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Abstract—1In the note, it is proved that, under natural conditions, any infinite-dimensional unitary
representation 7" of a direct product of groups G = K x N, where K is a compact group and N is

a locally compact Abelian group, is imaged by a representation of the nonstandard analog G of the
group G in the group of nonstandard matrices of a fixed nonstandard size.
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1. INTRODUCTION

Boolean-valued analysis, as well as nonstandard analysis in general, is aimed at the imaging (a
term which arose in a similar situation in Novikov’s paper [1]; one can use the more customary but
already occupied term representation) of more complicated mathematical objects by using simpler
ones; however, the latter are considered in the framework of nonstandard set theory. Here this set theory
appears in the form of a model, namely, in the form of a Boolean-valued universe V7 (see [2]), where
B is an arbitrarily chosen complete Boolean algebra. For B one takes a Boolean algebra related to the
problem under consideration (in our case, B is a Boolean algebra of pairwise commuting projections
in an operator algebra). For different problems, one takes for B different specific Boolean algebras
(another example is given by the Boolean algebra of all central idempotents of a ring) or even Heyting
algebras (for instance, the lattice of all open sets of a topological space) and quantum algebras (which
are sometimes referred to as quantum logics; for instance, such is the lattice of all linear subspaces in
any R™), etc. More complicated algebras B lead to a universe V? with more complicated structure,
and it is more complicated to study the properties of such a universe; however, the original “standard”
objects (i.e., those in V#2) are imaged by simpler and still simpler “nonstandard” objects (i.e., those
in VB). In this sense, the “simplest” universe V'? corresponding to traditional “standard” set theory
is obtained if B is the simplest algebra Zy = {0, 1}; this gives the ordinary class of all sets V ~ V%2,
which by definition consists of the “standard” mathematical objects. The class V' can canonically be
embedded in an arbitrary universe V2 by the mapping zV: V%2 — VB induced by the embedding of
algebras bV: Zy — B taking 0 to Op and 1 to 1, where Op is the least element and 15 is the greatest
element of B (see, e.g.,[2], [3]). For any formula ¢(f1,..., f,) in the ordinary language of set theory
with the original binary relations ‘€’ and ‘=", where the parameters fi,..., f, belong to V" one can
define an estimate (the terms “reliability degree” and “probability” are also in use) for ¢(f1,..., fn) to
be true in VB, This estimate is denoted by [(f1, ..., fn)] and is an element of B. In particular, it is
assumed that the above objects V2 and V7 are factorized by the equivalence relation

[[f = g]] = 137
where f,g € V5.
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In this note, we consider infinite-dimensional representations 7" of the direct product of groups
G = K x N, where K is a compact group and NN is a locally compact Abelian group. Under natural

restrictions, such a representation is imaged by a representation of the nonstandard analog G of the
group G in the group of nonstandard matrices of fixed nonstandard size. The case in which G is a locally
compact Abelian group was considered in [4], [5] and even in a more general form than that used here,
namely, for representations of the group G in a Banach space 7 by spectral operators of scalar type. In
the Abelian case, the image of operators in a complex Banach space are nonstandard complex numbers,
which (by themselves) form a commutative algebra. In the case considered here, the group G is non-
Abelian, and nonstandard square matrices naturally arise instead of nonstandard numbers. Note that
these matrices are of size n x n, where n is a nonstandard natural number and their matrix elements
are nonstandard complex numbers. Here the nonstandard complex numbers have all properties of the
ordinary field of complex numbers, and the same holds for the ring of nonstandard matrices.

A nonstandard group G is defined as the nonstandard completion of a standard group G with
respect to the left uniform structure generated by all neighborhoods of the neutral element in G. For
the class of groups treated below (which consists of commutative groups, compact groups, and their
direct products), the left and right uniform structures coincide. One can also define the nonstandard

completion X ofa space X which is only uniform; this object was introduced in [4] (see also [2] and [5]).
The imaging is aimed at the fransfer of properties; in our case, these are properties of a nonstandard
homomorphism 7' (with values in the algebra of nonstandard complex matrices of fixed size; such an

extension T is constructed in a special way below in the theorem) fransferred to the original standard
homomorphism T". Of course, some properties cannot be transferred in this way; however, the transfer
holds, for instance, for properties expressed by Horn formulas in the language of rings [2] and, which
is more important, the individual analysis of separate properties makes it possible to make conclusions
concerning 7" by using T (for instance, as in [2]).

[t is assumed that the reader is acquainted with the first notions of Boolean-valued analysis, for
instance, according to [2] or [6], and with the corresponding results in functional analysis. The
presentation is organized so as to minimize the use of logical notions of nonstandard analysis by
themselves, in particular, the notions of estimate and universe V2. Therefore, the presentation below
can be regarded as an example of a Boolean-valued analysis carried out without using logical notions.

2. DEFINITION AND THE FORMULATION OF THE RESULT

Let G be a group which is a direct product of groups, G = K x N, where K is a compact group
and N is a locally compact Abelian group. Let a strongly continuous unitary representation 7" of the
group G in a separable Hilbert space .7 be given. Let A be a von Neumann algebra of operators in
the space s#. Suppose that A contains a complete strongly closed Boolean algebra B of pairwise
commuting projections. Denote by M (G) the group algebra of the group G, i.e., the algebra of finite
Borel measures on G with the ordinary addition and with the convolution as the multiplication; it is
sometimes referred to as the measure algebra. Suppose that the image of the representation 7" of G
belongs to the algebra A. In this case, a homomorphism of the algebra M (G) into A is naturally defined;
denote this homomorphism by 7'. Denote by ¥(B) the weakly closed subalgebra of A generated by B.
Obviously, ¥(B) is a commutative von Neumann algebra.

Suppose that the following conditions hold.

Condition 1. The image of the center Z(M(G)) of the algebra M (G) under the homomorphism T°
belongs to ¥(B).

Condition 2. The operators T'(g) commute with the elements of the algebra ¥(B).

Conditions 1 and 2 have natural quantum-mechanical interpretation. Namely, A is the algebra of
observables of the quantum system, ¥(B) is the algebra of its “macroscopic observables,” G is the
“internal symmetry” group (Condition 2), and the “Casimir operators,” i.e., the elements of the center
of the group algebra, are “macroscopic observables” by themselves (Condition 1). The property of
“macroscopic observability” of the Casimir operators is a basis of all existing schemes of classification of

MATHEMATICALNOTES Vol.82 No.3 2007



NONSTANDARD REPRESENTATIONS OF GROUPS 343

elementary particles [7]. For instance, the center of the group algebra of the group SU(2) is generated by
the unit element and central idempotents P,, where n = 1,2, ..., which correspond (in the state space
of the particles) to projections onto subspaces of states with given spin j = (n — 1) /2.

Denote by S the spectrum of the algebra ¥(B), which is naturally isomorphic to the Stone space of
the Boolean algebra B. It follows from the completeness of the algebra B that the space S is extremally
disconnected [8]. As is well known [9], the locally compact Abelian group N contains an open subgroup
of the form Ny x R"™, where Ny stands for a compact Abelian group and R for the additive group of real
numbers. Write

H =K x NoxR"=Gox [[Gs,
i=1

where Gg = K x Ngand G; = Riori = 1,...,n. Obviously, H is an open subgroup in G. Denote by T;
the restriction of T" to the subgroup G;, i = 0,1,...,n. Since N belongs to the center of G, it follows
from Condition 1 on the homomorphism 7" that the image of G;, ¢ > 1, under the mapping 7; belongs to
the algebra ¥(B) which is isomorphic, as is known, to the algebra C'(:S) of continuous complex-valued
functions on the compactum S. Let us take the subgroup Z; of G; consisting of the integers. Denote
by e; the element of G; corresponding to the number 1. In this case, T;(e;), when regarded as an element
of the algebra X(B), corresponds to some nonvanishing continuous complex-valued functions ¢; on S.

Since the space S is extremally disconnected, every bounded Borel function on S coincides with
a continuous function on S up to a meager set (in another terminology, on a first category set). In
particular, taking the composition of the standard complex logarithm Ln (with the cut along the negative
semiaxis) [10] and the function ¢;, we obtain a bounded Borel function Ln ;. Therefore, there is a
continuous function on S coinciding with Ln ¢; outside a meager set. Denote this function by In ;.
Obviously, exp(In ;) = ¢; on a complement to a meager set, and hence, by continuity, on the entire
set S. If we now set

T!(t) = Ti(t) exp(—t In ;)
fort € G, then T} is a homomorphism of G; into X(B) such that T/(e;) = 1, and hence one can regard
T! as a homomorphism of the compact group G;/Z; into X(B).

Since the C*-algebra ¥(B) ~ C(S) acts on the Hilbert space .7, one can realize the space ¢ as a
direct integral (for the definition of a direct integral, see[11]),

(&)
A= /S H(C) du(C).

where p is a finite Borel measure on S and .#(¢) is a measurable field of Hilbert spaces. Thus,
every element of J# defines a measurable function h(¢) with values in J#(¢), and the operators in
the algebra ¥(B), when realized as continuous numerical functions f(¢), ¢ € S, act by the formula
f:h(C) — f(OC), i.e., as multiplication operators. !

By Condition 2, the operators T'(¢g) commute with X(B), and therefore they are realized as measur-
able operator-valued functions t,4({) that act pointwise, i.e.,

T(g): h(C) = t4(O)R(C)-
Here t,4({) are by no means numbers.

However, the group G is of the form K x N and, by Condition 1, the images of the elements in the
Abelian factor N belong to X(B), i.e., are realized by continuous numerical functions on S. As far as the
elements g € K are concerned, let us use the fact that the center of the group algebra M (K) is mapped
into ¥(B) under the homomorphism 7.

Recall that, if II is a continuous irreducible representation of the compact group K in a finite-
dimensional space Hyy = C™ and x11(g) = tr(II(g)) is the character of this representation, then

P =nn /K T(g9)xu(g) dg,

"Here, the general form of the spectral theorem in a separable Hilbert space is used; see, e.g., [12, Chap. II, Sec. 6,
Theorem 1, p. 208].
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where dg is the normalized Haar measure on K, is a projection and belongs to the image of the center of
the algebra M (K). The projections Py form a partition of unity in the space 7.

Since, as was noted above, the image of the center of M(K) belongs to 3(B), the projections Py
are realized by continuous functions on S taking the values 0 and 1. Thus, to the projection Py there
corresponds a function 4;y which is the characteristic function of some open-and-closed subset Sy in S.
The sets Sty are pairwise disjoint, and their union S is a full-measure set in S. Further, the complement
S\ S'is a meager set because the supremum of the elements Sy in the algebra B is the identity element
of B. The representation T' of the group K, when restricted to the image of the projection P, is a
primary representation, a multiple of the representation II. Hence, for { € Sy, the space 5#(¢) can
be represented in the form C™ ® L((), where L(¢) is a measurable field of Hilbert spaces, and the
operator t4(¢) is of the form II(g) ® 1. Let us define the reduced Hilbert space

(&)
S = / C© du()
S

where n(() is an integer-valued function on S which is equal to nyy on Sy. In the space J#.q, the
elements X(B) still act as operators of multiplication by numerical functions, and the operators T'(g),
g € K, act as matrix-valued functions taking the value II(g) on Sy. Hence all operators T'(g), g € G,
are realized as matrix-valued functions on S, and the size of the corresponding matrices n(() is the same
for any g € G. The matrix elements of these matrices are continuous functions on each set St;. Denote
by I(g) the matrix-valued function corresponding to the element g € G. Write

I={(g".1(¢9))_lgeG}_,

where the underlining U__ stands for the function identically equal to one defined on U and, in turn, U
consists of some functions with values in B whose domains are formed by functions of the same type.

As aresult, I € VB and, certainly, G¥ € VB,

Theorem. The object I is a continuous [unction on the group GV, which can thus be extended

by continuity to a homomorphism T of the group G into the group of complex matrices of
nonstandard size n(().

Here G stands for the result of completing the group GV € V%2 C VB in VB with respect to the
natural uniform structure in GV. Formally, the theorem claims that the assertion stated in it, when
expressed by a formula in the language of the Zermelo—Fraenkel set theory, admits a Boolean estimate
which corresponds to the universe V2 and is equal to 1, and this is provable in the ordinary Zermelo—
Fraenkel axiomatic set theory ZFC.

Proof. [t immediately follows from a theorem appearing in [4] (see [2, Theorem 24]) that I(g) corre-
sponds to a nonstandard complex matrix of nonstandard size n(¢), i.e., the values of the function I
belong to the above algebra of nonstandard matrices. [t suffices to show that I is continuous in some
neighborhood of the neutral element of the group GV. For such a neighborhood we take the product

:Gg’xﬁGyzKVxNQ{xﬁG;’,

i=1 i=1
where K is a compact group, Ny is a compact Abelian group, and G; =R fori =1,...,n. It suffices
to show that I(g) is continuous on each of the groups KV, Ny, and GY, i =1,...,n, separately. Let

us begin with KV. Let Jy be the family of open neighborhoods of the neutral element of the group K,
Jy ={a" | a € Jy}_, let E be the identity matrix (of variable size depending on ¢ € S). The condition
that I is continuous at the neutral element of KV is as follows:

[Vee (@) 0y ¥geO  (li(g)-E| <o) =1. (1)

An estimate arises here for the first time; this estimate is defined as follows: to the quantifiers ‘v’ and ‘3’
there correspond the operators ‘A’ (the infimum) and Vv’ (the supremum) in the algebra B (do not
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confuse these operations with the intersection and union of sets), and therefore formula (1) is reduced to

the equality
AV AllIg) -E| <=1

e>00€Jg geO
This is equivalent to the formula
V Allg") - El <e]=1
0€Jy geO

forany e > 0. For a given € > 0 and a given irreducible representation II of the group K, we write
One={g€G||(g) - E| <e}.

Let us show that
VgeOn: (llI(g")—El<e’]> Pu).
Indeed, since t4(¢) = II(g) for { € S, it follows that
[17(g")Pn — Pull <e’] =1
for g € Om,.. Hence
[I11(g") — Ell < "] = Pu,

where Ppp inside the estimate is the scalar 1 with reliability Py and the scalar 0 with reliability = Pyy.

Since the projections Py form a partition of unity in the Boolean algebra B, i.e., they are disjoint and
their supremum is equal to the identity element of B, this implies that

\V Al -El<e]=1

0€Jo geO

The continuity of I(g) on Ny can be proved in a similar way. The difference is that, instead of the
partition of unity (in the algebra B) corresponding to the family of irreducible representations of the
group K, we take the partition of unity corresponding to the irreducible representations of the (compact)
group Np.

The situation is somewhat more complicated for the group G} because the group G; =R is not
compact. Consider, say, the group G;. For t € Gy, we have

T(t) = T{(t) exp(t In ;).

Here we have two representations of the group G1, namely, 77 and 71(t) = exp(t Inp;). We must
verify the continuity of each of these representations. The representation 77 is the composition of the
representation 77 of the compact group G1/Z; and the natural projection G; — G1/Z;. The above
construction can be used for the representation of the compact group G1/Z1, and the continuity of the
projection is obvious. The continuity of the representation 7 (¢) results from the following fact: for a
continuous function a(¢), ¢ € S, the function exp(ta(¢)) of the variables (¢, () is jointly continuous.
Indeed, for any € > 0 one can choose a t(¢) > 0 in such a way that the inequality |exp(ta(¢)) — 1| < e
holds forany ¢ € S and any t, |t| < t(e). It suffices to take

He) = HiH m(l+e),  where [af = max|a(C)].

This implies that
V Alln@) =1 <&l =1

0€Jg teO
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