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Abstract—We consider properties of the matrix of a real quadratic form that takes a constant
value on a sufficiently large set of vertices of a multidimensional cube centered at the origin
given that the corresponding quadric does not separate vertices of the cube. In particular, we
show that the number of connected components of the graph of the matrix of such a quadratic
form does not change when one edge of the graph is deleted.
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We consider a quadratic form A(z) = x' Az, where x runs over the real space of dimension n,
2! denotes transposition, and A is a symmetric real n x n matrix with entries a;;. We assume
throughout what follows that n > 3. A quadric given by a pair @ = (A, c) is the affine variety
defined by the equation A(x) = ¢, ¢ being a real number. In fact, we consider the intersection
of a quadric @ with the set U of the n-cube whose vertices have coordinates +1. We denote the
intersection of a quadric @ and the set U by Mg. The variable D denotes a diagonal matrix
with arbitrary real numbers on the main diagonal, unless otherwise specified. We denote by G(A)
the undirected loop-free graph with no multiple edges and with n vertices where the ith vertex
is connected by an edge with the jth vertex whenever the entry a;; of A is nonzero. Clearly, the
graph G(A) is independent of diagonal entries of A. By rk we denote the rank of a matrix; |M| is
the cardinality of a set M.

Properties of G(A) were studied earlier, e.g., what is the smallest rank of a matrix that defines
a given graph and how this matrix can be found [1]. The present paper uses an important theorem
by Fiedler [2]: if (VD) (rk(A + D) > n — 1), then there exists a permutation matriz P such that
PYAP is a tridiagonal irreducible matriz. Moreover, this holds over any field except for the field of
three elements, for which there are some exceptions [3]. Reducibility of a matrix A means that it
is block-diagonal, i.e., can be represented as a direct sum of two matrices A = B & C.

We are interested in the following problems, partial answers to which are given below. Note
that all our proofs, as well as the proof of Fiedler’s theorem in [3], are elementary.

1. Find a maximum (or minimum) point of a quadratic form A(x) under the constraint € U
by means of replacing A with a “simpler” matrix B with the same maximum point. Namely,
we consider the transition from A to a matrix A + D, the maximum point being unchanged:
(Ve € U) (VD) [(A+ D)(x) = A(x) + tr D], where tr is the trace of a matrix. Here “simple” means
that in the general case B is of a lower rank than A. Note that heuristic or approximate (though
efficient) optimization algorithms for matrices of low ranks are known [4].

2. Derive properties of the graph G(A) from properties of the set Mg. Among properties
of a graph, one can mention the following: to have at most one connected component (assumed
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throughout to be a non-one-element set of graph vertices); to be an open (connected, non-self-
intersecting) path passing through all graph vertices; to be a cycle, i.e., a closed (connected, non-
self-intersecting) path passing through all graph vertices, etc. Among properties of Mg we note the
following one: a quadric @ does not separate vertices of the cube if either (Vo € U) (A(x) > ¢) or
(Vx € U) (A(x) < ¢). Usually, quadrics are considered that contain all the maximum (or minimum)
points of the corresponding quadratic form A(x) (with the constraint x € U); i.e., the form attains
the value c. Another condition on Mg is to contain sufficiently many vertices of the cube. This
condition can be expressed by a lower bound on the cardinality of Mg, or by the condition that Mg
is not contained in any hyperplane, or by the condition of maximality of this set in the partially
ordered set described in the next paragraph.

3. Consider a partially ordered set (lower semilattice) consisting of all sets of the form Mg
except for U with the set-theoretic inclusion relation C. It is desired to describe this semilattice;
the first step towards this is describing its maximum elements. We call them rigid sets Mg and
call the corresponding quadrics @ rigid quadrics. Instead of quadrics centered at the origin, it is of
interest to consider other families of hypersurfaces. A trivial example is the family of hypersurfaces
given by A(x) + L(x) = ¢, where L(x) is a linear form of . This case can be reduced to the case
of quadrics centered at the origin by increasing the dimension of the cube by 1: consider quadrics
A(z) +yL(x) = c. In dimension two (though we do not treat it below), rigid quadrics are diagonal
pairs of vertices of the square; such a pair lies on a straight line.

4. Describe the quotient set consisting of equivalence classes of all quadrics with the following
equivalence relation: Q ~ Q" if Mg = M.

Below we use the following obvious remarks: G(A) is a connected graph if and only if the
matrix A is permutation similar to an irreducible matrix; G(A) is an open non-self-intersecting
path if and only if A is permutation similar to a tridiagonal irreducible matrix.

Now we turn to statements and proofs.

Theorem 1. If a quadric Q = (A, c) does not separate vertices of the +1-cube and |Mg| > 3,
then the graph G(A) is not an open path passing through all vertices and (3D) (rk(A+D) <n—2).

Proof. Let G(A) be an open path. Without loss of generality we may assume that ¢ is the max-
imum value of the quadratic form A(x) on U and that the matrix A is tridiagonal and irreducible.
At a vertex x € U, the value of the quadratic form is

n—1

Ax) =2 Z @i 4121 + tr A;

i=1

it attains the maximum value at precisely two opposite vertices where each term a;;417;w;41 is
positive. Indeed, the sign of the first coordinate of a vertex can be chosen arbitrarily, and signs
of the other coordinates are then determined uniquely since the coefficients a; ;11 are nonzero by
irreducibility of A. The contradiction with the condition of the theorem proves that the graph G(A)
is not an open path. By Fiedler’s theorem, there exists a diagonal matrix D such that the matrix
A+ D is of rank at most n — 2. A

Ezample 1. In Theorem 1, we cannot reduce the bound on the rank to n — 3 for any matrix A:
the quadric (x1+x2+2x4)(x3+24) = 0 does not separate vertices of the cube, and for any matrix D
the matrix A 4+ D for this quadric has a 2 x 2 submatrix with determinant —1/4.

Claim. For any complex matriz A there exists a complex diagonal matriz D such that A + D
has the zero eigenvalue of multiplicity n — 1.

Proof. This is obvious for n = 1. Let n > 2. Consider the family of matrices of the form
{uA + diag(dy,...,d,) | u,dy,...,d, € C}, where diag(ds,...,d,) stands for a diagonal matrix.
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To any such matrix, we associate its characteristic polynomial
"+ Fy_1z" '+ .+ Fio + Fy = det(—uA + diag(z — dy, ...,z — dy)),

whose coefficients Fj, are forms of u,dy,...,d,. In particular, F,, | = —d;—...—d,—utr A. By the
Hilbert theorem, any n > 2 forms over C, each of n + 1 variables, have a common zero different
from the origin. In particular, the system of equations

Fn1—u=0,

Fy 9= 07

F =0,

Fy =
has a nonzero solution @,dy, ...,d,. Assume that @ = 0. Then

Fo(t,dy,...,dy) =...= F,_1(i,di,...,d,) =0.

Therefore, the characteristic polynomial of diag(dl,...,czn) is 2. This means that d; = ... =
d, = 0. But the solution u,dq,...,d, is nonzero. The contradiction proves that the system has a

solution with u # 0. By homogeneity, it also has a solution with w = 1. Then the corresponding
values of dy,...,d, satisfy the claim. A

Let us say that a property holds for almost any matrix if the set of exceptions is of zero Lebesgue
measure. By [-] we denote the integral part of a number.

Conjecture. For almost any complex matric A of order n there exists a complex diagonal
matriz D such that tk(A + D) <n — [/n].

The conjecture is based on the following arguments. If A is a diagonal matrix, we set D = —A.
Let A be a nondiagonal matrix. Consider the complex projective space W = CP™~! of nonzero
n X m matrices up to a scalar factor. The subvariety W, C W of matrices of rank at most r is
determined by vanishing of all minors of order r + 1. Its codimension is (n —7)? (see [5]). With a
nondiagonal matrix A of order n, we associate the projective space L4 C W given by the equations
a;jrre = apexsj for all ¢ # j and k # ¢. A point in L4 corresponds to nonzero matrices of the
form A\(A + D) or to diagonal matrices. In particular, for any nondiagonal matrices A and B, the
corresponding subspaces L 4 and Lp intersect by the (n—1)-plane H consisting of diagonal matrices;
the embedding H C W does not depend on the choice of A. The dimension of L4 is dim L4 = n.
If r = n — [y/n], the sum of dimensions of W,. and L4 is not less than the dimension of W. By the
projective dimension theorem [6], the varieties Wi _(yn) and L4 do intersect. An intersection point
corresponds to matrices of the form AA + D of rank at most n — [/n]. It remains to show that
for almost any matrix A, in the intersection of W,,_ s, and L, there exists a point that does not
belong to the (n — 1)-plane H.

Theorem 2. If a quadric Q = (A,c) does not separate vertices of the £1-cube and |Mg| >
2n + 1, then the graph G(A) is not a cycle of length n.

Proof. In the three-dimensional space, the quadric satisfying the conditions of the theorem
passes through all the eight vertices of the cube, and its graph consists of three isolated vertices.
Let n > 4. We may assume that ¢ is the maximum value of the quadratic form A(x) on U.
Assume that G(A) is a cycle of length n and vertices of this cycle correspond to coordinate indices.
Up to an additive constant, values of the quadratic form at points of U are equal to the sum of
the terms corresponding to edges of the cycle G(A). Then the maximum is attained in at most 2n
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points of U. Indeed, if a value of some coordinate is fixed, then, moving along the cycle G(A),
we uniquely determine values of n — 2 more coordinates by taking the partial sum along the path
to be the maximum possible for the previously chosen signs of coordinates. If the initial choice is
unfortunate, the sum over the cycle may happen to be less that c. However, every point where the
maximum is attained is obtained for some choice of the index and sign of the “starting” coordinate.
We may start the cycle traversal from any of the n coordinates. Therefore, arbitrariness of choice
remains only for at most 2n pairs of an index and sign of a coordinate. A

Ezxample 2. In the condition of Theorem 2, it is not sufficient to assume |Mg| > 2n: the quadric
1Ty + ... + Tp_1Tyn — Tpxr1 = n — 2 does not separate vertices of the cube, contains 2n vertices,
and corresponds to a cycle.

Theorem 3. If a quadric Q = (A, c) does not separate vertices of the +1-cube and the set Mg
is not contained in any hyperplane, then the graph G(A) and the graph G(A) with one edge deleted
have the same number of connected components.

Proof. Assume that deleting an edge e of G(A) breaks a component of G(A) into two compo-
nents.

We may assume that ¢ is the maximum value of A(x) on U (since the quadric does not separate
vertices) and that the matrix A (up to reindexing the coordinates) is of the form

B S
=[5 2)

where B and C are square symmetric matrices of sizes k x k and (n—k) x (n—k) and the rectangular
matrix S has a single nonzero entry, which corresponds to the edge e.

Let the only nonzero entry a;; in S be positive, where i < k and j > k£ + 1. The quadratic
form A(x) attains its maximum value at vertices v where values of the coordinates v; and v;
coincide. Indeed, assume the contrary: for some vertex v, the value of the form is A(v) = ¢ and
v; = —vj;. Consider the vertex w with wy = —vpif 1 </ <k and wy = v, if k+1 <4 < n. The
value of the form is A(w) = A(v) + 2a;; > c. This contradicts the maximality of c¢. Thus, the form
attains the value c in vertices belonging to the hyperplane z; = x;. This contradicts the condition.

If the only nonzero entry a;; in S is negative, the form attains the value c in vertices that belong
to the hyperplane x; = —x;. This also contradicts the condition. A

Theorem 4. 1. If a quadric Q = (A @ B, c) does not separate vertices of the £1-cube and is
rigid, then one of the matrices A or B is diagonal.

2. If a quadric Q@ = (A,c) does not separate vertices of the +1-cube and is rigid, then the
graph G(A) has at most one connected component (different from an isolated point).

Proof. Clearly, items 1 and 2 of the theorem are equivalent. Let us prove item 1. We may
assume that ¢ is the maximum value of the quadratic form (A @& B)(x) on U. Since the forms
(A®0)(x) and (0 B)(x) depend on different variables, they independently attain their maximum
values o and § on U. Hence, o + 8 = ¢. If both matrices A and B are nondiagonal, then the
quadrics (A ®© 0)(xz) = « and (0 @ B)(x) = 8 pass through proper sets M sg0,4) and Mg p g) of
vertices of the cube, which are proper extensions of Mg. This contradicts the rigidity of Mg. A

Theorem 5. 1. If a quadric Q = (A, c) is rigid, then it contains at least n(n — 1) vertices of
the +1-cube that do not belong to any hyperplane.

2. If a quadric Q = (A, c¢) is rigid, then
(VQ) [Mg C Mo/ <= (3 # 0) (3A, D) (Q' = (u(M + D), uc))).

Proof. 1. Values of a quadratic form at the vertices v and —v coincide. Hence, values of a
quadratic form at all vertices are determined by its values at vertices belonging to an arbitrarily
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chosen face of the cube. By the rigidity, coefficients of the form must satisfy n(n — 1)/2 linearly
independent relations, each of them corresponding to a vertex of the chosen face of the cube.
Indeed, extend the set Mg to M’ by adding a new vertex. Denote the corresponding systems of
equations in (n + 1)n/2 matrix elements a;; by Sys(Mg) and Sys(M’). They consist of equations

of the form .

Z aii + 2 Z a;jT;Tj = C.

i=1 i>j
Clearly, the systems Sys(Mq) and Sys(M’) are consistent, and their ranks (i.e., ranks of the corre-
sponding matrices with (n+ 1)n/2 columns and, respectively, |Mg| and |M’| rows) either coincide
(rk Sys(Mgq) = rk Sys(M")) or differ by one (rk Sys(Mg) = rkSys(M’) — 1). If the ranks coincide,
solution spaces of the systems Sys(Mg) and Sys(M’) coincide. However, the quadric satisfying
the system Sys(M’) contains the vertex of M’ that do not belong to M. The contradiction shows
that rk Sys(Mg) = rk Sys(M’) — 1. By the rigidity of Mg, the quadric passing through all vertices
of M’ passes through every vertex of the cube. Since the matrix corresponding to a quadric passing
through all vertices of the cube is diagonal, the affine space of solutions of Sys(M') consists of
diagonal matrices with trace c¢. Hence, its rank is rk Sys(M’) = (n(n + 1)/2) — (n — 1). Finally,
we get the value rk Sys(Mg) = n(n — 1)/2. Hence, the cardinality of Mg is at least n(n — 1)/2,
and the total number of vertices on the quadric, including vertices on the opposite face, is at least
n(n —1).

Now assume that vertices from Mg belong to a hyperplane. By the symmetry around the center

of the cube, coordinates of these vertices satisfy a homogeneous linear relation. Without loss of
generality, we may assume that

n—1
=1

If we substitute this into the system of linear equations Sys(Mg), we obtain a system of equations
of the form
n n—1 n—1

Z ai; + 2 Z Anj <Z )\iazia:j> +2 Z a;;T;xj = C.

i=1 j=1 i=1 n>i>j
Here the first n columns, which correspond to the elements a;;, coincide; n — 1 more columns, which
correspond to elements a,;, are linearly expressed through the other columns. Thus, the column
rank of the obtained system is at most ((n —2)(n —1)/2) + 1, which is less by at least two than the
rank rk Sys(Mg) = n(n — 1)/2. The contradiction shows that the vertices from Mg do not belong
to a hyperplane.

2. Consider two affine subspaces in the space of symmetric matrices of order n:

N={B|(WweMy)Bv)=c} and L={D+\AeN}

Dimensions of these subspaces are as follows: dim N = n, since this subspace is determined by the
system Sys(Mgq) of linear equations of rank n(n — 1)/2 in the space of dimension n(n + 1)/2, and
dim L = n, since the condition (D + AA)(v) = ¢ is equivalent on vertices of the cube to one linear
equation tr D = ¢(1— ). Since these affine subspaces are embedded (L C N) and their dimensions
coincide, the subspaces themselves coincide: L = N. A

Ezample 3. The number of vertices n(n — 1) given in item 1 of Theorem 5 is attained for a rigid
quadric (z1 + 22 + 23)? = 1.

The authors are grateful to K.Yu. Gorbunov and S.A. Pirogov for a discussion of results of the
paper.
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