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Let 9~ be a f ixed countab le  s t a n d a r d  t r a n s i t i v e  mode l  of Z F +  V = L. We c o n s i d e r  the s t r u c -  
tu re  Mod of d e g r e e s  of c o n s t r u c t i b i l i t y  of r e a l  n u m b e r s  x with r e s p e c t  to ~)t such that  ~,~ (~) 
is  a m o d e l  An i n i t i a l  s e g m e n t  Q ~_ Mod is  ca l led  r e a l i z a b l e  if some  e x t e n s i o n  of ,~x with the 
s a m e  o r d i n a l s  con ta ins  exc lu s ive ly  the d e g r e e s  of c o n s t r u c t i b i l i t y  of r e a l  n u m b e r s  f r o m  Q 
(and is  a mode l  of Z FC). We p rove  the fol lowing:  if Q is  a r e a l i z a b l e  i n i t i a l  s e g m e n t ,  then  

In t roduc t ion .  Let L be a countab le  s t a n d a r d  t r a n s i t i v e  (c.s. t .)  mode l  of Z F C ,  ~ ~ V = L. Fo r  x ~_ 
w0 we def ine  L(x) as  the c o n s t r u c t i v e  c l o s u r e  of L U {x} with r e s p e c t  to the o r d i n a l s  of L (see [1]). Let  
Mod ~  {x IL(x) b e a m o d e l o f  Z F C & x ~  o),}. 

Let  us i n t r o d u c e  a p a r t i a l  o r d e r  on Mod ~ by x ~, y ~ x ~ L (y), and an  e q u i v a l e n c e :  

~ y :  .\Iod { [ x ] ] x ~ M o d ~  Let  Mod be the f ac to r i za t i on ;  Ixl := {y i y ~-- x}; Ix] ~ [!11 ~ x -.~ =: 

Let  Q be an  in i t i a l  s e g m e n t  of Mod. We cal l  Q a r e a l i z a b l e  s e g m e n t  if ~ [L 5 5 .~ & .~ is  a c . s . t .  

mode l  of ZFC & On ~'~ -- On ~ & V :c [x ~ .~ & x c-- 0)o-+[x] ~ Q] &Vx [Ix] ~ Q - +  x ~_ !~]]. 

It is  t r i v i a l  to p r o v e  that  if Q is  a r e a l i z a b l e  in i t i a l  s e g m e n t  of Mod, then  i t  i s  bound by a [x] E Mod. 
In this  p a p e r  we inves t i ga t e  the q u e s t i o n  of the e x i s t e nc e  of the s m a l l e s t  bound and in  p a r t i c u l a r  p r o v e  the 
fol lowing theore ra .  

THEOREM Ao Let Q be a r e a l i z a b l e  i n i t i a l  s e g m e n t  of Mod. Then  the re  ex i s t s  [x] E Mod such that  

v!/[l.ql .7:: Q - -  I.~]} -<~ b:l] & v~7t~/[[z] ~.-: [~] & [z] ~ ix] -~ 
-~ [y] ~_ O & ~ [[ill ~ [zlll. 

To p rove  this  t h e o r e m  we p r o v e  the fol lowing a u x i l i a r y  t h e o r e m .  

T H E O R E M B .  Let ~ b e a c . s . t ,  m o d e l o f Z F C  of the f o r m  L ( X ) , w h e r e  X ~ ,  X ~  c0~ ~, Then  we 
f ind x ~ w 0 such that  ~)~ (x) is a mode l  of Z F C ,  

L (c) = .~  (x) and V!t I ! / ~  (@ ( x )  - -  ~ )  & ~ / ~  ~'Jo-~ x ~ .~ @]. 

The l a s t  t h e o r e m  is obvious ly  an  e x t e n s i o n  of a r e s u l t  of Sacks [2] on m i n i m a l  d e g r e e s  (the e x t e n s i o n  
c o n c e r n s  L (x) : :  ~ (x)). 

We out l ine  how T h e o r e m  B i m p l i e s  T h e o r e m  A. Let  Q be a r e a l i z a b l e  i n i t i a l  s e g m e n t  of Mod. This  
me ans  that  t he re  i s  a mode l  ~o  

ill~ ZFC, On ~- = On ~~ V x  [x ~-_ ~o  & x ~- (% ~ [x] ~ Q], 
Vx [[xl ~ Q--~ x ~ ~o]. 
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Since ~0 ~ ZFC , in ~l o t h e r e  e x i s t s  a t o t a l  o r d e r i n g  of S (r ~ ~o of the type  exp~~162 (nota t ion:  
S (u) = {x I .v ~ ~}, exp (u) ---- card (S 0~)) , a s s u m i n g  the a x i o m  of cho ice ) .  Le t  X = {(x~. ~>]a~exp~(~Oo)}  
be  such  an o r d e r i n g .  We c o n s i d e r  9~ = L ( X ) .  I t  i s  e a s y  to s e e  tha t  X ~ ,  '~ ~- ZFC, V x [ x ~  
S (o)o) --~ Ix] ~ Q], Vx [[x] ~ 0 - +  x ~ ~]. I t  is  a l s o  e a s y  to s ee  tha t  i f  we t ake  a g e n e r i c  e x t e n s i o n  ~)} of 
by c o l l a p s i n g  exp -~ (~%) onto ~o~ ~ ( taking a s  f o r c i n g  cond i t i ons  the func t ions  ]: D --+ exp ~ (~%), w h e r e  D is  an  
a r b i t r a r y  coun tab le  s u b s e t  of r ~ and,  n a t u r a l l y ,  [ ~ ~) then  ~ wi l l  have  the  s a m e  p r o p e r t i e s  a s  ~,  and ,  
m o r e o v e r ,  i t  wi l l  s a t i s f y  the a s s u m p t i o n  of T h e o r e m  B. Obvious ly ,  i f  x ___ wo i s  a s  in  T h e o r e m  ]3, then  Ix] 
s a t i s f i e s  the cond i t ion  of T h e o r e m  A. Le t  us t h e r e f o r e  c o n s i d e r  B. 

If ~ s a t i s f i e s  the cond i t i ons  of T h e o r e m  B, then  we can  e a s i l y  f ind in ~ a s e t  X = {<a, x:> ] a 
(o~ ~} s u e h t h a t V ~ [ ~ o ) ~ - , x ~ r  ~ L ( X ) , V a [ a  " ~ := ~ r --~ a i s  coun tab le  in  L(xa)]  and  Vr162 [a ---~ ,~.0~__~ 
{<~, x~> [ ~ ~ ~} ~ L (z~)]. �9 We a l s o  a s s u m e  tha t  V,t, Ix ~ @ ~ S (o)0) -~  @ ~- L (x)], f o r  o t h e r w i s e  the t h e o -  
r e m  could be  p r o v e d  us ing  the m e t h o d  of [2] by  c h o o s i n g  a g e n e r i c  a ~ o~ 0 (with r e s p e c t  to the  p e r f e c t  f o r c -  
ing  of ~ = L (x))  such  tha t  Vn In ~ x - -  2n ~ a]. In th i s  c a s e  we can  obv ious ly  a s s u m e  tha t  

Th roughou t  w167 1-5 i t  i s  s u p p o s e d  tha t  @ = L (X) s a t i s f i e s  the above  m e n t i o n e d  c o n d i t i o n s  

w 1 .  B a s i c  N o t a t i o n  

1.1. L e t  f o r  t,~::(o~ ~))b.=~ ((<a, .~ '~>Ia~}),  and l e t  _< (M be  a c a n o n i c a l  t o t a l  o r d e r  on ~ .  The c o l l e c -  
t ion {-~< (~) I}- ~ o~ R} can  be c h o s e n  in  such  a way  tha t  ~ .~.~ t~ ~ (},) a g r e e s  on -~ with the induced  < (p) 
L e t  0~. = exp ~b. (~%). We a s s u m e  tha t  _< (X) O r d e r s  ~ ,  N S (r in to  the type  0 h .  F o r  x ,55 ~ . ,  we deno te  
by  NX(x) the  index  of x in  the  s e n s e  _< (X) and fo r  x E~_ ~L,, ~ (x) = inf {),, [ x ~ ~ , } .  

1.2. Le t  Fx  be  s o m e  e f f ec t ive  cod ing  of c l o s e d  s u b s e t s  S(w 0) by  r e a l  n u m b e r s  so  tha t  r i s  the  code  
of r and w0 i s  the code  of S(w0). We wi l l  w r i t e  x ~ ~y =-=- F~, ~--_. F , ,  x ~ ~ 1  _.---_- F:, ~ f , .  & F~, i s  nowhere  
d e n s e  in  Fx;  x A y  is  the code  of F x ~ Fy ;  x v y  i s  the code  of Fx  v Fy;  /(x) i s  the l eng th  of the  s m a l l e s t  s e g -  
m e n t  in S(r 0) which  c o m p l e t e l y  c o n t a i n s  F x.  

I f f : K - - S ( w 0 ) ,  t hen  / \ / ( i )  wi l l  deno te  the  code  of N Fi(~ and \ / / ( 0  wi l l  denote  the  code  of  ~ Fr 

(p rov ided  the s e t  i s  c l o s e d ) .  

1.3. L e t  Z ~  S (r ,q -~. Z w i l l  be c a l l e d  S-weakly  h o m o g e n e o u s  i f  Y.vVp]g  Ix ~ Z &  ,u ~ s  --+ ~ (y) >/ 

~t& y > ~ x  & y ~ Z &  F~ is  p e r f e c t .  

'~ " 2} The c o l l e c t i o n  S .... [<i, m, 5 ..... ! m L=_: ('~0 &i ~=_~ i s  L e t  Y" ~ 5' (o~0) [~ @~, be  h - w e a k l y  h o m o g e n e o u s .  
c a l l e d  X Y- c o l l e c t i o n  if  

w 2 .  

z E Y .  

(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

Th 

V m V x V i V y  Ix ~ S ~,~ & y ~ S,,2 ~ x xv/ y E S~]; 

i , VmV.z~ i~y  [x ~ Y ~ ,,].>1 FBX & y ~ Sm], 

v m  {s~ N s, ' ,  : :  01;  

VxVyHmStuHv Ix ~ Y & y ~ Y . + u ~ r~x & '," >.~ FB!t & tt ~ S~ & . ~=. S ,3 .  

e s u c  c e s s o r  c a s e  

2.1.  L e t  Y ~ S (r .Q ~z+l be ( X + l ) - w e a k l y  h o m o g e n e o u s ,  S ~ ~.+,  be  a ( X + l ) Z - c o l l e c t i o n ,  and 

We def ine  on S(w0) a func t ion  HX+ 1,S,z(X) = y  a s  f o l l o w s :  

(i) i f  x r  F z, we c o n s i d e r  y undef ined ,  o t h e r w i s e  we pu t  z = zo; 

It-:,' , , ,  & zt ~ ,%,],, (ii) we pu t  (~, a> := min {< t, ,~> ] t ,  ' ,  ,~ =: r & t \ . '  u > FBzo & 1 (u) • 1 (t) ~ (t;~)l (z.o). . & 3m _ ~0 . , 
-.<(?.+I) 

= " O & t  ~" u > F ~ z  o & l (u) -7- l (t) ~. <~, ~> min {<t ,  U> I t / k\ ~ = I 
~O.+D 

< ( ' , ' o )  z (zo) &~Im[t ~ S'}, ~- ** ~ -  ,~,~.1 & .t. ~ F~, ' i F , } .  
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(iii) if  ( t ,  u)  o r  ( t .  u_) i s  undef ined,  we c o n s i d e r  y undefined.  O the rwi se ,  i f  <~, ~> = <t, ~> it is  a s -  
s u m e d  tha t  0 6 y; but  if <t, u> ~ <~, ~>,  then  0 ~' y .  We pu t  z I = u or  z I = t depending on w h e t h e r  x ~ F~ o r  
x e F F ;  

(iv) i s  the s a m e  as  (ii) but  fo r  the subs t i tu t ion  of z 0 by z~, and  we r e c o g n i z e  1 ~ y,  e tc .  

L E M M A 2 . 2 .  L e t X ,  Z, Y, a n d S b e a s  in 2.1.  Then  ~z+~ ~ ~ x V y [ x ~ _  ( % & F ~  i s  p e r f e c t  & [ y @ F ~ - - ~  
~H~+~,  s, ~ (Y) = x~+l]]. 

The p r o o f  i s  a c c o m p l i s h e d  in ~ + ~ .  Le t  E = 2<~,>, and for  t r  l e t  h(t) = D(t) be  the d o m a i n  of def in i -  
t ion o f t ; h ( t )  fiw0. L e t ~ q E ,  

h ( r  < 0 > ~ E ,  < i > ~ E ,  h ( < 0 > ) = h ( < l > ) = i .  

F o r  u, t~ E, we l e t  ut~ E be s u c h ' t h a t  

h (ut) = h (u) + h (t); k < h ( u ) - + u t ( k )  = u (k ) ;  

< h (t) ~ ut (h (u) + k) = t (,D. 

We d e f i n e u _ < t i f  3v [v @ E & uv = t]. 

Le t  f : E---Y be a funct ion such tha t  

(i) S ~ t ~ ] (S) ~ FB] (t), l (/(s)) ~< 1/2t~(~), ] (r = z; 

(ii) / (s <0>) /~ / (s <l>) = ,r 

(iii) i f  h (s) ~ x~+~,then </(s <0>), f (s <i>)> = < ~ n  ){<t, u> t Ft and Fu 'S a r e  p e r f e c t  & (t V u) > ~8] (s) & 
n O  ~ ~ 1  l -- ( " ~m i tS_  bm & u ~_: 5m] & l (u) -{- l (t) ~ ( l~)l (/ (s))} 2-<7,-5>; 

(iv) if h (s )~x~, ,~ ,  then  <](s<0>), ] ( s<i>)> = rain { < t , u > [ t \ j u ~ F B / ( S ) & ~ t m [ t ~ S  ~  

and Fu 'S  a r e  p e r f e c t  & (t V u) A (t V a) = r & l (u) + l (t) < ('/.~) l (] (s))}. 

We c o n s i d e r  x ::: ,~ ~/ ] (s). I t  i s  e a s y  to see  tha t  F x is  p e r f e c t  (the p r o o f  is  ana logous  to [3]) and 
q ~  h(s)=n 

the equality H~.~, s, : (Y) == x~.+~ for every y ~ F x follows from the definitions of F x and the function H. 

A function f of such a kind can be easily constructed by taking into account the weak homogeneity of 
Y and the properties of S. 

The lemma is proved. 

We note that because of the properties of X ---- (<~, x~> I ~ ~ ~o~} the constructed x may not be in 

~+~, for if we took in !~+~ a y~ F x, then we could construct x~+, -~ Hx+~,s.~ (y) in ~+~, and that is not pos- 
sible since xx+, ~} ~)+~. 

The smallest x, in the sense _< (7~+ 2), constructed as in 2.2, will be denoted by x = W(h+ i, S, z). 

w 3. The Limit Case 

3.1. Let X be a limit, Y ~_ S (o)o) N ~ be h-weakly homogeneous, S ~ ~ be a bY-collection, and 
z~Y. 

We def ine  HA, S, z (x) ana logous ly  to 2.1 (except  tha t  rain changes  to rain). 

_LEMMA3.2.  L e t  ~ ( o ~ b e a l i m i t ,  a n d Z ,  Y, and S,be as  in 3.1.  T h e n ~ + l  ~ ~tx Vy V B [ x C ( % &  
F~ is  p e r f e c t  & [g ~ F ~ - +  H~,s,z (Y) = x~] & [~ < ~-)-  ~ x [ x  ~ ~ & ~ (x') /> ~ & x >//FBX'!]]. 

P r o o f  (in ..~+~!. F o r  the p r o o f  it is  enough to c o n s t r u c t  a funct ion f : E ~ Y  s a t i s f y i n g  2.2, (i) to (iv) 
{changing rain to rain) , and adding one m o r e  condi t ion  a s  fo l lows:  

-.~.(~§ ~(~) 

(v) T h e r e  i s  an i n c r e a s i n g  func t ion  I~: (o0 -+ )~ such tha t  sup ~ (n) = ), and Vs [s ~ E --)- ~. (] (s)) > 
n ~ - e a e  

t% (h (s))]. The condi t ion  (v) is  needed to s e c u r e  the addi t iona l  condi t ions  on x.  

We f in ish  the p r o o f  a s  in 2.2.  
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Let  x = W(k, 8, z) be the s m a l l e s t  x ~ -~x§ in the sense  _<(~+ 17 which can  be c o n s t r u c t e d  as  in 
L e m m a  3.2.  

Again  we note x ~ O2,.+i. 

3.3. We a s s u m e  that  if  S t ~ S z, zl  ;~ z2, then Fw-o,s,,.,) l-i Fwt~.,s~=:) = ~ (for an  a r b i t r a r y  ~ ~ wt). 

w 4 .  P r o o f  o f  T h e o r e m  B 

In ~ we c o n s t r u c t  a co l l ec t ion  of se t s  {Z~ I c, ~_ o)~J~}, sa t i s fy ing  the fol lowing condi t ions :  

(i) Z~ ~ S (~%), Z~ ~ ~ a -weakly  homogeneous ;  

(ii) Z~---Z~+ l, Z~§ 1 - Z ~ = # r  

(iii) a < ~ & x ~ Z ~ & X ( x ) = ~ - ~ 3 y  [ y ~ Z ~ & x  >1~sy&)~(y)  = a]; 

(iv) if Zk is  defined,  we put  g~. ~-- {W ()~, S, z) [:~IY[Y 7= Z~ A-weakly homogeneous ,  & Y~'~b & S is ;~Y- 
co l l ec t ion  .~ z~Y~', and Z)_~==Z,.~ {y] F~ is p e r f e c t  & Xx [x ~ Z,, s y >/Fx] & ~1 ~_ -~,+~} , whe re  ZX = Z h if 
is a l imi t  and Z~ = Z},-Zfl  fo r  ~ = ~+ 1. 

(vi) f o r  l imi t  X's, Z z =  U Z~; 
a-~k 

(vii) Z o = @o ~ S((%) = L (-! S(o)o). 

It is ea sy  to see  tha t  the poin ts  (vii), (vi), and (iv) define the cons t ruc t i on  of Z ~ while all the o ther  
po in t s  will  be p r e s e r v e d  (this fol lows f r o m  L e m m a s  2.2, 3.2, and the def ini t ion of W(h, S, z)). 

It is a l so  obvious  that  {<Z~,cr I c, ~ )~} ~ ~x.  We put  P = U Z~. 

w 5 .  P r o p e r t i e s  o f  t h e  F o r c i n g  C o n d i t i o n s  

5.1.  Le t  G c p be a . ~ - g e n e r i c  f i l te r  on P.  Obviously G def ines  a unique r e a l  number  a = a~ -~ N F~ 
x ~ G  

and is d e t e r m i n e d  by i t :  G = G ~ =  { x J x ~ P & a ~ F x } .  Let  G c P b e a n  ~ l - g e n e r i c f i l t e r  o n P .  

LEMMA 5.2. 

{(r x~> I r162 ~ r ~ L (no). 

P roo f .  We: show that  x0E L(aG). Indeed Z0E L and aGE F x for  s o m e  xE Z0 [this fol lows f r o m  4.1 (iii), 
(iv), (v), and (vii)]. It m e a n s  that  x 0 = HoSz(a G) for  some  S, z ~  0~0, i .e . ,  S, zE L. T h e r e f o r e ,  H0S z is de-  
f ined in L and x0E L(aG). 

Le t  us a s s u m e  that  

{(cr x~) I r ~ g} ~ n (aG). 

Then we can s i m i l a r l y  c o n s t r u c t  xT, = H~Sz(aG), and we have xAE L(aG). 

It  is  c l e a r  tha t  a l l  the Xc~'S can  be  e f fec t ive ly  r e c o n s t r u c t e d  f r o m  a G and L (we know tha t  the Z a ' s  
w e r e  cons t ruc t ed  ef fec t ive ly) .  The l e m m a  is p roved .  

LEMMA 5.3. F o r  s o m e  ~ - g e n e r i c  G c p ,  aG is m i n i m a l  over  ~ .  

P roo f .  Le t  (in ~ ,  c E V  (P) a n d p E P ,  where  

Clear ly ,  we can  a s s u m e  that  p = Wo (for S(wo)). We define 

and 
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I t  is  e a s y  to s e e  tha t  S ---- {(i, m, S~)  ] rn ~ coo & i ~ 2} s a t i s f i e s  1.3 (i) to (vi) by  chang ing  Y to P.  

B e c a u s e  of the cond i t ion  on ~ , we have  S ~ ~2~, = ~ , .  

T h e r e f o r e ,  we can  c o n s t r u c t  by  the S k o l e m - L S w e a h e i m  m e t h o d  a l i m i t  ~ ~ co~ and Y c Z ; t s u c h  tha t  
Y ~ ~ ,  and  Y is  ; t -weak ly  h o m o g e n e o u s ;  S~ (~) -=- {PIP ~ S~ A ~x} ~ ~ ;  S (k) ----- {(i, m, S~ (k)} I m E 
r & i ~ z} i s  a ~ Y - c o l l e c t i o n .  We c o n s i d e r  x = W (k, S (k), r ~ ~z+l N P . A s  in  [3] o r  [2] i t  is  not d i f f i -  
cu l t  to p r o v e  tha t  x I[-- (~aa ~ L (c, x, S (~))~, " i . e . ,  x t]-- ( ao  ~ ~ (c)}~, which  c o n t r a d i c t s  ou r  a s s u m p t i o n .  The 
l e m m a  is  p r o v e d .  

F r o m  L e m m a s  5.2 and 5.3 T h e o r e m  B fo l lows  i m m e d i a t e l y .  

T h e o r e m  B and s i m i l a r  t h e o r e m s  a r e  g iven  in  [4]. 

Io 

2. 

3. 

4. 

LITERATURE CITED 

R. B. Jensen, "Models of set theory," Lecture Notes in Mathematics, Vol. 37, Springer-Verlag, Ber- 
lin (1967). 

G. E. Sacks, "Forcing with perfect closed sets," Proceedings Syrup. in Pure Math., 13, No. i, 331- 
357 (197 I). 
R~ B. Jensen, "Definable set of minimal degree," Mathematical Logic arid Foundations of Set Theory, 
North-Holland, Amsterdam (1968), pp. 122-128. 

V. G. Kanovei, "Definability using degrees of Constructibility," Third National Conference on Mathe- 
matical Logic, Novosibirsk [in Russian], Izd. Akad. Nauk SSSR (1974), pp. 92-94. 

567 


