a s  f o r m  

t h e  B o o l e a n  s u b a l g e b r a  i n  B ( L )  g e n e r a t e d  b y  t h e  f i n i t e  s e t  {u } .  T h i s  
1 

s u b a l g e b r a  i s  f i n i t e  a n d  t h e r e f o r e  i s  a t o m i c .  I n  u we  f u r t h e r  c h o o s e  
1 

a n  a t o m  v . I f  i n  u t h e r e  i s  n o  o t h e r  a t o m  t h a n  v , t h e n  { o t h e r w i s e  
1 3 1 

we c h o o s e  a n  a t o m  v i n  u . d i f f e r e n t  f r o m  v } we  s p l i t  t h e  a t o m  v 
2 2 i 1 

i n t o  t w o  d i s j o i n t  p a r t s  v a n d  v a n d  a f t e r  t h a t  we  a g a i n  o b t a i n  
1 2 

v <u , v <u . v ~v . Here is essentially used the atomlessness of the 
i- J 2- 2 I 2 

ring L. Continuing this process over all e. we shall obtain the 

disjunctive set {Vl}CB(L}, where Oyvl!ul " Finally, we accomplish this 
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s e t  b y  e l e m e n t s  W ~ B ( L ) ,  s u c h  t h a t  W <u a n d  { , , . v  . . . . . . .  w . . . }  i s  a 
1 1 -  1 1 1 

d e c o m p o s i t i o n  o f  u n i t  1 .  U s i n g  t h e  a c c e s s i b i l i t y  o f  t h e  e v a l u a t i o n ,  we 

g e t  { k l }  f o r  w h i c h  U l < ~ ( k l )  ] . _  q C l u i n g  a l l  k l  on  Vl a n d  a l l  k l  on  Wl ,  

we o b t a i n  k ~ L .  A n d  s o ,  k i s  a s o t l u t i o n  o f  t h e  o r i g i n a l  s y s t e m  ~ i n  L ,  

By t h e  a g e n c y  o f  t h i s  e q u i v a l e n c e  we h a v e  ( L ] = ) ] ~ ) < = > [ ( ~ ( ~ i t ] = O ) )  

v ( ~ $ + i ] < 1 ) ] ,  where in place o f  0 and X(L) we w r i t e  0 and I ,  

r e s p e c t i v e l y .  

We s u c c e s s i v e l y  r e w r i t e  t h e  f i r s t  d i s j u n c t i v e  m e m b e r  i n  the 

following way: ~([I~i~=I); using model completeness of the theory T* 

we find an E-formula ~'i (having ~is as the quantiflers part), being 

equivalent to ~ in all models for T*, i.e. ~([~' ~=I); next, using 
I 1 

a c c e s s i b i l i t y  o f  t h e  e v a l u a t i o n  we f u r t h e r  g e t  V { E k ) ( U [ ~ . ~  ~ = 1 ) ,  i , e .  
S 

~ ( E ~ ) ( E ~  ) E B ( L ) ( e l s ! E  ~ l s ] & g ( 1 - e  ) = 0 .  T h e  l a t t e r  c a n  b e  w r i t t e n  i n  
l s  l s  

the form (Ek)(EB )VV [H(1-e )=O&e • k =e • t & . . .&  ((e -k =e , t  )=> 
l s  e e s l s  11 1 11 1 0 2 0 2 

0 

e < l - e  ) & . . . ] ,  w h e r e  k = t  i s  o n e  o f  t h e  e q u a l i t i e s ,  w h i l e  k Ct  
0 -  11 1 1 2 2 

is one of the inequalities from ~ Here e , e are special 
I I  l s  0 

v a r i a b l e s  r a n g i n g  o v e r  B ( L ) .  

S i m i l a r l y ,  f o r  t h e  s e c o n d  d i s j u n c t i v e  m e m b e r  we o b t a i n  t h e  c h a i n  

o f  equivalences: (Ep)EX(L)~(p~[~I~)  , (Ep )~X(L ) (p~ [V~ I ] ) ,  ~ 7 ~ i ~ > 0 ;  

next ,  using model completeness of the theory T* we f i n d  E-formula 

with t h e  q u a n t i f i e r l e s s  p a r t  V~s such t h a t  ~ > 0 ;  f u r t h e r ,  v i a  

~ s  ' V((e¢O) accessibility of the evaluation we get (Ek)(~ ~>0) (Ek)(Ee) 

&([V~s~e)). The latter can be written in the form 

(Ek)(Ee)VVeo(e5 ¢O&e'k =e , t  & . . . & ( ( e  ,k =e . t )=>e < l - e ) & . . . ) ,  
0 ! 1 0 2 0 2 O-  

w h e r e  

k ~ t  i s  o n e  o f  t h e  e q u a l i t i e s ,  w h i l e  k C t  i s  o n e  o f  t h e  i n e q u a l i t i e s  
1 1 - -  2 2 

f r o m  t h e ~ Y  H e r e  e , e  a r e  s p e c i a l  v a r i a b l e s  r a n g i n g  o v e r  B ( L ) .  
S "  ! 0 

By t h e  a g e n c y  o f  t h e  a b s o l u t e n e s s  o f  t h e  c l a s s  K* a n d  P r o p o s i t i o n  

5b  we o b t a i n  t h a t  ~ c a n  b e  t r a n s f e r r e d  f r o m  g o n t o  L ,  w h e r e  
! 

K C L , K , L ~ K * .  

F i n a l l y ,  t h e  c l a s s  K* i s  m o d e l  c o m p l e t e  f o r  t h e  a x i o m a t i z a b l e  

c l a s s  K* t h e  c r i t e r i o n  o f  A. R o b i n s o n  h o l d s  g o o d .  

e )  I f  E G g * ,  t h e n  K i s  e m b e d d a b l e  i n t o  ~K , w h e r e  K t = T .  By t h e  
- Fp p 
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P 
definition of model companion a ring g is embeddible into F , where 
P P 

F is a model for T*. By the condition of normal autonomous of the 
P 

t h e o r y  T* we may c o n s i d e r  F t o  b e  a n o r m a l  r i n g  w h o s e  a l l  
P 

l o c a l i z a t i o n s  a r e  m o d e l s  f o r  T * ,  We d e f i n e  i n  F t h e  d i s c r e t e  
P 

t o p o l o g y .  L e t  X be  t h e  C a n t o r  d i s c o n t i n u m .  D e n o t e  by  F t h e  a l g e b r a  
F p ) 0 p p C(X , o f  a l l  c o n t i n u o u s  m a p p i n g s  o f  X i n t o  F The  r i n g  F 

0 p 0 
c o n s i s t s  o f  l o c a l l y  c o n s t a n t  F - v a l u e d  m a p p i n g s  o f  X . h a v i n g  f i n i t e  

p 0 "-~ 
s e t  o f  v a l u e s .  The  r i n g  F i s  e m b e d d i b l e  i n t o  t h e  r i n g  F 

P 
F u r t h e r m o r e ,  we s h a l l  s h o w  t h a t  F EK*.  The  c l a s s  K* i s  c l o s e d  u n d e r  

P 
a r b i t r a r y  p r o d u c t s  b e c a u s e  i t  i s  a H o r n  c l a s s .  T h e r e f o r e ,  (HF )~K a n d .  

P P 
h e n c e ,  K>->~K >->HF > ->HF ~K* .  

P P P the P Now, consider ring ~C(X ,K}, where F is a normal ring such 
0 

that all its localizations are models for T* . It is true that 

B(~)=C(X ,B(F)). The set <x ,p > by definition being equal to 
0 0 0 

{ f @ B ( ~ ) l f ( x  ) ~ p  } i s  a p r i m e  i d e a l  i n  B ( ~ )  f o r  e v e r y  x EX a n d  
0 0 0 

p & X ( F ) .  Any  p o i n t  f r o m  X ( F )  h a s  s u c h  a f o r m  { w h a t  s y m b o l i c a l l y  c a n  b e  
0 

w r i t t e n  b y  e q u a l i t y  R ( F ) = X  ~ X ( F ) ,  b e c a u s e  f o r  e v e r y  p ~ X ( ~ )  t h e r e  
0 

exists x EX for which p ={f(x )If~p} does not contain the unit of 
0 0 0 0 

B(F). Otherwise, {{Xo~Xolf(x )=]}IfEp} would be an open cover of X 
0 0 

and its subcover would give us such f ..... f ~p, that f v~,.vf Ep and 
1 n 1 n 

f v . . . v f  =1 ,  t h a t  i s  a c o n t r a d i c t i o n .  The  a b o v e  p i s  a p r i m e  i d e a l  i n  
1 n- 0 

B ( F ) .  T h e r e f o r e .  p ~ < x  , p  >.  By m a x i m a l i t y  o f  p ( a l l  t h i s  t a k e s  p l a c e  
0 0 

in Boolean algebras) the latter is possible only i f  p=<x ,p >. 
0 0 

F u r t h e r m o r e ,  <x , p  > = { f E ~ t f ( x  ) ~ p  },  w h e r e  p #p  F a n d  <x , p  ># 
0 0 0 0 0 0 0 0 

<x , p  > - ~ .  T h u s ,  ( ~ )  = F / < x  . p  > ~ F / ~  =F , w h e r e  p r a n g e s  o v e r  
0 0 <x , p  > O 0 0 p 0 

0 O 0 

X ( F } .  By t h e  a s s u m p t i o n  f o r  a l l  F i t  i s  t r u e  t h a t  F !=T* . F r o m  t h i s  

PO PO 

i t  f o l l o w s  { ( ~ )  } I = T * .  L e t  u s  v e r i f y  t h e  n o r m a l i t y  o f  F .  I f  f ~ .  
<X ,p > 

0 0 

then we put e (x)~e ~ where e is an element from F, corresponding 
0 ] 
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t o  t h e  e l e m e n t  f ( x )  f r o m  F u n d e r  t h e  n o r m a l i t y  p r o p e r t y  o f  F .  S u c h  a n  

e s a t i s f i e s  the  d e f i n i t i o n  of n o r m a l i t y  f o r  f Jn ~. 
0 

Assume t h a t  f i s  an atom in B(~) . At l e a s t  one " s t e p "  of the  

f u n c t i o n  f ,  f o r  example ,  f ( x  ) i s  d i f f e r e n t  from O. This  s t e p  i s  a 
0 

c o n s t a n t  f u n c t i o n  on an o p e n - c l o s e d  s e t ,  c o n t a i n i n g  a t  l e a s t  two 

distinct points. Eliminating one of these two points together with 

some its open-closed neighbourhood we could come to the conclusion 

that f is not an atom, This would contradict to the assumption. 

d) From clauses b) and c) it follows immediately the first proposi- 

tion. If K6K*, then KI=(O &(T*)') and moreover K{=T' If KI=T' , then 
] 

by Remark in Section I and Proposition 3 we shall obtain KEK. From 

this it follows the last proposition, 

e) To clause d) one should add only the embeddability of the class K* 

into K. Besides this in clause d) there is nowhere usage of the 

condition which we want to eliminate now. 

Thls follows from general Theorem 3 which will be proved below. 

Theorem 3. Let a theory T be model embeddable into a theory T 
1 

(and this fact be provable in ZFC). If T is an AE-theory, T is a 
I 

totally autonomous theory and K is a ring such that K!=O and {K }I=T, 
1 p 

then K can be embedded into the class K =(LI{L }[=T }. 
- 1  p 1 

To a p p l y  t h i s  t h e o r e m  to t h e  p r o o f  o f  T h e o r e m  2 ,  l e t  T b e  e q u a l  

t o  T * ,  T b e  e q u a l  t o  T .  T h e o r y  T* c a n  b e  m o d e l l y  e m b e d d e d  i n t o  T b y  
1 

t h e  d e f i n i t i o n  o f  t h e  m o d e l  c o m p a n i o n  o f  a t h e o r y .  I t  i s  k n o w n  t h a t  T* 

i s  a n  A E - t h e o r y  a n d  t h a t  e a c h  K b e l o n g i n g  t o  K* i s  n o r m a l .  

R e m a r k .  t )  We h a v e  u s e d  o n l y  t h e  f o l l o w i n g  t w o  p r o p e r t i e s  i n  t h e  

p r o o f  o f  c l a u s e  c )  o f  T h e o r e m  2 :  t h e  c l o s e d n e s s  o f  K* w i t h  r e s p e c t  t o  

t h e  p r o d u c t s  a n d  t h e  e x i s t e n c e  o f  m o d e l  e m b e d d i n g  o f  T i n t o  T * .  

T h e r e f o r e ,  T h e o r e m s  2 c )  a n d  3 c a n  b e  c o n s i d e r e d  a s  " e m b e d d i n g  t h e o r e m  

f o r  l o c a l l y  a x i o m a t i z a b l e  c l a s s e s " .  

2 )  A c t u a l l y ,  i n  T h e o r e m  2 d )  we h a v e  p r o v e d  t h e  f o r m u l a  ( T * ) ' = ( T ' ) *  

( a s s u m i n g  t h a t  t h e  t e r m  ( T * ) '  c o n t a i n s  a x i o m s  O &¢ ) .  O 
1 2 

P r o o f  o f  T h e o r e m  3 .  L e t  K s a t i s f y  t h e  a s s u m p t i o n  o f  t h e  t h e o r e m .  

By P r o p o s i t i o n  2 we s h a l l  g e t  ~ T ~ = t .  F r o m  h e r e  we f u r t h e r  g e t  

= 1 .  By T h e o r e m  1 6 e  [ 3 ]  t h e  l a t t e r  m e a n s  [ T ~  K , = I ,  o r  
~W B(KI B, 
~K T=T~ =I, where B#B(K). By the assumption the formSla Vx(Ef) 

B 
(xl=T=>xCf&fI=T ) is deducible in ZFC. From here by the accessibility 

B 1 B 
in V- we get ~K'Cf&f[=T ~ =1. where f&V-. Denote (f)^B=L. Again by 

IB 
Theorem 16e we have KCL (Yn the sense that kI-> p ) and having verified 

k 
the inclusion L~K, we shall obtain the proof of the theorem. 

I 
In fact, B is imbeddeble into B(L) by the rule hl->b.l+~b,O (the 

right handside is the result of glueing together I and 0 in f). This 
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i m b e d d i n g  w i l l  b e  d e n o t e d  b y  h ,  D e n o t e  L ~ L / h ( p  ) = L / ( h { p  ) , L ) ,  
( p )  0 0 

0 

w h e r e  p 
0 

is a p o i n t  o f  S t o n e  s p a c e  S ( B )  o f  t h e  B o o l e a n  a l g e b r a  B ,  

w h i l e  h ( p  ) i s  a n  i d e a l  i n  L.  We s h a l l  s h o w  t h a t  L c o i n c i d e s  w i t h  
0 ( p )  

0 

t h e  " s t a l k "  f i n  t h e  p o i n t  p, i . e .  w i t h  t h e  f a c t o r i z a t i o n  o f  L by  t h e  

e q u i v a l e n c e  r e l a t i o n  ( k ~  t ) ~ ( ~ k = t ]  ~ p  ) ( s e e  [ 3 ] ) .  We s h a l l  a l s o  s h o w  
p B 0 

0 

t h a t  ( ~ f l = ~ ( k  . . . . .  k )~ = I ) < = > { L  } l = ~ ( [ k  ] . . . . .  [ k  ] ) ,  w h e r e  
1 n B ( p o )  I PO n PO 

p r a n g e s  o v e r  S { B )  a n d  k . . . . .  k ~ L .  T h e  f i r s t  s t a t e m e n t  m e a n s :  
0 1 n 

( E b ) ~ p  ( h ( b )  • (k - t }=k- t )<=>[k: t~  ~ p  . F r o m  l e f t  t o  
0 B 0 

right we h a v e  

h ( ~ b ) = l - h ( b ) .  ( 1 - h ( b ) ) . ( k - t ) = O  i n  L ,  a n d  f u r t h e r  ~ b ~ p  a n d  
0 

[ ( 1 -h (b ) )  • (k-t)=O]]B=l._ Ib<~k-t=O]}_ B" Conversely, l e t  b*~k=t]BCPo,_ 

b~ ~ h ( b ) . ( k - t ) = O ]  and ~b<Eh(b) ( k - t )=O]  , h ( b ) . ( k - t ) = O  in L and 

l b ~ p  , h ( ] b )  , ( k - t ) = k - t .  T h e  s e c o n d  s t a t e m e n t  c a n  b e  v e r i f i e d  i n  t h e  
0 

f o r m  p ~ f I = ~ ( ~ ) ~  <=>L I= ~ ( [ k ]  ) f o r  c o n n e c t i v e s  & , I , ( E )  b y  
0 ~ ( P o  } PO 

i n d u c t i o n  o n  t h e  l e n g t h  o f  t h e  f o r m u l a  ~ .  And  s o .  {L } I = T  b 

(po) I 
- I  

For any p~X(L) we form p Ch (p}~B. We have p ~S(B). Denote the 
0 0 

i d e a l  h ( p  ) i n  L b y  a .  T h e n  a C ~  a n d  L = L / ~ ( L / a ) ( ~ / a  =L / p / a .  N o t e  
o p (po)  

t h a t  q ~ p / a  h a s  t h e  p r o p e r t i e s :  q C B ( L / a )  a n d  q s c l o s e d  w , r . p .  

o p e r a t i o n  v a n d  d o e s  n o t  c o n t a i n  [ 1 ]  , I n  f a c t ,  i f  [ l ]  = [ e l  f o r  
a a a 

e g p .  t h e n  1 - e = e  - r ,  e 6 h ( p  } ,  l = e + e  , r = { e v e  ) ~ 1 .  e v e  ( p .  S o ,  we h a v e  
O- 0 0 0 0 0 

a contradiction. We add q those elements from (L/a), which can be 

majored by some [el from q. The q obtained in such a way will be a 
a I 

p r o p e r  i d e a l  i n  B ( L / a )  a n d ,  i n  a d d i t i o n ,  ~ = ~ ,  S o ,  L =L / 9  • w h e r e  
1 p ( p )  1 

o 
q ~X (L ) a n d  b y  t h e  c o n d i t i o n  we f i n a l l y  o b t a i n  L !=T . 0 

1 1 ( p o )  p 1 
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L e t  u s  now c o n s i d e r  t h e  c o n v e r s e  p r o b l e m :  how t o  t r a n s f e r  m o d e l  

c o m p l e t e n e s s  o f  K* a n d  K t o  t h e i r  l o c a l  t h e o r i e s .  The  f o l l o w i n g  g e n e -  

r a l i z a t i o n  o f  t h e  n o t i o n  o f  B o o l e a n - s i m p l i c i t y  o f  a c l a s s  i s  c o n v e -  

n i e n t  f o r  t h i s  p u r p o s e .  L e t  K , K b e  t w o  c l a s s e s  o f  r i n g s .  We c a l l  g 
1 1 

a B o o l e a n - s i m p l e  c l a s s  f o r  K i f f  VK~KVL~K ( K C L = > ( E p ) ~ X ( L ) ( E p ) ~ X ( K )  
1 1 

-- ( e - k = k ) ) = > ( ( E e ) E p ( e , k = k ) ) ] .  [PDPIOK&Vk@K((Ee)EP 1 

LEg 
I 

3)  f o r  

e x i s t s  

4 )  f o r  

~X(K) snch t h a t  p~plD~ and V I E I , ( I C ~ I = > I ~ ) .  e x i s t s  p~X(~) and Pl 

The  c o n d i t i o n  " a  c l a s s  K i s  a m o d e l  c o m p a n i o n  f o r  a c l a s s  K a n d  
- 1  

K . K a r e  m u t u a l l y  B o o l e a n - s i m p l e "  w o u l d  s e r v e  a s  t h e  a s s u m p t i o n  on  

t h e  c l a s s e s  g .K i n  T h e o r e m  4 b e l o w .  We d e n o t e  t h e  a b o v e  c o n d i t i o n  b y  
1 

( * ) .  B u t ,  i n  T h e o r e m  4 we a c t u a l l y  u s e  t h e  w e a k e r  a s s u m p t i o n  on t h e  

c l a s s e s  K , K. T h i s  w e a k e r  a s s u m p t i o n  u s e s  a s p e c i a l  t y p e  o f  t h e  

c l a s s e s  g , g i n  T h e o r e m  4~ L e t  u s  r e m e m b e r  t h a t  t h e  r i n g  L=C(X , L )  
- 1  - 0 

w a s  d e f i n e d  i n  t h e  p r o o f  o f  T h e o r e m  2 .  S o ,  we c a t ]  t h e  c l a s s  K a w e a k  
- 1  

m o d e l  c o m p a n i o n  f o r  t h e  c l a s s  K i f f :  

1) f o r  t w o  r i n g s  ~ , ~ b e l o n g i n g  t o  K , w h e r e  L , L !=T , L CL a n d  
1 2 ~ - 1  1 2 1 1 -  2 

f o r  each Horn AEAE-formula ~ w i t h  c o n s t a n t s  from L , such t h a t  
1 

!=~ there must be true that Z ! = ~ ;  
1 2 

2) each KEK such tha t  KI=T can be embedded i n t o  some LEK ; and each 

such tha t  LI=T can be embedded i n t o  some KEK; 
1 

each K~K such tha t  KI=T and each L(K , such t ha t  KCL there 
1 

E X ( L )  s u c h  t h a t  p ~ p l D L  a n d  V k E ( K n  ~ l ) ( k E ~ ) ;  p~X(g) and Pl 

each ~CK such tha t  LI=T and each HEK such tha t  ~CK there 
- I  1 - 

It i s  

c l e a r  t h a t  c o n d i t i o n  ( * )  i m p i i e s  t h a t  K i s  a w e a k  c o m p a n i o n  f o r  K~ 
- 1  

T h e o r e m  4 .  A s s u m e  t h a t  

{K!{K }l=W , KI=(T '  +@ +~ ))OK C{K}{K } }=W } ,  KV{KI{K } {=T} and K 
p " i i I 2 --i- p i p -i 

i s  a w e a k  m o d e l  c o m p a n i o n  f o r  t h e  c l a s s  K. I f  T ! - ~  a n d  T !-@ , t h e n  
S 1 S 

t h e  t h e o r y  T i s  a m o d e l  c o m p a n i o n  f o r  T. ( I f  TCT , t h e n  t h e  c o n d i t i o n  
1 - 1 

4 i n  t h e  d e f i n i t i o n  o f  a w e a k  m o d e l  c o m p a n i o n  c a n  b e  o m i t t e d . }  

P r o o f .  H e r e  we s h a l l  s h o w  t h e  c o m p l e t e n e s s  o f  t h e  t h e o r y  T . L e t  
1 

F and F (where F CF ) be two models f o r  T and ~ be a fo rmula  which 
1 2 1 -  2 ~ 1 | 

i s  p r i m i t i v e  o v e r  F , F i = l ~ .  F r o m  t h e  t w o  r i n g s  ~ ~ C ( X  ,F  ) a n d  
1 1 1 o 1 

VC(X ,F ), where F CF ( s e e  p roof  of Theorem 2) .  The l o c a l i z a t i o n s  
2 0 2 I -  2 

o f  ~ a n d  ~ c o i n c i d e s  w i t h  F a n d  F , r e s p e c t i v e l y .  S i n c e  T L-~ we 
I 2 1 2 1 S 
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have {(~ ) )]=T , F I=~ &¢ and moreover all localizations ~ (and ~ ) 
l p  1 1 1 2 1 2 

coincide with F (and F , resp.). In this situation by induction on 
I 2 
an a r b i t r a r y  formula ~ we ve r i fy  the following the length of 

genera l i za t ion  of Proposit ion 2: 

I p n ) 1 n 

are constants from F . The proof of Proposition ~. needs only to be 
i 

accomplished by observing that (~) is isomorphic to F by the 
1 p 1 

formula [f]~[->f(x ), where x corresponds to p. And so, ~ , ~ EK . 
0 0 1 2 - I  

For any A-formula ~ (as well as for any formula with constant 

parameters) there must be val id in a normal r ing the condit ion 

~(~I )=I. By the Remark ~i,=('I~)' Then by the assumption F ,=('[~)'2 

a n d  by t h e  R e m a r k  ~7 ( ~ 2 )  

Let K be a model for T. As T!-~ . then KEK. By the condition 
5 

KCLCK . By the condition of Boolean-simplicity there can be found such 

P l C X ( L )  a n d  p ~ X ( K )  t h a t  p.~pl~}K,_ i . e .  p = p l ~ K = { O } .  F r o m  h e r e  we g e t  

K->L , k l - > [ k ] _  i s  an  i m b e d d i n g  a n d  by  t h e  a s s u m p t i o n  o f  T h e o r e m  we 
P P 

1 1 

a l s o  g e t  L !=T . I f  T~T , t h e n  t h e  p r o o f  i s  d o n e .  
p 1 1 

1 

It rests to verify that T is model imbeddable into T. let 
1 

L{=T . Form LGK . By the assumption of Theorem we get ~CKEK and 
I -1 

we also find p ~X(K) and p~X{~), for which p~q~(p ~) and p has the 
1 1 

corresponding properties. As we saw in the proof of Theorem 2c this p 

has the form <x ,p >. where p ~X(L), i.e. p ={0}. Therefore 
0 0 0 0 

~={f~Llf(x )=0}. Let us put L>->K/~ , eI->[e] . By the assumption 
0 i p 

1 

this is really an imbedding. From here we obtain the required 

imbedding of L into K , where K I=T. 
P P 
i 1 

Corollary. The class K of all abelian regular rings has no weak 

(ordinary) mode] companion within classes having the form K (from 
-I 

Theorem 4), where T ]-~ iT I- "is simple"). 

Proof. If such a K is a model companion for K, then T must be a 
1 1 

model companion for the solid theory, that is impossible.~ 
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Remark. The conditions TI-~ , T !-$ (Theorem 4 and its 
5 1 5 

Corollary) can be weakened, Formula ~ is defined on page 22. 
5 

A primitive formula is called l-primitive iff it contains no more 

than one inequality. We shall say that "theory T decides a class of 

f o r m u l a s  Z " i f f  T I -  ~ o r  T I - ~  f f o r  e a c h  f o r m u l a  ~ Z  • 

T h e o r e m  5 .  a )  A s s u m e  t h a t  l o c a l  t h e o r y  T d e c i d e s  a l l  1 - p r i m i t i v e  

s t a t e m e n t s  a n d  t h a t  a l l  s e t s  B ( K )  f o r  e a c h  K b e l o n g i n g  t o  t h e  c l a s s  

K ~ { K I { K  } l=W} a r e  i n f i n i t e .  T h e n  t h e  t h e o r y  ThK d e c i d e s  a l l  E -  
P 

s t a t e m e n t s .  

b )  i f  K* i s  a B o o l e a n - a b s o l u t e  c l a s s  a n d  t h e  m o d e l  c o m p l e t e  t h e o r y  T* 

d e c i d e s  a l l  1 - p r i m i t i v e  s t a t e m e n t s  t h e n  t h e  t h e o r y  

( W h K * ) < = > ( ~  +¢ + + ( T * ) ' )  
1 2 

i s  a m o d e l  c o m p l e t e  H o r n  t h e o r y .  

P r o o f .  a )  L e t  ggK a n d  ~ be  a p r i m i t i v e  s e n t e n c e .  ( T h e  

s a t i s f t a b i l i t y  o f  t h e  a s s u m p t i o n  o f  K i s  g u a r a n t e e d ,  f o r  e x a m p l e ,  b y  

t h e  a t o m l e s s n e s s  o f  K ) ,  T h e n  a l l  ~ , 1 S I S L ,  w h i c h  a r e  f o r m e d  b y  ~ a s  
/ 1 

i n  t h e  p r o o f  o f  t h e o r e m  2b  w i l l  b e  l - p r i m i t i v e  s e n t e n c e s ,  By t h e  

f o r  a l l  ] o r  T I - ~ I  f o r  s o m e  1 I n  t h e  f i r s t  a s s u m p t i o n  e i t h e r  T 1 -  1 - 0 0 D 

c a s e  Vp(K I=& ~ ) .  L e t  u s  c h o o s e  i n  X{K) e x a c t l y  L d i s t i n c t  p o i n t s  

p . . . . .  p . By s e p a r a b i l i t y  t h e y  w i l l  h a v e  n e i g h b o u r h o o d s  u . . . . .  u 
1 L 1 _ L 

there will be valid ~ for beeing disjunctive to each other. In Pl 
# i 

some k (p ) ..... k (p ), while the equalities from ~ are valid also on 
1 1 n I ~ 1 

some open-closed neighbourhood u ' inside u . Therefore k ,..,k on u 
1 1 1 n 1 

s a t i s f i e s  W . I n  t h e  s a m e  w a y  we s h a l l  f i n d  t . . . . .  t on u ' s a r i s . -  
1 I n L 

f y i n g  ~ . F u r t h e r .  l e t  u s  g l u e  a l l  k . . . . .  t a n d  s o  o n .  T h e n  we g e t  
! L 1 1 

k . . . . .  k on u ' U . . .  U u ' ,  s a t i s f y i n g  ~ . We e x t e n d  t h e s e  k . . . .  , k  
:1 n 1 L / 1 n 

onto the complement to u 'U... U u ' in such a way that all equalities 
i L 

from ~I will be satisfied. And so, g}= ~ . In the second case 
--0 I 

Vp(K I=~e ). From here (even without normality and atomlessness) we 
p l ,  O 

g e t  K I = ~  . 

Now we e a s i l y  o b t a i n  t h e  d e c i d a b i l i t y  o f  a l l  E - f o r m u l a s .  

b )  We i n f e r e  t h i s  c l a u s e  f r o m  c l a u s e  a )  and  T h e o r e m  2 a , b  b y  t a k i n g  

i n t o  a c c o u n t  t h e  f a c t  t h a t  i n  m o d e l l y  c o m p l e t e  t h e o r y  a n y  f o r m u l a  i s  

e q u i v a l e n t  t o  s o m e  E - f o r m u l a .  

E x a m p l e  2 .  T h e  p a r t  o f  o u r  a r t i c l e  up  t o  E x a m p l e  3 c o n s t i t u t e s  

t h e  c o n t e n t  o f  t h e  c u r r e n t  E x a m p l e  2 w h i c h  i n c l u d e s  s o m e  p r o p o s i t i o n s  

a n d  t h e o r e m s .  H e r e  we r e s t r i c t  o u r s e l v e s  t o  t h e  a s s o c i a t i v e  r i n g s  w i t h  
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u n i t  ( h o w e v e r ,  t h i s  r e s t r i c t i o n  i s  n o t  n e c e s s a r y :  we c a n  c o n s i d e r  a l s o  

r i n g s  w i t h o u t  u n i t  a n d  n o n - a s s o c i a t i v e  r i n g s  s t u d i e d  i n  [ ] 1 ] ) .  L e t  L 

be  t h e  c l a s s  o f  a l l  p r i m a r y  P I - r i n g s  A { o v e r  t h e  c o m m u t a t i v e  r i n g  R 

w i t h  u n i t ) ,  w h i c h  h a v e  f i x e d  d e g r e e  S.  The  c e n t r e  Z ( A )  o f  t h e  r i n g  A 

{ w h i c h  w i l l  be  d e n o t e d  l a t e r  by  F)  i s  an  i n t e g r a l  r i n g  ( i . e ,  a c o m m u -  

t a t i v e  r i n g  w i t h o u t  d i v i s o r s  o f  z e r o ) .  L e t  u s  r e m e m b e r  t h a t  a l g e b r a  A 

i s  c a l l e d  a P I - r i n g  i f f  t h e r e  e x i s t s  a n o n c o m m u t a t i v e  p o i y n o m e  o v e r  R 

with at l e a s t  one sen ior  c o e f f i c i e n t  I such tha t  t h i s  polynome is  

equal to 0 for  each element of A. The degree of such an algebra A 

defined as the l e a s t  degree of such polynomes. The algebra A (con- 
R 

sidered as a cen t r a l  algebra)  can be embedded into i t s  ( c l a s s i c a l )  

quot ien t  r ing SA~A~ F F  . where F is the quot ien t  f i e l d  for  F. The 
el cl 

f i e l d  F can a l so  he embedded in to  S . These embeddings can be defined 
cl h 

by the formulas a}->a~l and f~g I->l~f*g (because modules A and 
F 

F are f o r s i o n - f r e e ) .  Each maximal l i n e a r l y  independent system {a } 
F c l  i 

in A over F genera tes  a bas i s  (a~)1} in S over F ; and each bas i s  in 
i A d 

S can be converted into such a bas i s  ( d e t a i l s  see in [12]) ,  So, some 
A 

p r o p e r t i e s  o f  A a r e  c o n n e c t e d  w i t h  t h e  c o r r e s p o n d i n g  p r o p e r t i e s  o f  $ 
A 

a n d  v i c e  v e r s a .  The  a l g e b r a  S i s  a m - d i m e n s i o n a l  a l g e b r a  o v e r  i t s  
A 

c e n t r e  F a n d  i s  s i m p l e  by  P o z n e r  t h e o r e m ,  F o r  e a c h  s i m p l e  a l g e b r a  A 
d 2 

h a v i n g  d i m e n s i o n  m o v e r  i t s  c e n t r e ,  we h a v e  m=n f o r  s o m e  i n t e g e r  n .  

We c a l l  t h e s e  a l g e b r a s  " n - a l g e b r a s "  [ 1 2 ] ,  I n  o u r  e a s e  a = [ ~ ] .  [ t  i s  

p o s s i b l e  t o  a x i o m a t i z e  w i t h i n  t h e  c l a s s  o f  p r i m a r y  r i n g s  t h e  p r o p e r t y  

" r i n g  A i s  a P I - a l g e b r a  o f  s - d e g r e e "  by  t h e  f o r m u l a  A I = S  &lS 
2.n 2°n-2 

w h e r e  S i s  a s t a n d a r d  i d e n t i t y  o f  t h e  d e g r e e  k ( [ 1 2 , p . 4 9 8 ] ) .  A n o t h e r  
k 

axiomat iza t ion can be given by the formula " there  e x i s t s  a maximal 

l i n e a r l y  independent (over F) system with n elements".  So the c l a s s  

c a n  be  a x i o m a t i z e d  by  t h e s e  t w o  a x i o m s .  We d e n o t e  t h e m  b y  T 
L 

L e t  u s  c o n s i d e r  t h e  c l a s s  L o f  a l l  n - a l g e b r a s  A, s u c h - t h a t  t h e i r  
- T  

0 

c e n t e r  F s a t i s f i e s  t h e  f i x e d  t h e o r y  T . We h a v e  L C L, b e c a u s e  A 
0 T F 

0 

s a t i s f i e s  t h e  s a m e  i d e n t i t i e s  a s  t h e  m a t r i x  r i n g  M ( F )  ( [ 1 2 , p . 4 9 7 ] ) ,  
n 

a n d ,  c o n s e q u e n t l y ,  i t  s a t i s f i e s  t h e  s t a n d a r d  i d e n t i t y  S 
2 .  n 

P r o p o s i t i o n  6~ The  c l a s s  L c a n  be  a x i o m a t ~ z e d  {by  s o m e  t h e o r y  T 
- T  

f o r m u l a t e d  b e l o w ) .  0 

Proof. Artin-Weddernburn theorem implies that A ~M (D), where D 
F k 

is a solid and also a s-dimensional algebra over its centre F~Z(D) 
2 2 

( [ 1 2  p . 2 8 3 ] ) .  I t  i s  c l e a r  t h a t  n =k s .  S o ,  we c a n  a x l o m a t i z e  L by  
• - W  

0 
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the theory T which conta ins  tae fol lowing axiom 

k k 
kZV (~{e } } ¥ x ( E y ) ~  =l&e , e  :~ -e & 

• s=n ij leii ij pq jp ~q 

[x.e =e ,x=>y. e =e o y&(x=Ovx.y=y-x=l)])& 
ij ij ij ij 

( E x  . . . . .  x ) [ ¥ x ( E ) y  . . . . .  y Yu ( x , e  =e " x & . . . & y  , u = u . y  & . . . &  
1 s 1 s 1 i j  i j  1 1 

x = x  . y  + . . . + x  • y ) & ( x  . . . .  x ) 
1 l s s 1 s 

a r e  l i n e a r l y  i n d e p e n d e n t  o v e r  t h e  c e n t r e ) ] } ,  w h e r e  ~ i s  t h e  K r o n e k e r  
JP 

s y m b o l  a n d  a l s o  a x i o m s  o f  T r e l a t i v i z e d  t o  t h e  c e n t r e  F .  L e t  A b e  t h e  
0 

m o d e l  o f  T. I t  i s  a e s y  t o  c h e c k  t h a t  A~M ( Z ( { e . . } ) ) ,  w h e r e  Z ( { e . . } )  i s  
k 13 13 

a c e n t r a l i z a t o r  of the system of "matrix u n i t s "  {e . . } .  This 

c e n t r a l i z a t o r  i s  always a r ing ,  in our case i t  is a s-dlmensional  

so l id  over the cent re  of the r ing A. O 

Propos i t ion  7 a) The c l a s s  g ~{K]{K }I=T} is  a Boolean-regular  
-T p 

0 

c l a s s  (as well as a l l  i t s  s u b c l a s s e s ) ,  

b) Moreover, KCL=>Z(K)~Z(L} for  a l l  K,L~K 
-T 

0 

Proof.  Let us mention tha t  L C K I t  s u f f i e c e s  to v e r i f y  only 
-T - -T 

0 0 

clause b).  We ca l l  by a marked polynome a m u l t i - l i n e a r  non-commutative 

p o t y n o m e  with the only c o e f f i c i e n t s  ~ i (conta in ing  at l e a s t  one 

va r i ab le  and being not equal to zero) such tha t  a l l  values of the 

polynome in every cen t r a l  algebra M (F) belong to i t s  cen t re .  Here F 
n 

is  an a r b i t r a r y  simple f i e l d  (~ or res idue f i e l d ) .  There e x i s t s  a 

polynome ( fo r  example, polynome ~ cons t ruc ted  by Yu. Rozmyslov marked 

i s  m a r k e d ) .  I t  i s  c l e a r  t h a t  e v e r y  m a r k e d  p o l y n o m e  h a s  t h e  s a m e  l i s t  

of p r o p e r t i e s  for  a l l  n-n - matrix r ings  over a l l  f i e l d s  and even for  

a l l  n -a lgebras  (because each n-a lgebra  A has the same i d e n t i t i e s  as 
F 

M ( F ) ,  w h e r e  F e Z ( A ) .  The  i m a g e  ~ ( A )  o f  ~ on  A c o i n c i d e s  w i t h  t h e  w h o l e  
n # 

centre  F for  each algebra A. Assume tha t  fEZ(K) and K~L, where K,LEK . 
T 

0 

For each point  p ~X(K) we have k(p )EZ(K ). So, there  e x i s t s  
0 0 p 

0 

t ~ . . . . .  t ~  pO , s u c h  t h a t  k ( p  } = ~ ( ~ P O ( p  ) ) .  T h i s  e q u a l i t y  i s  a l s o  t r u e  
t m 0 0 

i n  s o m e  c l o s e d - o p e n  n e i g h b o u r h o o d  e o f  t h e  p o i n t  p , i . e .  
p 0 

0 
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V p ~ e  
P 

0 

whole X(K). 

~ tP~ 
t 1 " 1 ~ 1  i ' e p  

f 

( k ( p ) = ~ ( ~  ~ ( p ) ) ) .  C h o o s e  a d i s j o i n t  c o v e r i n g  e . . . . .  e o f  t h e  
P P 

1 e 

Let us combine t ~,.`.,t ~ on e ,... ,e into a section 
1 1 p p 

t e 

a n d  c o n s t r u c t  a ! s o  t . . . . .  t . T h e n  k = ~ ( ~ ) .  B e c a u s e  o f  
2 m ! 

~ e L  we h a v e  k = ~ ( { )  " i n  L" a n d  k ( p ) = ~ { t ( p ) )  f o r  e a c h  p e X ( L ) .  T h e r e f o r e ,  

k ( p ) E Z ( L  ) a n d  k ~ Z ( L ) .  
P 

T h e o r e m  6 .  I f  T i s  a m o d e l l y  c o m p l e t e  t h e o r y  t h e n  T i s  a m o d e l l y  
0 

c o m p l e t e  t h e o r y .  

Proof• Let A,B be in L , ACB and F~Z(A), 8#Z(B). By Proposition 
-T 

0 

7 we have FCG• It is easy to show that each basis (x ..... x } in A 
1 n 

over F is also a basis in B over G. Indeed. let us construct a 

s u b a l g e b r a  A ,  G i n  B o v e r  G, g e n e r a t e d  by  a s u b r i n g  A. T h e n  

Z~Z (A)~F,G: F,GCZ[A'G) a n d  A,6 is a n  a l g e b r a  o v e r  F. A c c o r d i n g  t o  
A.G 

[12, p.289], the mapping a~)cl->a-e is an isomorphism of F-algebras 

Z and A.G. This mapping is also an isomorphism of G-algebras, 
A • G 

Consequently, n=dimgB>dim_ sA'G=dims(A~ Z)G=(dim-F FA)°(dimGZ)=n°[Z:S] and, 

therefore, Z=G. So, dim A.G=n and A-G=B and, therefore, BGg~G)-F 
S O 

• Now 

e a c h  b a s i s  {a  } i n  A c a n  b e  c o n v e r t e d  i n t o  a b a s i s  { a . @ l }  i n  ( A ~ ) O ) ,  
i F 1 F 

and, consequently, to a basis in B . New the proof can be finished as 
8 

in [11]. q.e,d. 

For example, all following theories are model complete: the 

theory of the solid quaternions, the theory of n-algebras with real 

(or algebraical} closed centre, the theory of the class of rings 

elementary equivalent to the solid of quaternions or the ring M (R), 
2 

etc. 

Corollar~. Let T * be a model companion for T . Then the theory 
0 0 

T* (corresponding to the class L ) is a model companion for the 
-T* 

theory T• O 

Theorem 7• Let T be a model complete theory. Then the class 
0 

K g{Kl ({K }I=T) & KI=# } is model complete and has 
- T  p 2 

0 

a x i o m a t i z a t i o n .  I t  i s  a l s o  a B o o l e a n - a b s o l u t e  c l a s s .  

a H o r n  
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P r o o f .  We s h a l l  e s t a b l i s h  t h a t  K i s  B o o l e a n - a b s o l u t e  a n d  a p p l y  
- T  

0 

T h e o r e m  6 u s i n g  T h e o r e m  2 B ) .  

F o r  e x a m p l e ,  a l l  f o l l o w i n g  c l a s s e s  a r e  m o d e l  c o m p l e t e :  

(KIVp((K Z ~) & (K{=~)} and {gl(Vp(K = H v K zM (R))&K]=¢ }.  
p 2 p -  - p 2 2 

T h e o r e m  8 .  L e t  T * be  a m o d e l  c o m p a n i o n  f o r  T . T h e n  t h e  c l a s s  
0 0 

K ¢ { K I ( K I = ~  ) & ( { g  } I = T * ) }  h a s  a H o r n  a x i o m a t i z a t i o n  a n d  i s  a m o d e l  
- T  ~ 2 p 

o 

c o m p a n i o n  f o r  t h e  c l a s s  
T 

0 

T h e o r e m  9 .  L e t  T * be  t h e  t h e o r y  o f  a l g e b r a i c a l  c l o s e d  f i e l d s .  
0 

T h e n  t h e  c l a s s  K * i s  H o r n  a x i o m a t i z a b l e  a n d  i s  a m o d e l  c o m p a n i o n  f o r  
- T  

0 

t h e  c l a s s  K , { K ] ( K p } t = T ~ } .  

Example 3. Let us present Example 2 in the more simple situation 

of matrix rings. Let T he the set of all statements (in the language 

of the ring theory) which are true in the matrix ring M (F), where F 
n 

is a fixed field, i.e. TgTh(M (F)). Similarly, T*#Th(M (F )), where F 
n n 1 1 

i s  a n  a l g e b r a i c a l l y  c l o s e d  f i e l d .  I t  i s  m e n t i o n e d  i n  [ 1 1 ]  t h a t  t h e  

t h e o r y  T* i s  m o d e l l y  c o m p l e t e .  We a s s u m e  a l s o  t h a t  T h ( F )  a n d  T h ( F  ) 
1 

c a n  be  m u t u a l l y  m o d e l  e m b e d d e d  i n t o  e a c h  o t h e r .  I n  t h i s  c a s e  t h e o r i e s  

T a n d  T* c a n  b e  a l s o  m u t u a l l y  m o d e l  e m b e d d e d ,  i . e .  T* i s  a m o d e l  

c o m p a n i o n  f o r  T. T h e o r i e s  T a n d  T* a r e  n o r m a l  a n d  t o t a l  a u t o n o m u s ,  

b e c a u s e  t h e y  c o n t a i n  t h e  s t a t e m e n t  ~ , w h e r e  
2 5 

# V e ( E t ) ( e  =e&e. t=t . e=>e=Ove=l ) .  
5 

L e t  u s  f o r m  t h e  c l a s s e s  

K~{K{Vp(K zM (F))) and K*~{KI(KI=¢ )&Vp(K zM (F))}. 
p n 2 p n 1 

T h e y  c o r r e s p o n d  t o  l o c a l  t h e o r i e s  T a n d  T* a s  u s u a l .  The  c l a s s  K* i s  

B o o l e a n - r e g u l a r ,  m o r e o v e r ,  ( K ~ L ) = > Z ( K ) C Z ( L )  f o r  a t l  K ,L  ~ K*.  L e t  u s  

c h e c k  t h e  l a t t e r  f a c t .  T h e r e  e x i s t s  a s y s t e m  { e .  } ,  l ~ i , j ~ n  o f  e l e -  
~J 

m e n t s  o f  M (F ) ( " m a t r i x  u n i t s " ) ,  s u c h  t h a t  
n 1 

n = ~ e ( w h e r e  ~ i s  t h e  K r o n e k e r  s y m b o l ) .  e =1 and e ' e 
i=I ii ij pq j p  iq j p  

T h i s  f a c t  c a n  be  e x p r e s s e d  by  an  E - f o r m u l a .  ( H e r e  a n d  l a t e r  

we may substitute any commutative ring for F ). By Proposition 5 and 
I 

Remark in Section 2 this E-formula is true in K; the corresponding 
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system of "matrix units" we denote by {e. }. It is a system of matrix 
xJ 

u n i t s  a l s o  f o r  L. I t  i s  e a s y  t o  s e e  t h a t  L&M ( G ) ,  w h e r e  G#Z ( { e .  }) J s  
n L z j  

a c e n t r a l i z a t o r  f o r  t h e  s y s t e m  { e . . }  ( i , e o  Z ( X ) # { l ~ L ! V x 6 X ( l , x = x , 1 ) } ) .  
13 L 

H e r e  G i s  a r i n g  a n d  e l e m e n t s  1 o f  G a r e  m a p p e d  i n t o  1 "  E by  t h i s  

i s o m o r p h i s m .  T h e  s t a n d a r d  i d e n t i t y  o f  t h e  o r d e r  2 . n  h o l d s  f o r  L by  t h e  

A m i z u r - L e v i s c i y  t h e o r e m  a n d  by  P r o p o s i t i o n  5 a n d  R e m a r k  i n  S e c t i o n  2 .  

Then Leron-Vopne theorem implies that S is a commutative ring. Now we 

see that if k6Z(K), then k~G and kE-m=m-kE for matrix m corresponding 

to each e6L. So, we have proved the mentioned fact. 

All lecalizations of the ring K belonging to the class 5* are 

simple rings. Indeed, if KzM (F), where F is a f~eld, then the formula 
n 

n 
(E~ .)Vx,y( ~ e =l&e • e =[ .e &e ,x=x~e } holds for M (F) , and 

13 i = 1  i i  i j  pq  j p  i q  i j  i j  n 

c o n s e q u e n t l y ,  f o r  K. As a b o v e .  K~M ( G } ,  w h e r e  G # Z ( { e . . } )  a n d  G i s  a 
n 13 

c e n t e r  o f  g .  ! t  i s  c l e a r  t h a t  GsF a n d ,  s e q u e n t l y ,  G t s  a f i e l d .  A l l  

b o t h - s i d e d  i d e a l s  o f  M (G) a r e  e q u a l  t o  M ( a )  f o r  s o m e  b o t h - s i d e d  
n n 

i d e a l s  a i n  6 .  T h e r e f o r e  K i s  a s i m p l e  r i n g .  S o ,  t h e  c l a s s  K* i s  a 

B o o l e a n - r e g u l a r  a n d  B o o l e a n - s i m p l e ,  The  e l e m e n t s  o f  t h e  c l a s s  K* a r e  

b i r e g u l a r  r i n g s ,  s o  V K ~ K * ( K [ = ¢  }, i . e ,  K* h a s  a r e q u i r e d  f o r m .  
1 

Consequently. ThK* is a model complete Horn theory and a model 

companion for the class 5- In a usual way we obtain the completeness 

and decidability for the theory ThK*. For example, if the theory of 

the field F is decidable, so is the theory of M (F ) ([II,p.36]). By 
n 1 

Theorem 5 we see that the theory ThK* is also complete and decidable 

(if ThF is recursively axiomatizab]e). 
1 

Analogously. we get that if T is a theory of the ring of n-n- 

matrix over an arbitrary commutative regular ring, then the theory T* 

of the ring of n~n-matrises over some commutative regular 

algebraically closed atomless rings is a model companion for T. The 

same is true for the corresponding classes K$#{KI (Kl=~)&{K }I=T *} and 
- 2 p 

K~{K{{K )I:T}. 
P 
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