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O BBIYUCJIEHNAX HAL YIIOPAJTOYEHHBIMU KOJIBITAMWT

1.B. JIATKVH, A.B. CEJIUBEPCTOB

ABSTRACT. We consider generalized register machines over ordered rings
with an auxiliary binary operation. In particular, we consider the ring of
integers, its infinite Cartesian power, and ultrapowers. The feasibility and
computational complexity of some algorithms are discussed. There is also
given an example of a non-factorial ring, which is elementarily equivalent
to the ring of integers. It is shown that non-deterministic computations
with integers can be implemented as computations over the Cartesian
power of the ring of integers. It is also possible to model calculations
with an oracle using such machines. This provides an algebraic approach
to describing some classes of computational complexity. However, this
model of computation differs significantly from alternating machines.
Moreover, various types of non-deterministic machines are considered.

Keywords: generalized register machine, ring, integral domain, integers,
ultrapower, non-deterministic computations, polynomial time, oracle.

1. BBEJEHUE

B mocnennue necatuiieTrs BOMPOCAM BBIYUCIUMOCTH W CJIOYKHOCTY BBIYUC/IEHUI
HAJ, PA3JIMIHBIMY AJIre0PAnIeCKUMU CHCTEMAMHU MTOCBSAIIEHO OIPOMHOE KOJIUIECTBO
paboT, OTHO TOTBKO MEPETUCTEHNE 3aHITO OB HECKOJTBKO CTPAHMIL TeKCTa. IIpu 3ToM
KPYT UCCIAETOBAHHBIX TPOOIeM TaKkzKe oormupen. VI3 Bcero pa3znoobpasust CBI3aHHBIX
C BBIUYUCIUMOCTBIO T€M U TPOOJIEM B JAHHON pabOTe yIeasieTcss BHUMAHUE TOJIHKO
OTIETLHBIM ACITIEKTAM.
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Bo-niepBbix, B Kau€CTBE OCHOBHOM MOJIE/IN BHIYUCIEHU 3€Ch UCITOIb3YIOTCS 000-
6uénnbie perucrposbie mamuubl (OPM) [1, 2, 3], kparkoe onucanue KOTOPBIX CO-
JepzkuTcsa Bo BropoM pasaene. Ilonobasie OPM 3apekomenaopasin cebst Kak MOIII-
HOE CPEJCTBO ISl M3YUEHUs CJIOYKHOCTH BBIUMCJICHUN HAJ, MPOU3BOJIHHBIMU AJITe0-
PaMYeCKUMH CTPYKTYPaMU, B MEPBYI0 OYEPEIb HAJ KOJBIAMY U MOJIAMU. Bbramc-
nerns OPM Haz mojieM BEIeCTBEHHBIX dncesl R momoOHBI BhIYUCIeHUIM Ha BSS-
marnuse [4, 5], a B cirydae JUHEHHO ynopsaJ09eHHbIX ACCOIUATUBHBIX U KOMMYTATUB-
HBIX KOJIEI] [IOYTHU He OTJIMYAl0TCs OT MAIIKH HaJ| CIIMCOYHON HaACTPOiKoi AlnaeBa—
Benstea—Msicuukosa [6] u S-mammn Xemmepiunra [7]. Mnorga paceMarpuBaior u
TaKWe MAITUHBI, BpeMsi PADOTHI KOTOPBIX DECKOHEYHO M BBIPAYKAETCS CYETHBIM Op-
quHasoM [8, 9, 10]. OqHako MBI NpeanonaraeM, 9To MAIHHA, TPOrPaMMa KOTOPO
HaINCAHA /IS BBIYUCICHUS KAKOW-TO BCIOAY OIpPEIeTEHHON (DYHKITNN, HA KaXKIOM
BXO/JIe JIeJTAeT JINIIh KOHEYTHOe 9HCJIO IMaroB. Bropoit pa3men 3aBepimaercs ompee-
seauem HeperepmunupoBarabix OPM u kiaccos P, DNP;, DNP u NP.

Bo-BTOpBIX, B TPETHEM pa3ese n3yvIaeTcs BRIUUCIUMOCTh HEKOTOPHIX €CTECTBEH-
HBIX (DYHKINN, TAKAX KAK HAUOOIBIII OOIIWiA JeTUTeIb ¥ HETOIHOE TACTHOE, HAT
YIOPSIOYEHHBIMA KOJIBIIAMHU B PA3HBIX CUTHATYPAX MOCPEACTBOM OOOOIIEHHBIX pe-
rucrposbix Mammd (OPM). Buosine oxujgaemo nosydaercs, 9ro pa3jiudue B CUI-
HaAType pacCMaTPUBAEMOTO KOJIbIA IMPOSABIISIETCS B PA3JIMIUN OTBETOB O BBIMHCIHU-
Moctu 3tux QyHknuit. Ho B oT/invdne or BBIYAC/IUMBIX HYMEPOBAHHBIX CHCTEM Pa3-
JInYrie B BBIYUCIUMOCTH (DYHKIWH MOXKET BO3HUKATDH YK€ TpU JTOOABJIEHWHM BCETO
O/THOT'0 KOHCTAHTHOT'O CHMBOJIA, Korya ucrosib3yiorcs OPM.

B geTBépTOM pasmese ncciiemyercs BO3MOXKHOCTD MOJETUPOBAHUS OOBITHOM THIO-
PUHIOBOM BBIYMCJIMMOCTH HaJ, KOJbIOM LebXx uuces Z mnocpeacrsom OPM man
JIEKapPTOBOH CTEIIEHBIO ITOTO KOJbIa. B pe3ysibrare OKa3bIBaeTCs, 9TO MPUMEHEHNE
OPM mno3BoJIsieT yCrenHo MOIeIMpOBaTh KAK HEIETEPMUHUPOBAHHBIE BHIUUC/IEHHUS,
TaK ¥ BBIYUCJIEHWS C OPAKYJAMHU HaJ, KOJbIOM Z. Bropoii m3 stux dheHoMeHoB
HeOPMATHLHO O0bSICHIAETCA COBCEM MPOCTO: IS KAXKIO0TO TMOAMHOYKECTBA, KOJIBIA
B JIEKAPTOBOM CTEIIEHHW ITOTO KOJBIIA UMEETCS IJTEMEHT, COAEPKAIINNA BCIO WHQOP-
MAaIIAIO O JAHHOM IOIMHOKECTBE, IIO9TOMY MOXKHO BMECTO OPAKYyJa HCIOJIb30BATD
COOTBETCTBYIOIIHUT emMy 3jieMenT. [0pa3no narepecuee 00bsICHEHUE M11s1 TIEPBOTO he-
nomena: pabora OPM nam mekapTOBOH CTEMEHBIO KOJIBIA MPEJACTABJISET MO CyTH
paboTy MHOTOMPOIIECCOPHOTO BHIYUCIUTEILHOTO YCTPOMNCTBA HAJL, 3TUM KOJIBIIOM, TO
€CTh MapaJiiebHbIe BITUCICHNS HA KOIBIOM IPEBPAIAIOTCI B BBITUCICHNAE HAT
JEeKapTOBOI CTEIeHbIO.

B nsarom pazzesne obeyzxkmaercs pasnuaue kiaaccos P, DNP;, DNP u NP mex-
JIy cODOI MpY BBIYUCIEHUSX HAJ HEKOTOPBIMU KOJIBIIAMU W MOJISIMU.

Wccaeayembie Kosabita. Mbr paccmarpuBaem pabory OPM man yacTudHO yropsi-
JIOYEHHBIM ACCOIUATUBHBIM U KOMMYTATUBHBIM KOJIHIIOM CO BCIIOMOIaTEIbHBIME OH-
HADHBIMHU OIE€PANUAME Bbrautanus u rest: (R;0, 4+, —, -, rest, <), mockonbky 6e3 mmo-
JIOOHOTO PACHINPEHUsT BHIYUCIUTEIBHBIE BO3SMOXKHOCTH TAKUX MAIITHH BECHMA OTpa-
HUYeHbl. B KoJIbIIe 1ebix aucest Z jjid aroboro x v ijid y > 2 3HadenueM rest(z, y)
CJLy?’KUT OCTATOK OT JejieHust & Ha y u3 muHoxkecrsa {0,...,y — 1}, a mua y < 1
nosiaraem rest(z,y) = 0. EcrecrBenHo, 4ro B APyrux paccMarpuBaeMbIX KOJIbIAX
TOXKE JI0JI2KHO BBIIIOJIHATHCS YCIOBHE

Fz((x =y -z +rest(z,y)) A (0 < rest(z,y) < y))
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A Yy 2 2, T/e O ABOUKOM MOHUMAETCS CyMMa HERTPATBHOTO 3JIeMEHTa, IO YMHO-
JKEHMIO € caMuM cobOi, a mpu HapylieHud ycjuoBus y > 2 (B 9aCTHOCTH, €C/Iu
9JIEMEHT Y HECDABHUMBIA C aHAJIOIOM JBOMKU) He 00d3aTesIbHO OyeT BbIIOJHATHCS
papercTBO rest(z,y) = 0. Tem He MeHee, TP KOPPEKTHOM OTPEIEIEHUH STOH OTle-
parmuu, pa3yMHO MOTPe0OBATH BBIMOIHEHN Oosiee ¢1aboro CBOMCTBA: JJIs JII000T0 Y
BepHO, uTo rest(z,y) = 0 u nubo rest(x,y) < y, b0 rest(x,y) HECPABHUMBII C Y.
Takas cuTyalyst BOSHHKAET, HAIIPUMED, IIPH IOKOMIIOHEHTHOM OIIPE/Ie/IEHUU OCTaT-
Ka B JE€KapTOBOM WJIK IIPSIMOM IIPOM3BEIEHUH KOJIEl, B KOTOPBIX 3Ta OlEepPalys yrKe
oupejeiera (cMm. pasgen 4 Huxe).

EcrecTBeHHO Tak¥Ke, U4TO BO BCEX PACCMATPMUBAEMBIX KOJbIAxX rest(z,y) = 0,
KOTJ[a 9JIEMEHT T [EJIUTCS HA Y, B YACTHOCTHU, KOT/IA, JIEMEHT Y 0OpaTUM.

Samernm, 9T0 cobITI01as1 Bce (DOPMATBHOCTH, CJIEIOBAJIO OBl CJTOBO OCTATOK OpaTh
B KaBbIYKK HJIM KCIOJIb30BaTh BMECTO HEro KakKOH-HUOyIb APyroil TepMuH, KOLZa
OHO [PUMEHseTcsd Kak Ha3Banue pyHKuuu rest(x,y), HOCKOIbKY 3Ta (DYHKIUs MO-
KeT ObITh IOCTATOYHO KOPPEKTHO OMPEIEIeHA W JJIsT He eBKJINIOBBIX KOJIEIl, KaK
MBI 3TO YBUIUM JAJIEE.

X0Ts BO BCEX UCC/IENYEMBIX f1aJjiee KOJIbIAX CYMIECTBYET HENTDPAJIbHBIN IJIEMEHT
10 YMHOXKEHWIO, €[IMHNIIA HE BKJIIOYEHA B CAIHATYDPY B SIBHOM BHJI€, HO KOIJIA IIO-
Tpebyercs, oHa Oy[er BKJIIOYAaTbCs B BBIYMCIEHUS B KA4eCTBE BCIOMOIATEIbHOI'O
BXO/1A.

Kaxk o6wrano, mpu HarypanbaoMm m > 0 u a € R BbIpaKeHWe m - @ O3HAYAET
CyMMy 3JIEMEHTA ¢ C caMuM CO0O0ii m pas.

OrmMeruM, 94TO 37€Ch MbI OTPAHUYUBAEMCSI TAKUM ODOTaIlleHHeM KOJBIEBONW CHT-
HATYPBI, 9TOOLI B CJIyd4ae COBHAJIEHUs KOJbIA R ¢ KOJBIOM HEIbIX YHCET Z MOJLy-
4aJs10Cch KoHcepsarupHoe paciuupenue reopuu Th(Z), rak Kak OTHOLIEHUE [OPs KA
U JeJIeHre C OCTATKOM OINpEIeSIOTCsS Hajd Z (opMmylaMu TMepBOro mopsaka. Ha-
mpuMep, HEOTPHUIATEIHFHOE II€JI0e YHCJI0 PABHO CYMME YeTHIPEX KBAJAPATOB IIEJIBIX
9UCesI, CPeIr KOTOPBIX MOTYT ObITh paBubie. Kpome TOro, HaM IOCTATOYHO OIH-
CAHHOI'O BbIIlIE TPUBUAILHOIO OIpejesieHus onepaiuu rest(x,y) B Kosble Z s
caydas y < 2 BBUJY TOrO, 9TO B MEPBYIO OY€PE/h HAC HHTEPECYET MOJICTUPOBAHUE
HEKOTOPBIX ACMEKTOB OOBIYHOM THIOPUHTOBOM BHIYUCIMMOCTH HA HATYPAJTBHBIX UHC-
JIaX CPEICTBAME OOODIIEHHBIX PETMCTPOBBIX MAIWH, B YaCTHOCTH, TAPAJLIETbHBIX
BBIYHCJIEHUIT — CM. pazzen 4.

2. OBOBIIEHHBIE PET'MCTPOBBLIE MAIIIMHBL (OPM)

HamomuamMm BKpatiie omncanue paboThl OOOOIIEHHON PEruCTPOBOI MAIAHBL HAT,
asrebpauyeckoii cucremoit A = (A, f1, fo,...;T1,To,...;¢0,C1,...) C OCHOBHBIM
MHOYXKECTBOM A ¥ 33aHHBIMY Ha HEM ormepanusmu f; MecTHOCTH k(i), peaukaTa-
mu T; mecTHOCTH [ (%) U BBIIEJIEHHBIMH 3JIeMEHTAMH ¢;. Mammumna nMeeT GeCKOHEeTHOe
MHOXKeCTBO (pabouux) perucrpoB R;, comepzkammx 3j1eMeHTsbl u3 A, u GeCKOHEUHO
MHOI'O0 MHJIEKCHBIX peructpoB I(n), comepzxaiux HaTypasiabHble uucia. Koxcran-
Thl COOTBETCTBYIOT OIEPAIUSAM 3AIUCH COOTBETCTBYIOMIETO 3JEMEHTA B PErucTp.
IIporpaMmbl TPEICTABISIOT CODON KOHEUHBIE CMUCKU KOMAHI, YaCTh U3 KOTOPHIX
MOKeT ObITh MOMeYeHa, (UM MPOHYMEPOBAHA). BBIMO/IHIA 3T KOMaHIbI, MAITHHA
MOZKET 3 OJIMH IIar KOMMPOBATh 3JIEMEHT W3 peructpa Rj(s,), WHICKCUPOBAHHO-
TO CONEP’KUMBIM HHJIEKCHOTO peructpa [(si), W mepeciaTh ero B perucTp Ry(s,):
Ri(so) = Rip(sy)- Taxxke Mammua MOXKeT 3a OJMH IIAr TPUMEHHTH JIFOOYIO omepa-
Ui f;, epeYrC/ICHHYIO B CUI'HATYPE K 3/IeMEHTaM, COJEPZKAIUMHUCA B PEIUCTPAX
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Rrny)y s Rl(nk(]‘)) U 3aIHCATh PE3YIBTAT B Ry(n,):

Ri(ng) = fi(Brny)s -5 Binyg)-

B ciyuae nposepku Ha MCTHHHOCTb CHIHATYPHOrO npefukara 1), IPUMEHEHHOTO
K 3JIeMeHTaM, COJepXKaIlnXcs B RI(nl)7...,RI(mJ_), MalllnHA TIEPEXOJIUT B HOBOE
COCTOsTHWE B 3aBUCUMOCTH OT €r0 MCTUHHOCTH, TOUHEE K BBITTOJTHEHUIO KOMAHJIBI C
COOTBETCTBYIOITAM HOMEPOM:

m: Tj(Riguyy,-- - Ritn,)) — JUMP(k), JUMP(t),
3/1eCh M — HOMeP KOMAaHIbl, KOTOpasd PaBHOCHJILHA, yCJIOBHOMY OIIEPaTOPY
if Tij(Rimnyy--- ,RI(nlj)) then goto Lab(k) else goto Lab(t),

TO €CTh B Cjlydae UCTUHHOCTU Npejukara 1), IPUMEHEHHOrO K 3JeMeHTaM, cojlep-
JKAIMXCcA B perucrpax Ry, ..., Ri(n, ), MaIIMHA NEPEXOJUT K BHINOTHEHUIO KO-
J

MaH/ibl ¢ MeTKOii (HoMepoM) k, a B IIPOTMBHOM CJly4ae UCIIOJHHAET KOMaHIY t.

Han nHIeKCHBIMU perncTpaMu BHITTOJIHAIOTCS OOBIYHBIC OTIEPAIIMH PETUCTPOBBIX
MammuH. B Hadajge paboThl B HYJIEBOM HHIEKCHOM DPETHCTPE 3AMUCAHO YHCJIO PEru-
CTPOB, 3AaHATHIX BXOAHBIMHU JAHHBIMH, 8 B OCTAJbHBIX WHIEKCHBIX PErHCTpax 3a-
nucaubl Hyau. He3aHaTble BXOTHBIME JAHHBIMH PErHCTPBI COAEPIKAT HEKOTOPLIH
(PUKCUPOBAHHBIN 3JIEMEHT OCHOBHOI'O MHOXKeCTBa A, JIJIsi 4aCTUYHO yIOPSA0YEHHO-
ro KOJIbIa R TaM eCTecTBEHHO 3aIucaTh HYJIH.

Bpewms paboThl MaIWHbI MOJIUHOMHUAIBHOE, €CJIN CYIIECTBYEeT TAaKOW MHOTOUJIEH
p(n), 9TO ec/iu BHAYAJE POBHO 1 PETMCTPOB 3AHATO BXOIHLIMU JAHHBIMHU, TO MOJI-
HOE YHCJIO IAroB, BBIMOTHSIEMbIX MAIIWHONR O OCTAHOBKHU, OTPAHUYIECHO 3HAUECHUEM
muorousiena p(n). 3agada paspemmMa 3a HOJIMHOMHUAJILHOE BPEMsi, €CJIU UMEeeT-
ca OPM, pemaromiasi 91y 3asa4dy 3a nojmHomuaibHoe Bpems. Kiace P cocrout
U3 BCEX PACIO3HABATEIBHBIX 3a7a4 (MM COOTBETCTBYIOIINX UM A3BIKOB), KOTOPbIE
pa3perInMbl 3a MOINHOMUAILHOE BpeMsa. OTMeTHM, 9TO 3TO OMpeaeIeHne CA0KHO-
cru Beraucienus OPM ecrecTBeHHO B CJIEAYIOIMEM CMBICHE: 37€Ch HAOOP 3HAYEHU
apryMeHTOB 1, ..., L, (3JIEMEHTOB OCHOBHOI'O MHOXKECTBA cucTeMbl A) OTOXKIECTB-
JISIETCsL CO CJIOBOM I . ..Zn B ajdasure A, Takum 0Opa3oM, n — 3TO HPOCTO JJIHMHA,
BXOJIHOM IIETTOYKN, KOTOPasi PACTPEILTIEHA TIO 7 BXOIHBIM PETHCTPaM.

BoraucnurenpbHas CI0XKHOCTH HA PACCMATPUBAEMBIX MAINMAHAX HE yYUTHIBAET
CJIO’KHOCTH BBITIOJTHEHUS OTAE/IBHBIX apu(MMETHIECKUX OMEPAInii, KOTOPhIE MOTYT
OBITH HEBBIYHUCIUMBIMH B OOBIYHOM cMbIcyie. B dacTHOCTH, KOMBIIO R MOXKeT He
ObITh cuérHbIM. OQHAKO 3/1€Ch yUYUTHIBAETCSA BPEMs HA OLEPAlUy HaJl MHIEKCHBIMU
perucrpamu. B cirygae, Korja JUHEHHO yHOPSAIOYEHHBIM KOJIBIOM R CIIyKHT I0JIe
BeIIeCTBEHHBIX umnces R, 9TH MaluHbI TeCHO CBsi3aHbl ¢ BSS-mammuavu [4].

IIpumep 1. Paccmorpum paboTy 0OOGIIEHHON PEruCcTpOBOil MAITUHBI, BBIUHC-
JISTOIIEH HAJT TPOU3BOIBHBIM YACTUYIHO YIIOPSITIOYEHHBIM ACCOIUATUBHBIM U KOMMY-
raruBHbIM KOJIbOM (R;0,+, —, -, rest, <) co BCroMorareabHbIMU OUHAPHBIMU OIE-
pauusiMu BbrauTanug u rest dbyskmuio f(x,y) = s-x —y ", ecm y" —s-x < 0u
f(z,y) = 0, B upoTUBHOM Cily4ae, IPU 33JAHHBIX HATYDPAJIbHBIX KOHCTaHTaxX T > 1
us=>1.

Wrak, mepes HAYAJIOM PADOTHI MAIUHBI B DErUCTpe Ry 3ammcaH 3JeMeHT &, B
peructpe R COAEPXKUTCS HJIEMEHT ¥, B OCTAJbHBIX PADOUNX PECUCTPAX — IJIEMEHT
0 kosbia R; myseBoii uniekcubiil peructp I(0) comepKuT ABOIKY, OCTaJbHBIE UH-
JIEKCHBbIE PErUCTPBI 3aHATHI HYJISMHU.
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[lepeble mBE KOMAHOBI YKA3BIBAIOT 3HAMEHWS HHIEKCOB PETMCTPOB, XPAHSIINX
apryMeHTbl T ¥ Y; a Bropas napa KOMaHJ| 3arpyKaeT B UHIEKCHble perucrpsbl I(3)
u I(4) napamerpbl $ U r, COOTBETCTBEHHO:

I(1):=0, I1(2) =1,
1(3) :=s, I1(4) :=r,
BameruM, 910 npy pabore ¢ UHIEKCHBIMU PErHCTPAME BMECTO OIEPATOpa [IPUCBaA-

UBaHMS = YaCTO HCHOJb3YIOT KoMaH bl ¢ oneparopamu LOAD u STORE.

Jlasiee pe3epBUPYIOTCS HOMEPA PECUCTPOB, B KOTOPBIX OYIYT XPAHUTHCS PE3YJib-

TaThI TPOMEXKYTOUYHBIX BBIYUCTIEHNH, a UMEHHO, 3HAYEHU S -, §y WS- T — y':

I5):=2,  I(6):=3, I(7):=4

Crenytomast cepusi KOMaH| BBIYUCISET 3HAYCHNE BBIPAKEHHS S - ', HCIOIB3Ys Pe-
ruCTp € uHAeKcoM 2, xpaustumcs B 1(5):

Rys5y = Ry %onockoavry 6 1(1) xpanumes 0,
IMaA KOMAHAA 302DYXHCAEM 6 PE2UCTND C HOMEPOM 2,
(m.e. 6 Rpy(5)) snauenue nepemennoti x,
Tpanswetica 6 peeucmpe Ryqy = Ry
1: SUB(3,1) % ymenbuaemes ma eouHuyy
snauenue undexca us I1(3)
JZERO(3 — 2) %ecau snavenue undexca us I(3)pasno 0,
MO MAWUHA NEPETOOUN, K EBINOAHEHUIO KOMAHODL
¢ memkol 2 (cm. nuokce), a ecau wem,
MO BHINOAHACTNCA CACOYIOUWAA KOMAHOA
Riz) = Ri) + Riq)
JUMP(1)
Jlajiee BBIMUCIACTCA 3HAYEHHE BBIPAXKEHUA Y, MCIONb3YysS PECUCTD ¢ MHIEKCOM 3,
xpausamuMed B 1(6):
2: Rie) = Ry2) %omax kax 6 1(2) xpanumes 1,
IMA KOMAHIA 3a2DYXHCAEM 6 PE2UCTND C HOMEPOM 3,
(m.e. 6 Ryg)) snauenue nepemennot y,
Tpanawetica 6 peeucmpe Ry = Ry
3: SUB(4,1) % ymenvwaemes na eOuHuuy
snavenue underca us I(4)
JZERO(4 — 4) %ecau snauenue undexca us I(4)pasno 0,
MO MAWUHA NEPETOOUM K GHINOAHEHUIO KOMAHODL
¢ memkol 4 (cm. nuodice), a ecau wem,
MO BHINOAHAETMNCA CACOYIOUWAA KOMAHOG
Rie) = Rie) - Riz)
JUMP(3)

Hanomuum, 4ro BO Beex perucrpax, ¢ Homepamu 6osbimumu 4 (1. e. Hauunas ¢ Ry)
[IEPBOHAYAJIHHO ObLIIN 3arPy2KEHbI HYJIeBbIe JIeMEHThI KOIblla R, HO MOKa HU OIuH
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WHIEKCHBII DPEruCTp HE COJAEPXKUT duces OOIbIuX 4, ¥ MOITOMY y HAC HET TOKa
BO3MOXKHOCTH HCIIOJIB30BATH 3TU PerucTpbl. Bocmosuum 3ToT mpobedt:

4: I(8):=5

SakanuuBaercs paboTa MAIIMHBI BBIYACICHUEM 3HAYEHUS Bblpakenus Yy~ — S - T,
cpaBHeHmeM ero ¢ Hyném (T.e. ¢ Rygy = Rs) M OCTaHOBKOII:

Rir) = Rie) — Ris)
RI(7) < R[(g) — JUMP(6), JUMP(5)
5: HALT(7)
6: HALT(8),

riae komauasl Buga HALT (k) moBeseBatoT MallinHe OCTAHOBUTHCS W COODIIAIOT TO,
9TO PE3y/IbTAT BBITUCTICHAN XPAHUTCA B perucrpe Ry .

Bpems paboThl omucanHOM MAIIMHBI OTPAHUYEHO KOHCTAHTOM, 3aBUCAIIEH OT 9m-
celn T U S, KOTOPBIE CIy2KAT BHYTPEHHUMU MapaMeTpaMu IMPOrPAMMBI, & He JaCThIO
BXO/THBIX JAHHBIX.

Sameuanne 1. Besen 3a [1] mbr He gonyckaem jgisi gerepmunuposanabix OPM
KOMaH[ BuAa Ry = a, T/ie ¢ — OTIHYHBIA OT CHTHATYPHON KOHCTAHTBI 3/IeMEHT
OCHOBHOI'O MHOKECTBA, CUCTEMBI, HAJ[ KOTOPOU MPOU3BOAATCs Bblaucyenus. Orcioma
CIeIyeT, 9TO eCIU JaXKe KOJbIO 7 BKIaabiBaerca B R u ZR — ero obpas, To mpu
HEKOTOPBIX YCJIOBUAX Ha R U HA BXOIHBIE JAHHBIE X1, . . . , Ty, B PECUCTPAX MAITUHBI
HeJIb3s MOJIYYUTh HEKOTOpbIe (MU JaXke HUKAKUE) 3JeMeHThl u3 ZR orjudubie o1
KOHCTAHT, IPHU yCJOBHE, 9YTO OHM He ObLIM 33JaHbl u3HadaabHO. [Ipumep Takoro
COpTa KOJIbIA U JIEMEHTOB X1, .. .,T, HPUBEJIEH B IEPBBIX JABYyX ab3alax JoKa3a-
TeJILCTBA TEOPEMBI 2 HUIKeE.

Ho B TOXe BpeMsi B MHIEKCHBIX PETUCTPAX MOTYT MPEKPACHO BBIYUCIATHCS JIHO-
Oble peKypcuBHbBIE (BBIYUCIUMbBIE) (DYHKIMHU OT HATYDPAJbHBIX YUCE]I, TaK KakK B
HameM pacropsikenun umetorcs byukiuuu ADD(k,a), SUB(k,a) u MULT(k, a),
[O3BOJIATONIUE BBIYUCISATH, COOTBETCTBEHHO, PE3YIbTAT CJIOKEHUs, BBIYUTAHUS WU
YMHO2KEHUs COAEPKUMOro uniekcHoro perucrpa I(k) ¢ duciom a, a rakxke QyHk-
st DIV (k, @), BEIYUCSIOMAS TIYI0 9aCTh OT JIEJIEHHsT Ha, ¢ COIEPIKMMOTO WHIEKC-
Horo perucrpa I (k). 3Hauur, MOKHO HAXOAUTH 3HAUEHUS U JIHOOBIX BBIYUCIUMbBIX
GYHKIHH HAT KOJBIIOM Z, MPEACTABIsS eble TUCAa B Buae (POPMATLHON Pa3HO-
CTH JIByX HATYpPAJIbHBIX. Pazymeercs, 1Jist 9TOr0 Hy>KHO PACIIMPUTH CIIUCOK KOMAH]
0600EHHbIX perucTpoBbix Mamud kKomangamu suga HALT(I(k)), koropble o3ua-
YAIOT, YTO PE3YJbTAT BHIUYNCIEHWH CONEP:KUTCS B MHIEKCHOM perwucrpe I(k), w y
HAC UMeEeTCsl BO3MOYKHOCTE €ro mpouuTarhb. OJIHAKO MPU 3TOM BCE PABHO OCTAETCS
npobjieMa Ompee/eHns, MPEICTABILET JIU JJIEMEHT, COMEPKAIINICT B TAHHOM pe-
ructpe Rp(y), AHAJION HATYPATBHOTO YHMC/TA, XPAHANIEroCs B HEKOTOPOM MHJIEKCHOM
perucrpe I(k) (upeamnonaraercs, 4To KOJIbLO Z BKJIAABIBAECTCS B R, HO €ro moaMHO-
JKECTBOM He sBJisteTcs). B pasuese 4 Mbl yBUIMM, 9TO €CJIM B KAYECTBE JIOLOJIHU-
TEJIbHOIO BXO/IA MAIMHBI PA3PEIIATH 3aABATh KOHCTAHTY 1 WM OHA IIPUCYTCTBYET
B CHTHATYPE, TO 3Ta MpobsiemMa OJIaromnoIydHo pa3permmnma, u B 3tom cayuae OPM
MOI'YT BBIYUC/IATH JIFOObIE PEKYDPCUBHBIE (T.€. BBIYMCJIUMBIE B OOBIYHOM CMBICJIE)
GYHKIME BHYTPHU MOAKObIA ZR, u B TOM ducie, pacKIaJbBaTh SJIeMeHThl u3 ZR
HA TPOCThIE MHOKHUTEJIH.
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HenerepmuaupoBanabie OPM. B oriuuune ot mamuu Toiopuara 0000IeHHbIE
PErUCTPOBBIE MAIIMHBI MO3BOJISAIOT OMPEJETUTh HECKOIbKO PA3HBIX KJIACCOB HeJe-
TEPMUHUPOBAHHDBIX MaluH. [IepBbIil U3 3TUX KJIACCOB MOy YaeTCs, €CJIA B IPOrPaM-
ve OPM conmepskarcs KOMaHIbl BUIA

— JUMP(ky),...,JUMP(k,),

KOTOPBIE [I03BOJISIOT MAIIUHE [IPOU3BOJILHBIM 00PA30M HEPEHTH K BBIIOJIHEHUIO OJI-
HOIT M3 KOMaHI ¢ HOMEPOM, COIEPIKAIIEMCS B CIUCKE K1, . . ., k;. DTOro e adderra
MOXKHO JOCTHYb, €CJIU TIO3BOJIUTH MAIWHE HA KAXK/IOM HEeIeTepMUHIUPOBAHHOM II1are
3aMKChIBATH B UHIEKCHBINA PECUCTP OIHO W3 ABYX 3HAYEHUN — JIM0O0 HYJIb, JTUOO0 €11~
Huily, Buay Hamuuug komang JZERO(k — m), onucannbix B npumepe 1. Hazosém
TaKue MAIUHbI uHdexcHo-nedemepmunuposarnbvimy OPM.

Korna anrebpandeckas cucrema ¢ Hocuresiem A, Haj KOTOPOH IIPOU3BOAATCS Bbl-
YUCTIEHUS, COMEPKUT d1eMeHThl 0 U 1, MOXKHO MO3BOJIUTH MAIITUHE HA HEKOTOPHIX
marax padoThl HEIETEPMUPOBAHHO 3AIMCHIBATH JIIO00H U3 ITUX JTEMEHTOB TAKKE U
B paboune peructphl. B 00oux 3THX ciaydasx HeaIeTePMUHIPOBAHHO MOy IaeMast MH-
dopmarms MokeT ObITh 3aKOAMPOBAHA KOHEYHO MMOC/IeI0BATEIbHOCTBIO U3 HYJIEiH
u equnaui. [lodTOMy HA30BEM TaKue MAIIMHBI OUHAPHO-HEIEMEPMUHUDPOEAHHBLMU
OPM.

Ckaxkem, uro uHemerepmuauposantnas OPM nomyckaer manubriit si3eik L C A* 3a
HNOJIMHOMMAJILHOE BPEMsl, €CJIM CYIIECTBYET TAKOH MHOrOYJI€H (M), 9TO JJId BCAKOM
IEMOYKH 1 . .. Ly U3 L, 3aII0JIHUB BHAYAJE POBHO 1 PETMCTPOB MAITUHBI BXOIHBIMUA
JAHHBIMU Z1, . . . , Lp, MOKHO HAUTU TAKYIO BETBb BbIYUCJICHUN, IPU KOTOPO IIOJIHOE
YUCIIO TIATOB, BHITIOJHIEMBIX MAIIWHON 10 OCTAHOBKW B JOMYCKAIOIIEM COCTOSTHUH,
OrpaHWYeHO 3HAYEHHeM MHOrodjeHa p(n); a eciau Ty ...T, ¢ L, T0 Takoil BeTBH
BBIUHCJIEHUI HE CyIIeCTBYET.

O603naunm gepe3 DINP kiacc MHOXKECTB, JOMYyCKAEMbIX OMHAPHO-HEIETEPMUHU-
poBanabivu OPM 3a nosumHoMuanbaoe Bpems, a depe3 DNP; — ero nmoakmiacc,
KOTOPBIH 110J1y4aeTCsi, €CJIM Mbl OIDAHUYUBAEMCS IPUMEHEHUEM TOJIbKO HHIIEKCHO-
HEJETEPMUHUPOBAHHBIX MAIWH. B MsITOM pasmenie Mbl YBUINUM, UTO ITU KJIACCHI
PA3JIMYHBI JJIs HEKOTOPBIX KOJIEIL.

Ormerum, uro #HepaBerncTBo P # DNP uzBecTHO 71 TaK HA3BIBAEMbBIX JIHHEH-
HBIX MAIIAH HAJ MOJIEM BEIIECTBEHHBIX YHCEJ C OIEePAUIMU CIIOKEHUS, yYMHOXKe-
HMsl HA BELIECTBEHHbIE KOHCTAHTBL U 1IPOBEpKOil pasencrsa [11, 12, 13]. Takke 310
HEPABEHCTBO BBITIONHAETCS JJisi DECKOHEUHBIX abesieBbIX rpymm [14], GecKOHeTHBIX
OyneBbix anre6p [15], (mpu m0b6oM 1 > 2) 1Jisi KOJIbIA BEIIECTBEHHBIX 1 X 1 Mar-
purl [16] 1 mOIs KOMIUIEKCHBIX YHCEJT C JIOMONHUTENBHBIM [PEIHKATOM IS IIEJIBIX
quces [17]. C apyroii croponb, pasercrso P = DNP nocruraercs jjisi HEKOTOPbIX
crpykryp [7, 18].

Emé onuu tun wemerepmunupoBanubix OPM mosyuaercs, ecin Ha HEIETEPMU-
HUPOBAHHBIX IIATaX PA3PEIIUTh 3aIUCh B PETUCTPHI MPOU3BOJIHLHOTO JJIEMEHTa, AJl-
rebpam9ecKoii CUCTeMbI, HaT KOTOpO#l onpeaenena mammaa. OPM storo tumna 0y-
JIeM Ha3bIBaTh HedemepmuHuposarhvimu obwezo suda. Knacc NP cocrout us Bcex
sI3bIKOB (COOTBETCTBYIOIIUX 33124 PACIIO3HABAHUS ), JAOIYyCKAEMbIX HEJeTePMUHUPO-
BanubiMu OPM o01ero Buia 3a OJIMHOMHUAJILHOE BPEMsl.

Ouesnannl Braodennss P C DNP; € DNP C NP. B narom pa3szaene Mbl Bep-
HEMCS K O0CYXKIEHUIO, KAKWE U3 ITUX BKJIIOUEHUN COOCTBEHHBIE /I KOJbIA, Z, ero
JIEKAPTOBOI CTEIeHN ¥ YJIbTPACTEEHH, & TAKXKE [ MOJIell PAIMOHAIBHBIX, BEIle-
CTBEHHBIX ¥ KOMIIJIEKCHBIX 9UCE.
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3. BBIYUCIEHUSA HA/] YJIBTPACTEINEHBIO KOJIBIIA Z

O603HaunM Yepe3 w MHOXKECTBO HATYPAJIbHBIX 4YuCes, HadnHasd ¢ Hyasd. Duk-
cupyeM HEKOTOpbIil yabrpadunbrp D, pacmmupsionuit GuabTp KOKOHETHBIX IMOI-
MHOXKECTB MHOXECTBA w. B 9aCTHOCTH, JJIs KayKIOTO TOIMHOMKECTBA MHOXKECTBA,
HATYPAJbHBIX YUCEN JIUDO OHO CaMo, JIUOO €ro JIOMOJHEHNE TPUHAJIEKUT YIbTPA-
burpTpy D. O603HaunM yepe3 U yiabTpacTenenb JJUHEHHO YIIOPSAI0YEHHOTO KOJIBIA
[EJBIX YUCENT 7, Hal yIbTpaduabTpoM D. DTO JUHEHHO yIOPsSI09€HHOE KOIBIO B~
JiTeTCs 00JIACTHIO TETOCTHOCTH. Bosiee TOro, B HEM KOPPEKTHO OIMPE/Ie/IeH HanbO0Ib-
it obmmii menurens GCD, MOCKOMBKY KOJIBIIO MEJIBIX YUCENT Z W €r0 YJIbTPACTe-
nenb U = [ Z snemenrtapro sxksusasientrs! [19]. Oxnako U obiagaer HeoObId-
HBIMU CBOMCTBAMU, HEBHIPA3UMBIMU B sI3bIKE MEPBOTO TOPSIKA TEOPUU YACTHIHO
YIOPSIOYEHHBIX KOJIEIL.

3.1. Aarebpaudeckue cBoiicTBa yjabTpacreneHu U. Diemenrtamu KoJibia U
CJTyKaT KJIACCHI SKBUBAJIEHTHOCTU DECKOHEUHBIX TOCIEI0BATETHHOCTEN MEIbIX Uh-
cen a = (ag,ai,...). JBe Mocae0BATEIBHOCTH SKBUBAJIEHTHBI, €CJIM OHU COBIIAIa-
0T Ha MHOXKECTBE WHIEKCOB, MpWHA IeXkainem yabrpaduasrpy D. B gactHOCTH,
9KBUBAJIEHTHBI JTIOOBIE JIBE TIOCTIEI0BATETLHOCTH, OTIHIAIONTUECS UMb B KOHETHOM
gucse no3unuit. Onepanyuu U OTHOIIEHUE MOPSIKA B KOJble U Onpenensrorcs no-
KOMIIOHEHTHO. KOJIb110 1eJ1bIX Yucedt Z BJIOXKEHO B KOJIbIo U, 4iCily ¢ COOTBETCTBYET
KJIACC MOCTOSTHHOM TIoCjes0BaTeibHOCTH a = (a, a, ... ). Kaxgas nociemoBaresnb-
HOCTB, COIEpKaIlas HYJEBbIE 3JIEMEHTHI, JJUO0 SKBUBAJIEHTHA, MOCJIEI0BATEIHHOCTH
u3 oxnux uyneir 0 = (0,0,...), 1ubO KBUBAJIEHTHA MOCJIEIOBATEIHLHOCTH, B KO-
TOpOit Her HU omgHOro Hyssd. Ilosromy kosbuo U e comepxkur nenureseii nyssa. B
koJiblie U POBHO JiBa OOPATHMBIX JIEMEHTA, & UMEHHO, KJIACCHI KaXKJOH U3 JIBYX
MOCTOSTHHBIX TocepoBarenbHocredi 1 = (1,1,...) uw =1 = (=1, -1,...). Kmacc 3&-
BUBAJIEHTHOCTH JTIFO00# MOCJIE€I0BATEILHOCTH, COCTOAMEH n3 unces 1 u —1, cayxRuT
MIPEICTABUTEIEM OOPATUMOrO IJIEMEHTA, HO KaXKJIas W3 HUX IKBUBAJIECHTHA JIH0O
1, 60 —1, TOCKOIBKY yIbTPAPUILTPY MPUHAIIECKHUT JUOO MHOXKECTBO WHIEKCOB
eIMHHUIL, 00 MHOXKECTBO UHIEKCOB MUHYC €JMHMUII.

Teopema 1. Obaacmo yesocmuocmu U = [ Z ne asasaemca gaxmopuarvroim
KOALUYOM, TOMA 6 HEM cywecmeyem Hauboavwul obwul desumens A00uL J6yx
HEHYAEBBLT IAEMEHMOB & U b, a maxsce HEnoAHOe YacmHoe 0m JeAeHUA INEMEHTNG
a nab > 1, mo ecmv maxoi saemenm q, wmo a = b - q + rest(a, b)

Zloxazameavcmeo. ns g000ro HATYpPaJIbHOTO YHCIA 1M, KJIACC MOCIEI0BATETHHO-
CTH 9JIEMEHTOB Cy,, k- KOODJMHATA KOTOPBIX paBHa 1eJioit yactu (k —m)-ii crene-
HE amca ABa |28 7™ | ey KT HeHy/leBBIM B HEOOGPATHMBIM 37eMeHTOM Kombia U,
KOTODbIii Jlesiurest Ha d1emedT 2 = (2,2;...) 6e3 ocrarka, Tak KaK B KaXKJ0H Ta-
KOI TIOCIeIOBATEILHOCTH BCE KOOPAUHATHI YéTHBIE. KasK Il KIIACC, COmep KAt
KAKON-TO 3JIEMEHT C,,, HE Pa3jIaraeTcsi B KOHEYHOE MPOU3BEICHNUE HEPUBOIUMBIX
smemenToB Kosbia U. CremoBarensro, Koabio U HedakTopraabHOe.
CymecrBoBanre HaubOIBINErO OOIIEro JETUTENs U HEMOJTHOIO YaCTHOTO JIBYX
9JIEMEHTOB, YIOBJIETBOPSIONINX YCIOBUSIM TEOPEMbI, BBITEKAET U3 YK€ OTMEYeH-
HOoit [19] snemenrapuoii sxkBusasienTaoctu Kosten, Z u U. OQHaKO MOXKHO JaThb U
SBHOE OIMMUCAHNEe ITUX OOBEKTOB, & MMEHHO, HambobIuii obmmii genurens GCD
JIBYX 3JIEMEHTOB, MPEJCTaBUTEIAMU KOTOPBIX CJIyKAT MOCIEIOBATEJILHOCTH a =
(ag,a1,...)ub = (by,by,...), paBeH KJACCy MOCJIEI0BATETHLHOCTU HAUBOIBIIUX OO~

mux genureneit GCD(a, b) = (GCD(ag, by), GCD(ay,b1),...). I ecm Bee b; > 1,
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TO HEIIOJITHOE YaCTHOE OT JEJIEHHA JJIEMEHTa a Ha b paBHO

((ag — rest(ag, bo))/bo, (a1 — rest(ay,b1))/b1,...).
(I

CuencrBue 1. Ynopadowennoe woavuyo U He Aeasemces wu aprumedosoim, HU
NAOMHBM, HU EBKAUOOBHIM.

Jokasameavcmeo. J1eficTBUTEILHO, TOCTPOEHHBIH TIPH JOKA3aTEIhCTBE TEOPEMbI
3JIEMEHT C( He MOXKET CTaTh MeHbIIe HEKAaKOH KOHEIHOH cyMMEI Buga 2! + - - - 4 2t
B 710 ke Bpewms, myis Besakoro sementa a w3 U mMexkay HEUM U a + 1 HEeT HUKAKUX
3JIEMEHTOB, YTO CJIEyeT U3 JJIEMEeHTAPHON dKBUBaIeHTHOCTH Kouen Z u U.

Kak u3BectHo, s11000€ €BKJINI0BO KOJIbIO — (hakTopuasbuoe, a Koibio U — ne
TaKoe, CJIeJI0BATEIHLHO, OHO HEEeBKIUIOBO. O

C apyroit croponsl, B obstactu nesoctaoctu U onepanus rest(, ) Benér cebs BO
MHOI'OM OJHWHAKOBO C Onepam/lef/’l BBIYHUCJIEHUA OCTaTKa B IIEJIbIX YHUC/IaX, IIO3TOMY
MOKHO Ha3bIBaTh U €1ab0 eBKINIOBBIM KOJIBIIOM.

3.2. Asrropurmudeckue cBolicTBa yibrpacrenedu U.

Teopema 2. Haubosvwuti obuwuli deaumenv U HENOAHOE UGCTMHOE OM JeseHUs
00H020 nemenma na Opy2ot wesviuuciumo, 1ad korvyom (U;0,4, —, - rest, <) no-
cpedcmeom 000OULEHHBLT PE2UCTIPOGHLL MAUIUH.

Jloxasameavcmeo. Ouesuano, 9to anmementsi ¢ = (2,22,...,28 .. yul = (1,1,...)
PaBHbI YACTHLIM OT JiejieHus sjementa a = (2-3,22.32 ... 2F.3F ) ya snement
e=(3,32...,3% ..)) n Ha cam a, COOTBETCTBEHHO.

Wnaykimeit Mo “ucty 1aroB HeCJI0KHO JOKA3bIBACTCS CIIEYIOIIee YTBEp K IeHE.
Ecan Ha BX0j 000OIIEHHON PEruCcTPOBOI MAaIIWHBI MOJAHBI 3JIEMEHTHI & U €, U Ha
KaKOM-TO miare eé paboTbl B OJHOM W3 PErUCTPOB TMOSBUICH KAKON-TO IJIEMEHT,
TO 9TOT EMEHT 00si3aTeIbHO Jesured 1 Ha 3 = (3,3, 3, .. .). CrenoBaresibHO, 3TOT
3JIEMEHT He MOXKeT ObITh PABEH HU C, HE 1, HU BOOOIIE KAKOMY-TH00 aHAJIOTY IEJI0r0
YHuCsIa, He KPATHOr0 3 — UMEHHO 3TOT 3 dEKT nMesics B BUAY B 3aMeYaHuu 1, Korjia
TFOBOPHJIOCH O HEBO3MOYKHOCTHU BBIYHCJISATD II€JIble YHUCIIa TOCPEICTBOM OOOOIIEHHBIX
PEruCTPOBBIX MAIIWH.

IIpexme gem pazobpaThbCsa ¢ BBIYUCIUMOCTBIO HAUOOBIIErO ODIIEro e/ TUTENs,
YCTAaHOBUM CJIE/LyIOLIEe.

Jlemma 1. ITycmov Ha 6200 0000WERHOT pezucmpo6oli MAGUUHE TLOOGHTNCA INEMEH-
mu X = (29, 21,...) 4y = (Yo, Y1,.-.). To2da ecau na Kaxom-mo waze 8viuuUCAEHUT
8 00HOM U3 PE2UCTMPOE NOABUACH (UNU USMEHUACA) IAEMEHT Z, MO A0bas €20 k-
S KOMNOHEHMA NPEICTNABUMG KAK MHOZ0UAEH OM CMenenel “Uuces Ty U Yi, ECAU
ONEPUPOBAMH € Tf, U Y KK OYOmMo 9Mo HE3G8UCUMbBLE NEPEMEHHBLE, G HE HUCAG,
suda

(1) 2= (k) ah+ > ns(k)-yi + Y mi(k) -z i
t s ,J

B kastcdol u3 smux mpéxr cymm wUCAO CAGZAEMBIT KOHEWHO U He 3asucum om k,
Toma npu 3mom dan nexomopux k wacmv us kospiPuyuenmos li(k), ns(k), u
m; j (k) moorcem pasuamoca nyato, a npu opyeuz k nem; nanpumep, moxcem Goimso,
YMO 60 6MOPYI0 CYMMY BTOJAM AUWD Yemwvipe caazaemvrr npu s = 2,3,6,7 u
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ng(5) = na(6) = ... = na(15) = n7(20) = n7(51) = 0, no npu ecex dpyeux k Hu
na(k), nu ny(k) ne pasnor nyato, mouno maxorce xax ns(k) u ng(k) npu ecex k.

Joxazameavcmeo. VIHIYKINS MO KOJIWYECTBY MIATOB BBIYUCAEHU. [lepen Hagamom
BBIYHCJIEHUIT TOC/IE HYJIEBOTO IIara B PErUCTPaX UMEETCS BCErO IBa, 3JIEMEHTa X U Y,
WMEOIINEe Hy KHBIH BUIL,

ITycTh mocne HECKOMBKMX NIATOB BLIMUC/IEHHS B PETMCTPAX MAIIWHBI 3AIMCAHBI
HEKOTOPbIE 3JIEMEHTbI, Y KOTOPbIX Kazkjasd komuonenta umeer suj, (1). Ilonsrno,
YTO OMEpAIny CIOXKEHWsI, BRIMATAHNS W YMHOKEHWsI, TPUMEHEHHBIE K JI060i mape
9THUX JIEMEHTOB, JAIOT (IOC/Ie MPUBEIEHUS MOJOOHBIX YJIEHOB) JIEMEHT C KOMIIO-
HEHTAMH, UMEIOIAMHA TOT K€ BHJ. IIpH 3TOM KOJUYECTBO CJAraeMbIX B KaXKI0H 13
TPEX cyMM B k-#i KOMIIOHEHTE PE3yJILTATA HE MPEBOCXOAMT CYMMBbI KOJTMYECTB CJIa-
raeMbIX B COOTBETCTBYIOIIUX CyMMAax k-X KOMIIOHEHT OIEDPAH/IOB IPU CJIOKEHHU U
BBIYATAHUN. [IpM yMHOKEHUN KOJIMIECTBO CIATAEMBIX B IEPBBIX IBYX CyMMAax y k-it
KOMIIOHEHTBI Pe3yIbTaTa — HEe 0OJIBINEe MPOU3BEICHN KOJIMYECTE CIAraeMbIX B CO-
OTBETCTBYIOIINX CyMMaX k-X KOMIIOHEHT ONEPAHJIOR, a IHUCJI0 CJIaraeéMbIX B TPEThEi
cymMme k-t KOMIIOHEHTBI pe3yabraTa He mpeBocxoanuT uncaa 17 - So + 1o - S1 + 11 -
Jo+ J1-To+ Jy - Jo, vae T;,S; u J; (i = 1,2) — KoamuecTBa CjaraeMbiX B IEPBOI,
BTOPO# M TpeTheit CyMMe, COOTBETCTBEHHO, Y k-X KOMITOHEHT JIByX COMHOXKHUTEJIEIH.

PaccMOTpuM  BBIYMC/IEHHE OCTATKA JBYX JEMEHTOB Z = (Zg,21,...) H
z = (%0,21,-..), y KOTOpbIX k-e KoMmonenTol umetor Buj, (1). IockonbKy Bee ome-
palyu IIPOU3BOJLATCS O-KOMIIOHEHTHO, TO Jifobas k-1 Komronenta y rest(z, z) siubo
paBHA HYJIIO, MO0 MMEET BUJ, 2 — Gk * 2k JJIs IOAXOISINETO YHCIA ¢k, KOTOPOE,
BOODIIE MOBOPsi, CYyIIECTBEHHO 3aBucuT or k. Ousarh, mocie IpuBeieHus 10100HbIX
YJIEHOB B 2} — () - 2 TOJydaercsa Boipaxkenue Buga (1). Ormerum, 910 TOJIBKO
[IPH BEIMHCJICHUN OCTATKA MOIYT NOABUTEHCs Kodbduimentst [, (k), ns(k) m m; ;(k),
peaTbHO 3aBHUCAIINE OT K. ([

Bepuémcst Kk Bommpocy O TOM, KakuM 00pPa30M MOKHO BBIYHUCJIUTD HAWOOIBIIHH
obmuit menurens d IByX 9JEMEHTOB T U Y KAKOro-aubo Kosbma. IToCKombKy 3ToT
d — nenuTesh 000WX MAHHBIX JIEMEHTOB, TO MOXKHO TOMPOOOBATH COOPATh €ro u3
0ojiee MEJIKUX YacTell 9JIeMEHTOB T W Y, CHAYAJIA BBIIEINUB UX OJUHAKOBBIE <«IIPO-
creifimnues (MOXKeT ObITh U PA3JIOKUMbBIE) COMHOKUTENHU, & 3AT€M [ePEMHOKA ITU
comuoxkurenu. Ho npu jgokazarenbcrBe TeopeMbl 1 u mepBOM 9acTh 3TONH MBI yYBU-
Jlesi, 970 B OOIIEM CJIydae HEBO3MOXKHO HAWTH TaKHE <«IIPOCTEHIINe» MHOKUTEN
Jlayke B TOM CJIy4dae, KOrJQa OHU CYIIECTBYIOT.

MoOXKHO TakyKe MOmpPOOOBATH MCKATHL HAMOOJLINNI OOIMuit JeauTenb d, TMOCTe-
MMEHHO yMEHbBINasl JIeMeHThl * U y. Hamexxma Ha 3TO eCTh, MOCKOIbKY B U mMeercst
onepaius rest(, ), Koropas Besér cebs BO MHOIOM OJMHAKOBO C Ollepalleil BbIaucjie-
HUsI OCTATKA B HEJIBIX YUCTAX, ¥ MOXKHO MOIBITATHCS MOJIEPHIU3UPOBATD M3BECTHBII
anroput™m EBknna, xors yabrpacrenenb U v HE eBKIUIOBO KOJBIIO.

Nmerorcst Takyke 1 KOMOMHIPOBAHHBIE METOIBI, COUETAIONINE 00a 3TUX CIIOCODa,
OHM TIPUMEHSIOTCS /I YCKOPeHus paboThl ajropuTMa EBKINIa HAJL KOJIBIOM Iie-
JbIx gucen. Hampumep, misi HAXOXKAEHUsST HAMOOIBIIEr0 ODINEro JeJUTes MeTbIX
YUCeSl T U Y TPU & > Y UX OPEeJIBAPUTETHHO MPEJICTABISIOT B BUAE & = X1 - 2° + X9
uy=y;-2°+yo, miie 2o < 2°, Y2 < 2° u 11 < (y1)? — M., HAIPUMED, TOPABIET
8.10 B [20]. Ho 4T0O0BI IPUMEHUTH STOT MOJEPHU3NPOBAHHBINA MeTos B Koublle U,
HYKHO CHA4YaJIa MOJIYYUTH JIEMEHT BUAQ 2°, UMesd B PErHUCTPAX JIUIIb 1B MPOU3-
BOJIBHBIX 3jieMeHTa X U y. OIHAKO TPH JI0KA3aTENbCTBE MEPBOM YaCTH TEOPEMBbI
MbI yOeauanch, 9To 0OOOIIEHHAS PErUCTPOBAs MAIUHA HAJ KOJIbIoM U HE MOXKeT
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MOJIy9UTh B OOIEM CJIy9ae W3 JEMEHTOB X W Y HU dJIeMEHT 1, HU 9JIEMEHTHI BUIA
2%, HU MHOTHE JIPpyTHe Ieble YUCIa.

Nrak, KoMOMHHPOBAHHBIE CIIOCOOBI M PA3JIOKEHUE HA MHOXKHUTETH HEITPUMEHUMBbI
HaJI yIbTPacTenenbio U, MOCKOILKY OHa — HedaKTOpHalIbHOE KOIbI0. Kpome Toro,
KaK MbI BHUJIEIN B YK€ TOKA3AHHOW YACTH TEOPEMBI, YTO €CJIU JayKe Y IJEMEHTa
9TOrO KOJIbIA MMEIOTCs IPOCThIE (B OOBIYHOM CMBICJIE) JEJTUTE/IH, TO HET aJIFOPUTMA
JUUIsl MX HAXOXKIEHUs, HAIIPUMED, HEeJIb3sl BBIYUCIUTD djieMenT 2 = (2,2,2, ... ), umesd
JIAIIG 3JIEMEHT a U3 J0KA3ATeIbCTBA IEPBON 4aCTH.

Iloiimém Tenepsb, uro B 00mieM ciay4ae aiaropurMm Eskiuiga B ysnbrpacrenenu U
He cpabarbiBaer. [ljig 3TOro paccMOTpUM mapy dj1emenTos a = (2,3,5,8,13,21,...)
ub=(1,2,3,52813,...), n1e apto = ak+1 + ax u bpio = bry1 + bx. Komno-
HEHTBI TUX JIEMEHTOB MPEJCTABISIOT COOOI /1Ba yCeu€HHBIX psiaa duces Oubonad-
YU, CABUHYTBHIX JIPYT OTHOCHTEIHHO JIPyTa HA OHY MO3UIHUIO, T.€. dkto = Dgpy3 =
b2 +brt1 =bpgo-1+ar u bpjo = a1 =ap +ag—1 = a1+ by.

Orcroma motydaeM, 9To KJIACCUUEeCKuil aaroputM EBKanma maét ajist 9TOH maphb
351eMeHTOB a n b cienyromue ocrarku: r; = rest(a,b) = (0,1,2,3,5,8,13...), ro =
rest(b,ry) = (0,0,1,2,3,5,8,13...), r3 = rest(ry,rz) = (0,0,0,1,2,3,5,8,...) u
1. 1. Kaxkapiit u3 3TUX OCTATKOB MOJYYaeTCsl W3 HTPEIbIAYIIEro CABUTOM Ha OIHY
MTO3UIAI0 BIIPABO U JOMKUCHIBAHKEM HYJIsI B OCBOOOIMBINEHCS KpaiftHeil TeBoil KOM-
nornenTe. Takum 00pa30M, 33 KOHEYHOE YHUCJIO JIEJIEHU HYJIEBOH OCTATOK I10JIY YUTh
HE BO3MOXKHO, ¥ BIODABOK MOJIy9AETCs, UTO TPU JIIOOOM K BBITIOJTHEHO

GCD(ak+2, bk+2) = GCD(ak+1, bk+1) == GCD(3, 2) = GCD(Q, 1) = 1.

Canenosarensuo, GCD(a,b) = 1.

IMomoiiném Temepsb K 3a/ade ¢ APYTOil CTOPOHBI, 9TOOBI YOEIUTHCA B HEBOZMOXK-
Hoctn oboiituch 6e3 Kakoi-uHubOymbp pasHoBumgHOCTH ajaropurMma Eskmmma. IIpes-
MOJIOZKKUM, ITO HAMOOIBININHA OOIMMI JTeTUTe/b IJEMEHTOB X U Y — 3dyaemedT d =
(do,d1,...) HalineH, n 1yist BeeX k BBITIONHEHO Tj > Yk > 1, a 3HaumT u dj > 1.
XopoIro M3BECTHO, YTO s TOAXOAANX 1enbix uncen u(k) u v(k) BepHO paBeH-
crBo  u(k) - xp + v(k) - yp = dg. Dru muokuresu Besy wu(k) u v(k) maxomsar-
Csl HEOJIHO3HAYHO, a uMeHHO, oHu Bce umeror Bux u(k) = ug(k) + s(k) - (yx/di),
v(k) = vo(k)—s(k)-(xr/dy), npu npousBonbHbIX $(k) € Z 1 OHO3HAYHO ONpeesie-
MbIX OCHOBHbIX (6a308b1x) MuOKuTENAX Bedy ug(k) u v (k) Takux, aro |ug(k)| < yg,
a |vo(k)| < zg. DTu Ga30BBIE MHOKUTEIN MOTYT OLITh HAiEHBI IOCPEICTBOM PAC-
HIMPEHHOTO aJropuT™Ma EBK/IMIA, MPOM3BOAMMOrO IO KJIACCUYECKOH CXeMe.

Takum obpaszom, 3azada o serauciaenun GCD(x,y) cBoauTcs K TOMY, 4TOObI Ha
KAKOM-TO IIAre BBIYUCIEHUs TOSABUJICS 3JEMEHT Z, y KOTOPOro /it GECKOHEIHOrO
MHOKECTBA MHJEKCOB Kk KOMIIOHEHTa Zj MMeJa Obl Coeayomuil Bu

(2) [uo(k) + s(k) - (yr/di)] - x1 + [vo(K) — (k) - ((xr/dr)] - v,

1. e. upasble yacru paseHcrs (1) moruu Gbi ObiTh 1peobpazoBaubl K Buy (2).
Nrak, Besarmii crmocod BBIUKMCIEHUS HAUOOJIBIIETO ODIIEro JeIUTeNIsT OO0DIIEHHBI-
MU PErUCTPOBBIMYU MAITUHAMU HAJI YIbTpacTenenbio U ABJISETCs, IO CyTH, HEKOTO-
poit mommdurarmeit anropurma EBKnma, Ipu yCJIOBHH, YTO 3TOT CIIOCOD OTIATEH
OT PA3JIOYKEHUs HA MHOMKHUTEJIH. O
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KapTuna cymecTBeHHO MeHSIeTCsI, KOTJa UMeeTCs BO3MOXKHOCTH HCIOIb30BATh
KOHCTaHTY 1, KaK MOKa3bIBAIOT CIEAYIONNE yTBep:KaeHus. IlogdepkuéM, 910 MO-
JIeJTb BBITUCAUMOCTH 3/1€Ch HUKAK ce0s He MPOSBJIAET, OYIb TO BBITUCIUMOCTD, 3a-
JTaBaeMast HEKOTOPHIM abCTPAKTHBIM BBIUHUCIUTEILHBIM YCTPOHCTBOM, BPOIe 0606-
MIEHHBIX PETUCTPOBBIX MAIIWH, UJIN BBIYUCIUMOCTD, 33/IAHHAA MOAXOAIIEH HyMe-
panueii.

IIycts B obmacTu megocTHOCTH R ¢ HECTPOTUM JIMHEHHBIM MOPSIKOM < OIpee-
JIEHa BBIYUCIMMOCTDb TaKuM OOpa30M, 9TO MMEIOTCS AJTOPUTMBI /I BBITHCICHUST
CJIO2KE€HU S, BBIYUTAHUSA U YMHOXKEHUS, & TAKKE BbIYUCIUMBIMU ABIAIOTCA KOHCTAH-
Ta 0 W OTHOINEHWE TIOPSAIKA. B HUKECTIEIYIOMUX YTBEPKICHUAX TPETOTAraeTCsT
BBITIOJTHEHUE BCEX ITUX CBOMCTB B KOJiblle R.

YrBepxkaeuue 1. 13 HaAuvUA GAZOPUMMAE OAS HATOHCOEHUA HENOAHOZO 4ACT-
H020 M00T 08Yx saemenmos a u b £ 0 caedyem cyuecmeosaHue as20pUmma OAf
BOIUUCAEHUA OCTNAMKG 0T JeNEHUA BCAKO20 INEMEHMA G HA M1000T saemenm b > 1.

Jlokazameavcmeo. JleficTBUTETHEHO, €CITH HEIIOTHOe YacTHOe OT Je/leHus a Ha b > 1
PaBHO ¢, TO, O4EBUHO, rest(a,b) =a —b-q. O

YrBepxkaenue 2. Haobopom, Hasuvue aA20PUMME OAA GOINUCAEHUA PYHKUUU
rest, onucannoli 60 66edeHUU, U BO3MONCHOCTIDL BBINUCAAML dnemenm 1 (uau Ha-
AUNUE €20 8 CUZHAMYPE) BAEUEM CYULLCTBOBAHUE AA20PUMMOE OAA GULACHEHUSL
06PATMUMOCTNY NOOBIT HEHYAEBDLT INEMEHTNOE KOALUG U HATOHCOCHUS HENOAHO20
YACMHO20 80 MHOZUL CAYUGAT.

Jokaszameavcmeo. OdueBuaHo, 9T0 dneMedHT b > 0 uz R obparumM TOrga u TOJHKO
roraa, korga rest(1,b) =0, a ecam b < 0, TO HY>KHO BbruucauTh rest(l, —b).

[Ipeaonoxum, 470 KAKMM-TO 00PA30M MOXKHO BbIYHCJISITh €JMHUILY U OCTATOK OT
JIeJIEHWsT BCSIKOTO 9JIEMEHTA a Ha J11060it b # 0 (Min nMeercst cnocob HaXOXKJeHWsT NX
HOMEpPOB). UTOOBI BHIYUCIUTL HEMOJHOE YaCTHOE ¢ OT JEJI€HUs JAHHOIO JIEMEHTa
a > 0 HA W3BECTHBIH 31eMeHT b > 1, BRIYUCIAM 37IeMEHT

¢ = a—rest(a,b)

U PACCMOTPHUM TPU OCHOBHBIX CJIyUasi.

Eciu ¢ < b? —b u snement b — 1 Heo6paTUMBbIl, TO, yIUTHIBAL ¢ = b- ¢, HOTy4YaeM
g<b—1wuc=(b-1)q+ q. Cienosarensno, g = rest(c,b —1).

Korma b? < ¢, Torna b < ¢. Ho smement c - b + 1 Bcé e GOMbIIE, UeM ¢, Tax
Kak b > 1, a 3HauuT u b2 > 1; ecim XK TOMY Ke 3TOT 3JIeMEHT HeOOPATHMBIH, TO
q = rest(—c?,c- b+ 1), nockoabky —c2 = (c-b+1)-(—q) +q.

IIpu BBmonHenun yeaosus b? —b < ¢ < b%, paprocuiabuoro b— 1 < ¢ < b, umeem
—c=(b+1)-(—¢)+q u g=rest(—c,b+ 1) upu neobparumom sJiemenre b + 1.

B kpaitaux caydasx ¢ = b?> — b win ¢ = b? nouarno, 410 ¢ = b — 1 wiu b = g,
COOTBETCTBEHHO.

IIpu a < 0 mocTymaeM MOYTH CHMMETPUIHBIM 00pa30M. U

TeopeMa 3. Buiuucaenue HENoAH020 4aCMH020 0M deseHus 4100020 sremenma a
Ha asemenm b > 0 npouseodumcsa nodxrodaweti 0006ULEHHOT Pe2ucmposots MauU-
1ot 1ad Koavyom (U; 0,4, —, - rest, <) 3a 6pems, 02panuuennoe KOHCTNAnMoU, ecau
HA 8L00 MOULUHBL NOOABAMD HE MOADKO IMU IAEMEHMDBL, HO MAKICE U 3ANUCH IAe-
menma 1 6 pezucmpe.
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Jloxazameavcmeo. Hamomumm, 910 B KObie U pOBHO JBa OOpATHMBIX IJIEMEHTA
1u —1, u u3 roro, uro b > 0 u b # 1 caenyer, uro b > 2, MO3TOMY TOTHOCTHIO
LIPUMEHUM AJIPOPUTM, OIMCAHHBINA LIPU JOKA3aTEIbLCTBE YTBEPXKIeHUs 2. O

3ameuanne 2. Beenéunoe mpu 10Ka3aTEIHCTBE YTBEPKICHUS 2 OrpAHHYCHUE
b > 1 mpejcrasigercs cymecTBeHHbIM, a uMenno, npu 0 < b < 1 ciyuaii b? < ¢
OKA3bIBAETCS CAMBIM CJIOXKHBIM.

JleficTBUTEIBHO, UTOOBI TIPH ¢ < b2 — b GbLIa, BO3MOKHOCTH JeJMUTh Ha b— 1 < 0,
MOYKHO OTIPEIEeTUTh, TO HEMOJHOE YaCTHOE OT JejeHud sjaeMenta x > 0 Ha y < 0
PABHO HEMOJHOMY YaCTHOMY OT JeJIeHUs] dJIeMEeHTa —T Ha —Y.

Eciu 0 < b < 1, b? < ¢ u 6bL10 HaifeHo Takoe , 410 m - b > 1, T0 momydaercs
HepaseHcTso m-c-b+1 = g-m-b*+1 > ¢, u nockobKy —m-c? = (m-c-b+1)-(—q)+q,
T0 ¢ = rest(—m - ¢, m - c- b+ 1) mpu weobparumom m - ¢ - b+ 1. Ho uro memars,
Korza takoro m uer? Il kak BooOIe y3HATH O TOM, YTO OHO €CTh?

Takum 06pa3oM, IOUCK HEIIOJIHOIO YaCTHOI'O /IJIsi IPOU3BOJIHLHOM 00JIaCTH 11eJ10CT-
Hoctu R mpesacrasiser coboit Kpaitne ciaoxkHyo 3agady, korma 0 < b < 1. Ha sror
BBIBOJI HABOJMT WM3yYEHUE JEJUMOCTH B KoJiblie Us, KOTOPOE MOJYyYEeHO KaK Yilb-
TpacTeneHhb KOJIbIA PAIMOHAIBHBIX YHNCEes, 3HAMEHATEN KOTOPHIX B HECOKPATUMOIT
3aIHUCHA CYyTh CTENEHU ABONKH

Q(2) = {m/2"|m € Z,t € w},

no yasrpadgpuisTpy D 13 Hauama sroro pas/ena. OupeneuM HeloiHoe Y4aCTHOE § OT
nenenus gucia x Ha y > 0 B kosbue Q(2) kak uucsio Buga s/2, rue s — HauMeHblIee
nesoe co ceoiictoM Y- (s+1)/2 > x, a rest(z,y) = x — y - q. Paccmorpum B KOsIBIIE
Us mHOXKecTBO 37eMeHToB b(M) Buma (to/27°,t1 /2™, ..., t, /2", ...), nue mocueno-
BaresbHocTh M = ((to,70), (t1,71)s .-, (tk, k), - - .) AP HATYPAIBHBIX YHCEI UMEET
emunacTBeHHOE Oorparmdenne (Vk € w)(ty < 27+). CkIaapBaeTcs BIEYATIEHAE, 9TO
0b1Iero aaropuTMa Jjis BLIYUCICHUA II0CPEeICTBOM 000BIIEHHBIX PErdCTPOBLIX Ma-
LIMH He[oJIHOIO YacTHOIO OT JIeeHus 3JIeMEHTOB a > 2 Ha IPOU3BOJILHLIN 3J1eMeHT
Buzna b(M) < 1 wax kombriom (Us; 0, +, —, -, rest, <) He CyIeCTBYeT, nayke TOTJA,
KOTJIa Ha BXOJ, MAIUHbLI Hapsiy ¢ djemenTamu a u b(M) noxaércsa snement 1.

3.3. CiroKHOCTH BblYUCJIeHUs HauboJbiero obiero jgeanrtedas. [Ipunsras
JIJTsi ODOBIIEHHBIX PErMCTPOBBIX MAIIUH OINEHKA BBIYUCTUTENHHON CIOXKHOCTH OKa-
3BIBAETCS HEYJOOHOM, KOIIA HA BXOJ HOAAETCI OJHO YUCJIO, B 9TOM CJIydae CJIOXK-
HOCTH C JTI000i1 omennBaomeil pyHkmueir f COBMa aeT ¢ KOHCTAHTHON, TOUHEE PaB-
Ha O(f(1)). Xorst mpu pabore ¢ MHOrOUJIEHAMH, PAITMOHATBHBIMUA (DYHKIIHSAMU U
MAaTPHUIAMH ITA OIEHKA, JIyYIlle COOTBETCTBYET OOBITHOMY MOHSATHUIO CJIOKHOCTH, MO~
CKOJIbKY TIPU UX 33JJAHUU BBOJSTCS HECKOJIBKO UHCE.

Ho B obmem ciydae MOJMHOMHAJIBHO OIPAHHMYEHHOE YHUCJIO apu(PMEeTHIeCKuX
onepaiuil HeJib3s BBIIOJHUTD 33 [MOJMHOMUAILHOE BPEMsi HA OObIYHBIX MAIIUHAX
Trropunra U3-3a BO3HUKHOBEHUS HEOXKUTAHHO OOJIBITUX UUCE].

IIpumep 2. Paccmorpum BbrumciieHre HanboJIbIero oouiero aeaurens (B KOib-
ue Q[z]) 1Byx MHOro4wiIeHOB ¢ 1esbiMu KO3GbGUIMEeHTaM OT OJHOMN IEPEMEHHOI Ha
0600ITEHHOI peruCcTPOBOil MaIIuHE HAJT KOABIOM Z. IlycTh KaxKablit MHOTOYIEH 3a-
JaH HaOOpoM K03 DUIIMEHTOB, BKIIIOYas HyIeBbie. T0oraa 3anuch OTHOTO MHOTOYJIE-
Ha crenenu d 3aaumaet d+ 1 peructpos. Anropurm EBkinga Tpebyer JUHEHHOTO OT
CyMMBbI crerneneit gucsia onepanumii. OHAKO BOZHUKAOIIHE HA MPOMEXKYTOYHBIX 1A~
rax ko3¢ GUIMEHTbI MOIyT UMeTh OYeHb OOJIbLILYIO Anuny 3anucu [21, 22, 23, 24, 25],
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9TO 3HAYUTEJILHO yBEJIUYUBAET BPEMS BbIUYUCJIEHUI DU UCIIOJIH30BAHUU MHOIOJIEH-
TOYHBIX MamuH ThIOpUHTA.

Y066 PEOIOTIETD 3Ty TPYAHOCTD, JJisi BBIYUCICHNAST HAXOOJBIIEro ODIIero me-
JIUTEJI MHOTOUJICHOB TIPUMEHSAIOTCH JIPYTUe aJaropuTMbl. MeTom, OCHOBAHHbIH Ha
BBIUUC/IEHUH CyOpe3yabTanToB, npeaioxkua Ix. Cunbsecrp (J.J. Sylvester). ITo-
TOM 3TOT Mero yiydmann Banbrep abuxt (Walter Habicht) [24] n Ankusuauc
Axpurac (Alkiviadis Akritas) [25]. Bosnee saddekTuBen aaropurm, KOTOPbIi npe-
aoxun Yuabsm Bpayn (William Brown) [26].

4. BBIYUCJIEHUA HAJl IEKAPTOBOI CTEINEHBIO KOJIBIA Z

Ilepeitném K BBIYUCIEHUSIM HAJT JTEKAPTOBOH CTENEHbIO Z“ KOJIbIA MEJIbIX YUCE,
C TIOKOMITOHEHTHBIM OIIPE/IeIEHNEM CUTHATYPHBIX OMEPAIWi W OTHOIIEHUS TTOPS/I-
Ka. 9TO KOJIbIIO MMEET MOIIHOCTh KOHTHHyyMa. Jlajee OTOXKIeCTBUM KOJBIO Iie-
JIBIX 9HCes Z ¢ 00pa3oM AWarOHAJbHOIO BJIOXKEHHSA B Z%, KOI/a IeI0e TUCA0 M
OTOXKIECTBJISIETCS C TIOCTOSTHHON TIOCIEI0BATEIHHOCTHIO. KpoMe 09eBHIHOTO HAJIN-
qusi JAeNuTesell HyJisd U HECDABHUMBIX JIEMEHTOB, y KOJIbIA Z“ WMEIOTCA U APYTue
cymiecTBerHble oTanyusi oT Kosbia U. Hanpumep, B kombue Z* miisi g000r0 3J1e-
menTa ¢ = (cg, C1, Ca, . . .) MEXKJY HUM U 3jeMeHToM € + 1 = (¢o+1,¢1+1,c0+1,...)
nMeercs 6ECKOHEYHO MHOIO IMOIAPHO HECPABHUMBIX JIPYT C APYIOM 3j1eMeHTOB. Tem
HE MEHee, MOPSIIOK B KOJIbIE Z* BCE YKe HEIJIOTHBIN, TaK KaK MEXKIY JBYMS 3Jie-
MEHTAMHU 3TOTO KOJIbI[A, ¥ KOTOPBIX MPOEKIINN HA BCE MHOXKHUTENN, KPOME OIHOTO,
O/IMHAKOBBIE, 8 0C00asi KOOPIMHATA BTOPOTO JIEMEHTA, Ha, eMHUILY OOJIbIE COOTBET-
CTBYIOIIEH MPOEKINH Y TIEPBOrO, HUYEro HET, HO MMEPBbIH SJIEMEHT MEHBIIE BTOPOTO.
B srom kosbite Tak:ke HaOMIOAAETCA IPPHEKT, OTMEIEHHBIII BO BBEJIEHUHU: OCTATOK
OT JIeJIEHUsI Ha, HJIEMEHT, ¥ KOTOPOTrO MPOEKIINU Ha, COOCTBEHHYIO YaCTh MHOMKUTE-
Jieli — MWHYC eJUHUIBI, & OCTAJbHBIE MPOEKIINH — TOJOXKUTEIHHBIE, MOXKET OBITH
HECPABHUMBIM C JETUTEJIEM.

ToBops HEedoOpMaTbHO, MBI MOKaXKeM, 9TO, TOaaBas ODOOIIEHHON PErucTpoBOiM
MaruHe Haj Z* Ha BXOJ YUCJa U3 Z, MOXKHO MOJEJIMPOBATDH MaPAJIEIbHbIE BBIUHC-
JIEHUs C OUPDAHMYEHHBIM OOMEHOM MEXKy Lporeccopamu. Bumrpbim Moxker ObITb
JIOCTUTHYT, €CJIU MO3BOJIUTH MAIlMHE NCIOIF30BATH BHYTPEHHNE TapaMeTphl u3 Z*,
KOTOpbIE HE MPUHAJIEXKAT KOJIBIYY Z, KaK JIONOJHATENbHbIE BXOAbl. Cpeny Takux
JIONOJTHATEJIbHBIX BXOJIOB-IAPAMETPOB, Hapsaay ¢ aementom 1 = (1,1,...), Gyuem
UCIIOIb30BaTh 3JeMeHT, obo3nadaeMblii yepes d = (0,1,2,...) € Z¥, upoexius
KOTOPO#t Ha k-#f 1eKapTOB MHOXKHUTEb paBHa k.

3ameuanne 3. B ganbHeiiinem st KPATKOCTH, PACCMATPUBAS BbIYUCTCHUS HAJ
KosbIiamu Z* nuu U, MBI Oy1eM TOBOPUTD, 9TO HA BXOJ, MAIIMHBI TIO/IAH TIOCTOSTHHBIH
9JIeMeHT a (MJIM 3JIEMEHT-KOHCTAHTA), [OApa3yMeBas JIeMeHT Buja (a,a,...) uim
KJIACC 9KBUBAJEHTHOCTH, B KOTOPOM OH JIEXKUT, HA OCHOBAHWHU CJI€IyTOIIEH JTeMMBbI.
Nmenno 06 3ToM roBOpHMIOCh B KOHIE 3aMmedanus 1. B ¢opmymupoBke geMMbl T0-
BOPHTCs O ABOUYHON CUCTEME CUYUCIIEHUs, OJHAKO MOHIATHO, 9TO €€ JJ0KA3ATETbCTBO
TTPOXOINT JIJIsT TIOBUIIMOHHOM CUCTEMBI C JI0OBIM OCHOBAHHEM.

JIemma 2. ITycmo 6 0dnom us pezucmpoe OPM umeemes saemenm 1 = (1,1,...).
Tozda no umerwwetica sanucu ssemenma k = (k, k,...) € Z¥ U moorcho natimu
30NUCH 68 UHIEKCHBLT pezucmpar npedcmasienus wucaa k 6 08ouunoli cucmeme
cuUCAeHUA 30 cybaunetinoe epems om eeaununs, k. Haobopom, ecau 6 undekcHwlx
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PE2UCTNPAT UMEETNCA 3ANUCL NPEICTNABAEHUA UeA020 Yucaa k 6 deouwnol cucme-
ME CHUCAEHUA UL 6 00HOM U3 UHOEKCHBT PE2UCTPAT 3aNUCAHO CAMO IMO “UC-
A0, MO MONCHO 3G NUHETHOE BPEMA OM YUCAL UHOEKCHVLLE PE2UCTPO8, COOEPHCA-
wux yudpor wucaa k uau om 6eaunuHv k, COOMBEMCMBEHHO, BHIUUCAUTNL INE-
menwm k = (k,k,...) € Z¥.

Zloxasamenvcmeo. 1lokaxkem, 9TO BBIYUCIEHUE 3AIUCH JIBOUIHOTO MPEICTABICHUS
HATYPAJBHOTO 9ucia k B MHAEKCHBIX PErUCTPAX M0 JAHHOMY 37eMeHTy k Konbia ZY
wiu U ocywecrsumo 3a O(log k) waros. JelicTBUTEIHHO, BBIYUCJIEHUE HEIIOJHOIO
9acTHOroO Or jejeHus dmeMenTa t < k #a 2 = 1 + 1 1 cpaBHEHHE OCTATKA, OT ITO-
ro jenenus ¢ demeHToM 1 (4To6hI y3HATH KaKOEe YHUCJIO0 3ANMCHIBATD B 0U€PETHON
UHJIEKCHBINA PEruCTpP) OCYINECTBUMO 3a BPEMS, OIPAHUYEHHOE HEKOTOPOH KOHCTAH-
TOM, CONJIACHO AJITOPUTMY, ONIMCAHHOMY MPH JOKA3ATETLCTBE YTBEPKICHUS 2. DTOT
AJITOPUTM 3J/I€Ch TIPUMEHUM, TaK KaK BCe HEOOXOIUMbIE BHIYUCICHUS TTPOM3BOIATCS
BHyTpH 00pa3a KOJbIA Z MPUA €ro JUArOHAJILHOM BJIOXKEHWH B ZY, T.e. B HEKOTO-
poit obmactu memoctHocTH. OIHAKO MOYKHO TOCTYNHTH TIO-WHOMY, YTOOBI y3HATH
HEIOJIHOE JACTHOE OT jeieHns K Ha 2, 11 9TOro JOCTATOYHO CHEIATh CJIEIYOIIee.
Ioxpan cpasauBaeM 9uCIO K co cremenamu 2! 10 Tex mop, IOKa He Hal#AETCs 3Ha-
venwe, npesocxoagmee k; ancmo maros npu srom pasao ¢ < 1+ log, (1 +k)); 3aTem
HAXOIUM JBOMYHOE IpeICTaBIeHHe YHCIa k — 3TO CyMMa HEeKOTOPBIX cTemeneii 2.
Ho uncio raknx cpasuennit camo pasuo O(log, k), mo3TOMY BTODOIt CIIOCO6 HEMHOTO
6osee Tpynoémkuii. OOpaTHOE YTBEPXKJIEHWE OYEBUIHO. ([

ITpumep 3. Paccmorpum KpuTepuii IPOCTOTHI YHCJIA, KOTOPHIH OCHOBAH Ha, Ma-
qoit reopeme @epma: 1meoe YUCTIO p = 2 TPOCTOE TOTAA W TOMHKO TOT/AA, KOTJA
JUIsl KaXKJ0ro & € 7 BblnosjHeHo papeHcTBo xP = x (mod p). Dror kpurepuii se-
KUT B OCHOBE BEPOSTHOCTHOrO Tecta Pabmua—Muiiepa mjd mpoBepKu MPOCTOTHI
HATYPAJHLHOTO YHCJIA B PAMKAX OOBITHON THIOPUHIOBON BBIUMCIMMOCTH, KOTIA, MIJIst
JIOCTaTOYHO OOJIBINIONO KOJUYECTBA HATYPAJIBHBIX YHCE MPOBEPSIETCS CPaBHEHWE
2P = x (mod p). Opnako ucnosbzosanue OPM Haz KoJbIoM Z“, MO3BOJISET CO-
37aTh YK€ JIETEPMUHUPOBAHHBIN TECT /It TAKOH MPOBEPKH.

Bwmecro nepebopa ancent & u3 Z MOXKHO 3aILyCTUTH OOOOIIEHHY IO PETHCTPOBYIO Ma-
MuHy HAJ Z¥ Ha He3aBUCSINX OT BXOAa p mocaenorarensuoctsx d = (0,1,2,3,...)
n 1. llenoe 4ucio p > 2 mpoCTOe TOTIA U TOJHKO TOTJA, KOTIa

7* E d? = d (mod p).

IIpoBepka 3TOro yCIOBHUS 3aBepIlaeTcd 3a KOHEYHOe YHCJIO maroB Haa Z*. B ca-
MOM JleJie, OCTATOK OT JeJieHusl Ha P € Z* BBIYUCIAETCS 33 OJUH IIar; JJisi 3TOr0
B CUI'HAType HPeLycMOTpeH (hyHKIMOHAIbHbBIA cuMBOJI rest. Bo3Benenue B creneHn
p € w tpedyer O(logp) YMHOXKEHWIH, €CIN HAM W3BECTHO 3TO HATYDPAIHHOE UHCIIO.
Ho mockombky HaAM JaHO JUIL P € Z%¥, TO NMpeaBapUTEHLHO MBI HINEM YHUCJO P,
UCTIOJIB3Ys JIeMeHT 1, BCTPOEHHBIE B MAIlUHY OMEPAIN U YaCTh WHIEKCHBIX PEeru-
CTPOB [JisI XpaHeHusi UUMP B ABOUYHOM IIPEICTABICHAN YHUCJIA P, KAK 3TO OMUCAHO
B siokazaresnberse JgeMmmbl 2. Ha 310 rparurcs toxe O(logp) neiicrsuii.

IIpu sroM Ha BXOJ 1OAAETCA TOJNLKO TpuU 3jeMenta p, 1 u d. A umcio waros
3aBUCUT OT 3HAUEHUsI YUCJIA P W MOYKET ObITh CKOJIb YromgHO OombimuM. [Toaromy
pabora OPM me 3aBepiraercs 3a MOJIMHOMHUAILHOE BPEMSI OTHOCHUTEIHHO KOJIHUE-
CTBa BXOMHBIX PETHCTPOB, KOTOPBLIX BCErO TOJILKO Tpu. Ho BpeMsi paboThbl MAILIUHbI
— JIMHEHHOe 110 OTHOIIEHHIO K BEJIUYUHE YHCJIa P.
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OrmeruM, 9TO 3a7a4a 00 OIMPEIEEHUH IIPOCTOTHI JIEMEHTa, MOKET OBITh OYEHb
CJIOXKHOW B CMBIC/IE€ BBIYUCAMMOCTH 1O THIODHHIY, Jake B CAy4ae BBIYMCIUMOI
06JIACTH 1IEJIOCTHOCTH € OJHO3HAYHBIM Da3jIoyKeHur Ha MHOkuresan. Hanpumep, B
pab6ore [27]| cTponTcst Kombiio A(Q)) ¢ STUMHU CBOWCTBAMU, COAEPIKAIIEE B KATECTRE
TMOJIKOJIBIIA KOJIBIIO TEJIBIX YhCeN Z, B KOTOPOM TIPH JIFOOOM BBIUHCIMMOM IPEJ-
CTaBJIEHWH YKa3aHHAs 3a/ad9a NMeeT CJIOXKHOCTh BXOXKJEHWs B HAIEPE] 3aIaHHOE
I19-MHOKeCTBO Q.

Hanomuum, uro muoxecrso X npunagiexur kiaccy NP (B paMkax oObIYHOM
BBIUUCIUMOCTH 110 THIOPUHTY), €CIU CYIIECTBYET TAKOW AJTOPUTM W MHOTOUYJIEHBI
f(n) n g(n), 9ro mus KaxkmOro saeMeHTa © € X IIMHBI N CYIIECTBYET cepTHQUKAT
y (TO ecTh HAGOP HEKOTOPBIX ITAPAMETPOB, CO3/ABAEMbBIX KAK IIPABUJIO HE JIETEPMU-
HUPOBAHO, KOTOPbIE MO3BOJISIOT IIOATBEPAUTD IPUHAJIEKHOCTH & MHOXKECTBY X )
puabbl m < f(n), npu KOTOPOM 3TOT aJIrOPUTM Jolyckaer napy (z,y) 3a Bpems
He mpeBocxomsmee g(n + m), a aus kaxkmoro x ¢ X takoro ceprudukara He Cy-
mecrByer. MuoxkecTBo (win a3b61K) X COOTBETCTBYET 3a/a9€ PACIO3HABAHUA. DTO
OTIPEIEJIEHNE JIETKO TMEPEHOCUTCS U Ha OOOOIIEHHBIE PETHCTPOBLIE MAIWHBI U MPU
srom monydaerca te kmaccel NP, DNP u DNP;, uro onmucanbl B KOHIIE BTOPO-
ro pasgena. Ho B aTom pasnene mbl 6yjneMm paccMmarpusarh Kiaacc NP B 00bIYHOM
CMBIC/IE W BO u30eKaHWe HeIOpa3syMeHuil OyaeM HCIOJb30BATbh PA3HbIE MIPHQTHI
JIJIST 9TUX KJIACCOB.

Muoskectso X u3 xiacca NP nasbiaerca N P-OJHBIM, eClIu KasKI0e MHOMKe-
crBO 13 Knacca NP csomuresa mo Kapmy k MmuaoxkectBy X . IIpuMepOM CIIy>KAT MHO-
JKECTBO TAKHUX JIMHEHHBIX TUO(MAHTOBBIX yPABHEHUH OT MHOIMX MME€PEMEHHBIX, 9TO
KazK/Ji0e u3 31ux ypasuenuil umeer nekoropoe (0, 1)-perrenue [28, 29, 30]. Koaddu-
[IMEHTAMU YPABHEHUN CJIy?KAT OOBITHBIE IEJIbIe YNCIa. DTy 3aJa4y MOKHO WHTEp-
MPETUPOBATH U CAEAYIOMUM 00pa3oM. MOKHO iU Cpean HECKOJIBKUX IEJIBIX 9UCeT,
KOTOpBIE 33/IaI0TCA B KadecTBe KO3 uineHToB 1uodaHTOBa yPaBHEHNS, BHIOPATH
TaKue, 9T0 UX CyMMa PABHA JTAHHOMY YHCJY — MPOTHBOIOIOKHOMY K CBOGOTHOMY
wineny ypasrerus! [losToMy s KpaTKOCTH, Mbl OyJeM HA3bIBATH 3a/a49y Paclo-
3HaBaHusi MHOXKecTBa X 3adaveli 0 cymme nodmuoscecmea. Crporo roBopsi, cie-
JI0BAJIO OBl TOBOPUTH O MYJIBTUMHOXKECTBE U €r0 MOIMHOXKECTBE, MOCKOJIbKY CPeIn
k03¢ durineHToB 1u0MAHTOBA, YPABHEHNUS MOTYT OBITH DABHBIE.

Teopema 4. 3adava o cymme nodmmoscecmsea nad Z paspewsuma 3a demepmunu-
POBAHHOE NOAUHOMUGALHOE BPEMSA Ha 0000WEHHOT peeucmposol: mauwune Had 2,
ucnoavayrwet sremenmor 1 u d.

Jlokazameavcmeo. Mammuna morydaer Ha BXOJ HAOOP MOCTOSIHHBIX JIEMEHTOB ag,
ai, ..., a, U3 KOJbIA Z*, KOTOPBIE COOTBETCTBYIOT MEJIbIM KOI(DDUITHEHTAM JIMHEH-
HOTO YpaBHEHUS ag + a1T1 + - -+ + apxy, = 0 u snementsr 1 u d. Yucsio perucTpos,
3aHATHIX BXOIOM, PABHO 1 + 3. DTO UMCJIO N + 3 3aIMUCAHO B HYJEBOM HHIEKCHOM
perucrpe. Pabora MammHBI COCTOMT M3 TPEX dTANOB. Peanm3aius M CIOKHOCTD
KaXK/IOr'0 M3 HUX OIMCHIBAETCH HUXKE.

Cuadajia, MaIlMHA BBIYHUCIISET 7 PA3JIMYHBIX [IPOCTHIX HATYPAJIbHbIX YUCEJ P1,

., Pn, TOUYHEE COOTBETCTBYIOIINE JEMEHTHI M3 KOJbIA Z“, a TakyKe 3amIuch B
O(nlogn) uHAEKCHBIX perucTpax nudp Ipu JBOUIHOM IPEJACTABICHUN ITUX IUCEII.

ITorom marrmHa BEIYHUCASAET 1 3JEMEHTOB by, ..., b, w3 Z*, 1 KaXXa0ro u3 Ko-
TOPBIX BCE MPOEKINHU Ha 1eKapToBbl MHOKHUTE N PasHbl 0 uiu 1. IIpu sTom kaxkgas
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u3 2" KoMOuHAIMI U3 n HyJIell U euHUL J0JKHA (OECKOHETHOE YHUCIIO Pa3) peasiu-
30BaThCS KaK HaOOp npoekuuit (by g, . .., by k) 37ementos by, ..., b, Ha HekOTOpBIi
MHOXKHTEIb ¢ HOMepoM k.

Hakomer, Beraucisiercss 3nadenne ¢ = (ag+aj by +---+a, -b,)? u 3a oqun mar
nposepsiercs yeaosre 1 < ¢, O3HAYAIOMEe TMOJOKATEILHOCTH MTPOEKIINH 3JIEMEHTA,
C Ha KayKJIbIil MHOKHUTENb. [IpH BBIOJIHEHAN 3TOTO YCJIOBHS BXOJ OTBEPIaeTcs, W
BXOJI IPUHIMAETCS, KOTJa OTBET OTPHIATETbHBIIA.

OueHuM CI0XKHOCTD 3TOrO AJIrOPUTMAa. Ilpu x > 17 KOIMYECTBO IPOCTBIX 9HCEN
Ha orpeske [1, 2| yaosaerBopsier HepasencTBy |31]

() > —
T —_—
“Inz
ITosTomy mutst BEIOOpA MPOCTBIX YUCENT P1 = 2, pg = 3, ..., Py U COOTBETCTBYIOIINAX

UM [OCTOSHHbBIX 3JIEMEHTOB JocrarodHo nposepurb O(nlogn) uucen. IIposepka
KayKJIOrO W3 HUX BBHIMOJHSAETCS 334 BPEMsi, OTPAHWYEHHOE MHOTOYJIEHOM OT 7, TIPHU
HCIIOJIb30BAHUH TECTA, OIMUCAHHOTO B ipuMepe 3. Pasymeercs, mpoBepKy Ha MpOCTO-
Ty 9THUX YUCEJI 33 TOJTNHOMHUAIHHOE BPEMSI MOXKHO OCYIIECTBUTD W HEMOCPEICTBEHHO
b0 mepebupas B MHIEKCHBIX PErHCTPax YUC/Ia, HE MPEBOCXOISINNE UCIBITHIBAE-
moro uucsa t < O(nlogn), a 3areM BoccTraHaB/IMBast IOCTOAHHDBL dsieMenT t, jubo
cpasy ucubiTbiBas 3jiemMent t. Ho 310 ¢1iocob HenocpecTBeHHON IPOBEPKU HEMHO-
ro DoJIee TPYIOEMKHIIA.

Jlnsa xaskaoro mHaekca k < n purameaum by = rest(dP* 1, py), rme wepes d
obo3nauen dukcuposauubiii 3nement (0,1,2;...) € Z¥. Ilpoekuus k-ro sjnemenra
by Ha M-I MHOXKUTETb paBHA HYJIO, KOTJIA P JIETUT M, WHAYE OHA DABHA €JId-
nuue. B yacruocru, by = (0,1,0,1,0,1,...) u by = (0,1,1,0,1,1,0,...). B cuny
Kwuraiickoit TeopeMbr 06 ocTaTkax, 000 HAOOP HyJIeH U eIUHUI] PEATH3YETC KAK
Habop mpoexnuit (b1 ..., by ¢) 27eMeHTOB by, ..., b,, Ha HEKOTOPLI MHOKUTEIb C
HOMepoM t. Hampumep, npu mio6om by, ero mpoeknun by o = 0 1 by,1 = 1. IlosTomy
MIPOEKIINKA Ha HYJIEBON W MEPBBI MHOXKHUTENHW JA0T HAOOp u3 Hysaed u HAabOp u3
e uHUT, cooTBeTcTBenHo. Hakoner, spraucienue ¢ = (ag+aj; -by +---+a, -b,)?
BeInosHsIeTCs 3a O(n) omeparmit. O

U3 teopemsbr 4 He ciieyer, YTO 3a MOJUHOMHUAJIBHOE BPEMs Pa3PEInMa 33/1a4a,
AHAJIOrMYHAS 33/1a49€ O CyMMe II0/IMHOXKECTBA, KOraa KoddduimenraMmu ypaBHeHuit
CITy>KaT 3JEMEHTHI U3 KOJIbIa Z* .

Hedopmaabaoe 00bsicHeHIe TEOPEMBI 4 COCTOUT B TOM, YTO HEAETEPMUHUPOBAH-
HOE BBIYHCJIEHNE HaJ Z TPEBPAIIAETCA B NAapaJJIeIbHOE BBIUUCIECHNE Ha HEOTDAHU-
YEHHOM YHCJIe KOl KOJbIA Z, KOTOPBIMH CIIY?KAT IPOEKIINU TeKAPTOBON CTEeHn
Ha MHO)KUTes . Takast MOJeIb COOTBETCTBYET MHOIOIIPOIIECCOPHOMY BBIYUCTUTEb-
HOMY YCTPONCTBY C OTPAHUYEHHBIM OOMEHOM JTaHHBIMHU MEXKJIY TPOIECCOPAMHE, UTO
CYIIIECTBEHHO OTJIMYAET ITY MOAETb OT AJIbTEPHUPYIONTUX MAIIWH.

OrmMeruM TPYIHYIO 337349y, KOTOPYIO HE YIAETCSA PelInuTb, NCHOJIb3Yst 000DIIEH-
HbIE PErucTpOBble MaIuHbl HaA Z*. HenoHsaTHO, MOXKHO Jid 32 TOJUHOMHUAIHHOE
Bpems, ucnoabdys d = (0,1,2,...), HaliTu 4ucC/IO pelieHuil 324291 O CyMMe IO/~
MuOkecTBa. Mu xorst Obl 1IPOBEPUTH 33 [MOJIMHOMHAJIBHOE BPEMHA, 4TO ITO YUCIIO
pelennii paBHO HATEPE, YTaJaHHOMY YTUCITY.

Eciiv mo3BO/IMTH WCIIOIH30BATH HE TOIHKO 371€MEHT d, MPOEKIMH KOTOPOrO JIETKO
BBIYHCJIAMbI, HO U MPOU3BOIbHBIE HAMEPE T 33 ITaHHBIE SJEMEHThI, TO MOYXKHO PEAJIH-
30BATh BBIYUCJIEHUE C OPAKYJIOM.
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Teopema 5. 3adava pacnosnaarus UeavlT YUCEs, NPUHAONEHCAULUT HUKCUPOBAH-
HOMY Henycmomy muodicecmsy X C Z pa3pewsuma 3a Koweunoe epems Ha 0000-
WEHHOT pe2ucmposoti mawure Had Z* , ucnosvsyrowet ssemenm 1 u saemenm f,
onpedeasemuili muoscecmeom X .

Zloxazameavcmeo. @UKCHUPyeM CIOPBEKTHBHOE OTOOpazkeHue v : w — X. 3a7aaum
npoekiuio v1ementa f wa k-ii gekaproB MHOXKUTEIL paBhoil (k). Mammna mosry-
yaeT Ha BXOA Tpu dnementa 1, f m n, coorBercTByommii ucay n € Z. 9TO IACTO
NPUHAIEKUT MHOKECTBY X TOIJIA M TOJBKO TOTJA, KOIJA HAPYIIAETCS yCJIOBHE
1 < (n— )2 Dro ycnoBue nmpoepseTca 3a KOHEYHOE YUCIO onepanuit nag Z<. [

5. HEJETEPMUHUPOBAHHBIE BBIYUCJEHNUSA HAJ[ HEKOTOPBIMU KOJIBITAMU U
MMOJIAMN

Hamomawm, 910 331a49a g0mycTrMa MOCPEACTBOM HemerepMuHupoBanuaoit OPM,
€CJIU JIJIE BCAKOTO YACTHOTO CJIydas 3a/a9¥ HAHAETCHA TaKas MENOYKA BbIYUCIEHUN
MAaIlIMHbI, KOTOPas 16T yTBEPAUTESbHBIH OTBET, €CJIA OH MPUCYII JAHHOMY YacCT-
HOMY CJIy4alO, & B IPOTUBHOM CJIy4ae TAKOH [EINOYKH HET.

Cy1recTBeHHBIM OOCTOSITEILCTBOM TIPU JOKA3ATEILCTBE TEOPEM 7—9 SIBJISIETCS TO,
910 1npu Bbraucaenuax Ha OPM (Kak J1eTepMUHUPOBAHHBIX, TAK U HE JE€TEPMUHU-
POBAHHBIX) TIOJIMHOMUAJIBHOE BpeMs PabOThI COBIIAJAET ¢ KOHCTAHTHBIM, KOTJa HA
BXO/I MAIIIAHBI TOIAETCA TOJBKO OJUH JIEMEHT — CM. Mojpaszen 3.3 u pazjies 2.

5.1. BeruucJjeHnusi HaJ| KOJbIIaMu C ollepaliueii rest.

Teopema 6. Kaacc DNP; — cobcmeennniti nodxaace xaacca DNP npu eviuuc-
senuax nad yavmpacmenenvro (U, 0,4+, — - rest, <).

Jlokxazameavcmeo. Paccyxmenns, IpuBeIEHHDIE B TIEPBBIX ABYX ad3alax J0Ka3a-
TEJbCTBA TEOPEMbI 2, TOCIOBHO HPOXOJAT W Jjis WHIIEKCHO-HEJAETEPMUHUPOBAHHBIX
OPM. Takum obGpa3oMm, 3a7ad9a O HAXOXKIEHWUH HEMOJHOTO YACTHOIO OT IEIeHUS
3JIEMEHTA a Ha 3JIeMeHT b > 0 Hal yIOpsSI0YeHHBIM KOIHIIOM U He pa3pernma ¢ uc-
mosib30oBaHueM Takux Mmarmi. C Apyroi cTOpOHbI, OMHAPHO-HEJETEPMUHUPOBAHHAS
MaIlliHA MOXKeT yKe Ha IePBOM HeJIeTEPMUHUPOBAHHOM IIIare 3alucaTh B KAKOM-TO
perucrpe sement 1. [Tocsie npoBepku TOro0, 94T0 BHOBb HOSBUBIIMIACS 9JIEMEHT — ITO
umento 1, a we 0 (HAMOMHUM, Y4TO APYTUX IJIEMEHTOB OUHAPHO-HEIETEPMUHUPOBAH-
apie OPM 3anuchiBaTh HE MOTYT), 9Ta MAIIUHA YK€ IIOJHOCTHIO JETEPMUHIUPOBAHO
MOXKET HAWTU MCKOMOE HEMOJIHOE YaCTHOE, COTJIACHO TepeMe 3.

Teneps chopmynupyeMm pacno3HaBaTenbHyIO 3amady. /laHbl Tpu 37eMeHTa a,
b > 0 u c > 0 kosbra U, Tpebyercsa OnpenesnTsb JeIUTCH U HEIOJHOE YaCT-
HOE OT JejieHus a Ha b — 3jemMenT g, Ha c. IJist TIOJIOXKUTETFHOTO OTBETa, Ha STOT
BOIIPOC HEOOXOAUMO, 9TOOBI djieMeHT a; = a — rest(a, b) menmica Ha ¢, T.€. KO-
raa rest(a;,c) = 0. Ecim 9710 Tak, 3/1leMEHT ( MOXKeT KaK JEJUThCd Ha C, Tak
MOXKET U He JIeJTUThCA, JaXKe TOrjaa, Korga b He genmurcs Ha €. Y3HATh Kakoil u3
TUX CJIy9aeB Jjis 3JEeMEHTA  MMEeT MEeCTO HEBO3MOXKHO, HCIOJIb3ys HHIEKCHO-
negerepmunupoBarabie OPM, mockosibKy B 001EM CJlydae OH HEBBIYUCIUM IOCPE/I-
CTBOM TAKWUX MAIIMH, & 3HAYUT, OCTAETCS HEU3BECTHBIM, O HEM JIUINH U3BECTHO, UTO
ero npou3seaenue ¢ b > (0 paBHO a; ¥ MOTOMY OH MEHbIIE a;. B 9T0it cBsA3u HAOM-
HUM, 9TO KOJBIO U HedaKTOpUATbHOE U HEEBKIHIOBO, B 9aCTHOCTH, MOYKET ObITh,
YTO HUKAKAs CTENeHb 3JeMeHTa b He MPEeBOCXOIUT HJIEMEHTA aj .
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B T0 ke Bpemsi, coriacHo Teopeme 3 OMHAPHO-HEIETEPMUHHPOBAHHASA MAITIHHA
MOXKET BBIYMC/IUTH HEIOJIHOE YACTHOE ¢ 3a BPEMs OrPAHMYEHHOE KOHCTAHTOM M II0-
csie 1poBepKu paseHcrBa rest(q,c) = 0 garhb oupeeseHHbIA OTBeT. O

OrmMernM, 9TO NPHU JTOKA3ATENIHCTBE ITON TEOPEeMbl ObLII YCTaHOBJIEH 0OJIee CUIb-
HBIH (DaKT O CPABHEHUIO ¢ (POPMYJIUPOBKOM TEOPEMBI: CYIIECTBYIOT 3aa9r, y KO-
TOPBIX JIJIsi JTFOO0r0 YACTHOTO CJIydasi TMOJOKUTEbHBIA WM OTPUIIATEbHBIA OTBET
Moxker ObITb Haitjen OGuHapHo-HeperepmunupoBanibivu OPM 3a ¢ukcupoBannoe
YUCJIO MTATOB, HO 3TU OTBETHI HEBO3MOYKHO TOJIYYUTh JIJIT HEKOTOPBIX YACTHBIX CJIY-
9aeB HU 3a KAKOE BPEMs, MCIOJIb3ys WHIEKCHO-HEIETEPMUHUPOBAHHBIE MAIIIWHbI.

Teopema 7. Kaacc DNP — cobcmeennoiil nodkaace xaacca NP npu eviuucienuss
nad yaompacmenensvio (U, 0, +, —, -, rest, <), a maxowce nad (U,0,1,+, —, -, rest, <),
KOADUOM UYLABLT YUCEs U €20 JeKapmosoll Cmenensio.

Jlokxazameavcmeo. Paccmorpum ciemytornyio 3aaady. JlaH MOCTOSHHBIN 3/1€eMEHT
a > 0, Tpe6yeTCH TIOHSATh, UMEEeTCs JIN TaKoi djemMeHT k > 0, 9TO a JeJuTcd Ha,
k2, wo me memmtcs na k¥ (B ciydae Kombla 7Z MoApasyMeBaeM, 9TO 9TH 3JIeMEHTHI
— TPOCTO TEeJble Yucaa ¢ u k, 3anucanubie B paboInX PErucrpax, mpu ITOW OHU
MOryT GJIArOIOJIYYHO COCYILECTBOBATH C X 3AIUCAME B WHJIEKCHBIX ).

Cuavasta ybemumcst, ato s yaprpacrenenu U rakoit ssement-ceprucdukar k,
€CJIM OH UMEeEeTCsI JIJIst TAHHOTO a, JIOJIYKEeH OBITh MOCTOSHHBIM. JIefiCTBUTENIHHO, YrC-
JIO @ ©UMEET KOHEYHOE KOJUIECTBO BCEBO3MOKHBIX meutesneil. Ilycrs dy,ds, ..., dy,
— 3TO BCE TAaKWE JICJIUTEJIN YHUCJIA G, KOTOPhIE BCTPEYAIOTCA B KAYECTBE MPOEKIIHA
HA [IEKAPTOBbI MHOXKWTEIU y 3djeMeHTa Kk u Takwme, 910 KaXKIbIi d? JIEJIAT @, HO
€ro He JIeJTUT dg?. IMockonbKy mpemmosaraercs, 9To k sSBiIsieTcs moaTBEPK IAI0NTUM
cepTuUKATOM [IJIsi pACCMATPUBAEMO 3314491, TO ITOT CIIUCOK JEIUTEIeil He MyCT.
BoJiee Toro, MHOXKeCTBO MH/IEKCOB MPOEKIN y 31eMeHTa K, HA KOTOPBIX 3amncaHo
XOTb OJTHO YHCJIO U3 3TOTO CIHUCKA MPpUHAAIeKuT yabrpaduabrpy D. Korma n = 1,
rorja siaement k nocroguusiit. Ipennonoxum, yro n > 1. Ilycrs reneps I(d;)) —
MHOKECTBO TeX HHJIEKCOB IIPOEKINH, B KOTOPLIX 3aIMCaH JeauTenas d;. W3 ompe-
JIeJTEHUsT CPa3y BBITEKAET, YTO ITU MHOXKECTBA IMOMAPHO HE Tepecekaorcs. Kcim
muoxkectBo I(dy) sexur B yabrpabuiasrpe D, Torga k — nocrosuubiii smement. A
korpa I(d;) — He noaMHOXKecTBO B D, TOrJa €ro JONOJHEHHe — MOAMHOXKECTBO B
D, u 3naqur, obbeaunenue Beex ocTanbubixX I (d;) npunanieskut yabrpadunbIpy u
MOXKHO MHOXKeCTBO I(d}) MCKmoUnTh 3 paccMorpenwst. IIpomosmkas nanee yKopa-
YUBATH CIMCOK MHIEKCHBIX MHOYKECTB IPUXOIUM K CUTYAIIMH, KOTIA B HEM OCTAETCs
TOJIBKO OJTHO MHOKECTBO.

Teneps mokaxkem, 9TO B CIydae JeKAPTBOU CTemeHu Z* Cpeau BCEX MOATBEPK A~
onmx cepruduKaTOB TOU 3a/1a9M, €CJId OHU CYIIECTBYIOT i JAHHOIO &, 00si3a-
TEJILHO HAWIETCs TIOCTOSTHHBIN 3/1eMeHT. Paccmorpum 110001 u3 3Tux cepTuduKaToB
k. Ilycts dy,ds, . . ., d;, — 9TO BCe TaKue JIEJIUTENN YUCIA ¢, KOTOPhIE BCTPEYAIOTCS B
Ka4IeCTBE MMPOEKIINi Ha JeKAPTOBbI MHOXKUTEIN ¥ d1eMeHTa k u Takue, 910 KaxKIbIit
d? gemut a. C apyroit croponsl, obas KoopauaaTta ceprudukara k momxna 6bITh
paBHa OJHOMY U3 3THX d;, I CPeIu MOCTeTHNX 00A3aTeTbHO HalinéTea Takol dg, y
KOTOPOTrO d:;’ He genut qucao a. Torna dg = (ds, ds, ds, . . .) — BCKOMBIH TOCTOSHHBI
ceptuduKar.

[IpoBeéunbiii aHAIN3 TO3BOJISET MOCTPOUTH OWHAPHO-HEIETEPMUHUPOBAHHYIO
OPM, nomyckamoiyo pacCMaTpuBaeMyo 3a/1a4dy JIJisi JII0OOrO U3 3THX KOJEl. ITO,
HAIPUMED, MOXKHO Pean30BaTh CJIELYIOIM 00pa30oM.
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Brauasne mMamuHa 3amoJHSET €IUHANEH OJWH W3 MHIEKCHBIX PETHCTPOB. 3aTeM
OHA& HEJETEPMUHUPOBAHHBIM 00PA30M 3aMOJHAET HyISMA U €JAHAIAMY €I HECKO-
JIBKO CJIEJYIOIIMX HMHJEKCHBIX PErucTpoB. KOMMYecTBO 3alONHSAEMBIX WHIEKCHBIX
PErMCTPOB TOXKE ONpPENeNsIeTcs HeIeTepMUHUPOBAHO, HANPUMED, Tak. llepem 3a-
NOJIHEHUEM OY€PETHOTO MHIEKCHOTO PEruCTpa, HAYUHAasA CO BTOPOro (B IEPBOM 3a-
HOJIHAEMOM YK€ CTOUT €JUHHUIEA), MAIlVHA BHAYAJIE HEIETEPMUHUPOBAHO IIHIIET
TaM OO Hy/b, TUOO €IUHUILY; €CITU 3AIMUCAICS HYJIb, TO MAITAHA TPEKPAIIAET 3a-
[OJTHEHUE W IEPEXOJUT K JeTEPMUHAPOBAHHOMY OKOHYAHUIO, CIATAs MPEIbLILy Ui
PErucTp IOCJEJIHUM 3AI0HEHHBIM, & KOIJIA 3alMCAIACh €JIMHUIA, TOI/IA MAIIUHA
MOBTOPHO HEJETEPMUHUPOBAHO MUIET TAM HYJIh WM €OWHUIYY W TIEPEXOINAT K 3a-
HOJIHEHUIO CJIEIYIOIIEro HHAEKCHOrO perucTpa. Pasymeercs, mpu 5TOM BbIYUCIEHUN
B OJHOM, CIIEMUATBHO OTBEJISHHOM JJIST 9TOrO, HHIAEKCHOM PErucTpe, XPAHUTCS HO-
MEp IEPBOro 3aIOJIHEHHOTO PErHCTPAa, a B CJAEAYIOMEM — JUO0 HOMEP MOCJIETHErO,
nb0 KOMMYECTBO 3al0JHEHHBIX MHJIEKCHBIX peructpos. Habop mysei n eaunaun, B
3aMOTHEHHOM TAaKUM HEIEeTePMUHUPOBAHHBIM 00Pa30M MACCHBE MHIEKCHBIX DETH-
CTPOB PACCMATPUBAETCSA KAK JBOUYHAS 3AIUCHI0 HEKOTOPOro ducia k > 0.

3aTeM MaIlmHA JeTePMUHEPOBAHHO BBIUHCIAET 3TeMenTsl k2 u k3 u cpasHuBaeT
octatku rest(a, k?) u rest(a, k3) ¢ nyném. Ecu myxHbIi 31emMenT k cymecTsyer, TO
HARAETCA TaKasi BETBb BBIYMCIEHUIT MAIIUHBI, KOTOPas OOHAPYKUBAET €ro, 4 UMEH-
HO, HOCJIe HOATBepzKIenns Toro, uto rest(a,k?) = 0 u rest(a, k?) > 0, sra mamuna
JomycKaeT Bxox a. Ilpm sTtom mHa BBrUmcenne semune k? m k3 ¢ memomn3oBanm-
eM JBonuHOit 3amucu uucia k tpedyercsa O(logk) omepanuit u Ha co3manue camoi
3aIMCU B MHIEKCHBIX PErUCTPax Hy?KHO MPUMEPHO CTONBKO Ke neiicTeuil. ITockomb-
Ky Ha BXOJ| TIOJAETCA BCETO OJIMH JJIEMEHT, a BpeMsi pabOThl MAINMHBI 3aBUCUT OT
BEJIMYUHbBI YKCIa K, TO ONUCAHHBIA IPOIECC HE ABJSETCS HOJTMHOMUATBHBIM.

Bmosie Bo3MoxkHO, uTo OuHApHO-HemeTepMunnpoBannas OPM moskeT HaXOInTh
MOATBEPKAAONTHI cepTudukar k m KaKUM-TO WHBIM CIOCOOOM TIpW YCJIOBUU €r0
CYIIECTBOBAHUS, HO B JIFOOOM CJIydae BPEMs BBIYMUCJICHUsI OYIET 3aBUCETH OT YUCJIA
k m moromy Oymer mepeMeHHOW BeJIUYUMNHOI, a He PUKCHPOBAHHOM.

B To ke Bpems, HeETEPMUHUPOBAHHAST MAIIMHA OOIIEr0 BHIA MOXKET Cpa3y 3a-
MHUCATH B OHOM U3 PabovnX PEruCTPOB JIEMEHT K, a 3aTeM OCyIIECTBUTE TIPOBEPKY,
HCTHHHOCTH yTBep:Kenuii, uto rest(a, k?) = 0 u rest(a, k3) > 0. O

5.2. Beraucaennsa Hag moJsigmu. 1lockosibKy BCe HEHYyJIEBBbIE 3JIEMEHTHI JTI0O0TO
[IOJIE CYyTh OOPaTHMbIe, TO COIJIACHO ONUCAHUIO CBOHCTB (DyHKIMHU rest u3 mepBoro
paszesia, 3ra QYHKIMSA TOXKIECTBEHHO PABHA HYJIIO, U IO9TOMY HET CMBICJIA BKJIIO-
4aTh €€ B CUTHATYDY.

IIpn nokazaTesbCTBE CJIELYIOMINX JBYX TEOPEM 110 CYyTH OOBII'DBIBAETCS TOT TIPO-
cTOoit (paKT, YTO NMPY BHIYUCICHUSAX HAJT MOJIAME PAUOHATHHBIX, BEIIIECTBEHHBIX WU
KOMILJIEKCHBIX dncest bunaprao-aegerepmuanpoBannas OPM #e moxker moayauTs B
perucrpax HUKAKUX WHBIX YUCEJI KPOME PAIMOHAJIBHBIX, €CJU €f Ha BXOJ, IOJAHbI
TOJIHKO panyoHaTIhHbIE THCIIA.

Teopema 8. Kaaccot DNP u NP pasauuns, npu envucienuar nocpedecmeom OPM
HAO0 NOAEM DAUUOHAABHUET wuces Kax ¢ aunelnom nopadrom (Q,0,1,+, — - <),
max u 6e3 nezo (Q,0,1,4,—, ).

Jlokazameavcmeo. PaccMoTpuM Takyrto 3aady: ONPEIe/UTbh H3BIEKACTCA JIH W3
JIAHHOTO PAIMOHAJIBHOTO umcyia a > 0 KBaaparHbiil KOpenb. IIpeanosioxkum, 9To
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711 HeKoToporo a € (Q ero KBaApaTHBIIT KOPEHb — PAIMOHATIBLHOE UHUCI0. DTO O3HA-
qaer, 9TO /1A MOAXOATINX MeIBbIX 9ices 7 U § BepHO pasenctso a = (r/s)2. Ilo-
TOMy MMeeTcs bunapro-HegerepmunupoBannas OPM, nonyckaromas Bxon a. dta
MAaIlHa, MOXKEeT IefCTBOBATEH ClenyiommM crmocobom. OHa BHAUAJE HEIETEPMUHMU-
POBAHO CO3IaET B WHIEKCHBIX PErUCTPAX JIBOWYHBIE 3AMUCH YHUCEJ T U S, KAK ITO
OMMCAHO MPHU J0KA3ATEIHCTBE TEOPEMBI 7, & 3aTEM MPOBEPSET BEPHOCTH PABEHCTBA
a-s? = r? ¥ B 3aBHCEMOCTH OT €r0 HCTHHHOCTH JOMYCKAeT MIH OTBepraeT BXOI.
Bpemsa paboTbr 3T0# MaIIuHbI — CyOJIUHERHOE OTHOCHTEILHO BEJUIHHBI T + S.

Bpewmsi paborsl Jsit060it 6unapro-uemepmunupoBannoit OPM s pemienust pac-
CMaTPUBAEMON 33/1a9M TaK¥Ke TOJKHO MEHSTHCS C POCTOM CYMMBI T" + S, CJIEIOBA-
TEJIbHO, BPEMsI HE MOXKET ObITH TOJUHOMHUAJIHHBIM.

Opnnako memerepmunupoBarras OPM obmrero Buga yke Ha epBOM HeJIETEPMU-
HUPOBAHHOM IIIAre BLIYUCICHUH MOXKET 3alUCATH B OJJHOM U3 PErHCTPOB HEKOTOPOE
paIHOHAIbHOE 9UCI0 k U y6eauBIIuCh, 94T0 k? = @, IOIyCTHTH BXOJ a. O

HOHH ,Hef/'ICTBI/ITeIH)HbIX U KOMILJIEKCHBIX YHCEJI PaCCMaTPUBAIOTCA C OJOIIOJTHHU-
TeJTbHBIM OJHOMECTHBIM MPEAUKATOM Int, BHIAEIAIOMMUM Ie/Ible InC/Ia, a UMEHHO, B
curnarype (0, 1,4+, —, -, Int), ITpu 370M B TIONIE BemeCTBEHHBIX unces R MOYKHO ermg
00aBUTH JTUHEHHBIH TOPSIIOK <.

Teopema 9. Kaacc DNP cobcmeennniti nodkaacc 6 NP npu evuucaenuar nocped-
cmeom  OPM  wad nossmu deticmeumeavnoxr wucea (R,0,1,+,— - Int) wu
(R,0,1,4+, —, -, <, Int), a maxorce nad nosem xomnaexcrnuz wuces (C,0,1, 4+, —, - Int).

Zokasameavcmeo. HeMHOrO m3MeHNM 33124y U3 JOKA3ATEIbCTBA MPEbIIYIIeit Teo-
PEMBI: PAIMOHAJIBHOE JIM YHCJI0O — KBAAPATHBIA KOPEHD JIJIs JTAHHOTO MOJIOKUTE -
uoro a € Q7

[Ipenmnonoxum, 9ro st HEKOTOPOro a € Q cyiiecrByoT neabie Yucen r u s,
JUIl KOTOPLIX BepHO pasenctBo a = (r/s)?. Torma onats, A moboii GuHAPHO-
HegepMuanpoBanioil OPM 4ncio maro BeIYMCIIEHUS] TAphl HENbIX uucen (7, s),
MOJITBEPIK IAIONIEr0 cepTUdUKaTa JIJIsi STOrO YaCTHOTO CAydas 3a/auu, — MePeMeH-
Hasl BEJINYNHA, 3aBUCSIIAS OT 7'+ S, U TOITOMY He SIBJISETCs TOJTUHOMUAIBHBIM. XOTsI
IMeeTCs HeOOJBINoe NOCTOMHCTBO BBIYUCICHUN, TeHEPUPYIONMX JBOMYHEIC 3AIIACH
YHCeJl T M $ B MHIEKCHBIX PErHCTPaxX — He HCIOJIb3yercd npemukar Int.

IMomobuas renepamnus mist vemerepmuanpoBaruoit OPM obmero Buma He HyKHA.
Ona MOXKeT cpa3y HeJeTePMUHUPOBAHO 3aMUCATh B PA0OYUX PErUCTPaAX KaKHe-TO
JIBa, YMUCJIA 7] U S1, yORIUTHCS, 9TO OHU TIEJIbIE, & 3aTe€M TOC/Ie TPOBEPKU UCTUHHOCTH
PaBeHCTBA @ - §7 = T2 JIOMYCTUTDb UM OTBEPIHYTH BXO d. O

OrmMeruM, 9TO JOKA3ATEIHCTBO 0OEUX TEOPEM ITOTO TMOAPA3IEIa He U3MEHUTCS,
€CJIM B CUTHATYPBI HCCIELYyEeMbIX MOJICH BBECTH ONEPAIUIO JEJCHNs, JOOIPEIEC/INB,
YTO PE3yJIbTAT NEJIeHHS Ha HyJb PaBeH, HAIIPHMED, HYJIO.
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